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Squeezing and quantum control of the antiferromagnetic magnon pseudospin
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Antiferromagnets have been shown to harbor strong magnon squeezing in equilibrium, making them a
potential resource for quantum correlations and entanglement. Recent experiments have also found them to
host coherently coupled magnonic excitations forming a magnon pseudospin, in analogy to electronic spin.
Here, we delineate the quantum properties of the antiferromagnetic magnon pseudospin by accounting for spin
nonconserving interactions and going beyond the rotating wave approximation. Employing concrete examples
of nickel oxide and hematite, we find strong squeezing of the magnon pseudospin highlighting its important
role in determining the eigenmode quantum properties. Via ground-state quantum fluctuations engineering, this
pseudospin squeezing enables an enhancement and control of coupling between the magnonic modes and other
excitations. Finally, we evaluate the quantum superpositions that comprise a squeezed pseudospin ground state
and delineate a qubit spectroscopy protocol to detect them. Our results are applicable to any system of coupled
bosons and thus introduce quantum fluctuations engineering of a general bosonic pseudospin.
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I. INTRODUCTION

As per the Heisenberg uncertainty [1] relation, comple-
mentary physical observables cannot be measured precisely
at the same time. Squeezed states harbor reduced quantum
fluctuations or uncertainty in a physical observable at the
expense of an increased noise in its complementary coun-
terpart [2–4]. For light, such states have thus been exploited
for measurements with a sensitivity beyond what is allowed
by the quantum ground state and coherent states as produced
by lasers [4–7]. Contained implicitly in this engineering of
quantum fluctuations is entanglement, which has been utilized
for teleportation [8–10]. The generality of the concept has
enabled the realization of squeezed states with one boson
mode [11–13], two boson modes [14,15], and atomic ensem-
bles of spin [16–26], with each platform harboring unique
phenomena and advantages. However, the squeezed states
in these examples are nonequilibrium in nature and decay
rapidly as the generating mechanism is switched off.

Ordered magnets and their excitations—magnons—have
recently been shown to harbor squeezed states and excita-
tions in equilibrium, thereby uncovering fresh advantages and
phenomena [27–35]. Magnons have already proven promising
for an information transport and processing paradigm har-
nessing the unique potential of spin and bosonic excitations,
with several phenomena and devices demonstrated [29,36–
42]. Antiferromagnetic magnons are particularly exciting due
to their typically high frequencies and equilibrium squeez-
ing larger than what has been feasible with light [29,30].
Furthermore, they come in pairs of spin-up and spin-down
modes, much like the spin of an electron. Coherently cou-
pled spin-up and spin-down modes enable a new degree of
freedom—magnon pseudospin—capable of capitalizing on

the positive features of fermionic electrons, bosonic magnons,
and squeezing [43,44]. The recent observation of the magnon
Hanle effect [44] has demonstrated experimental control over
the magnon pseudospin and uncovered a wide range of fresh
opportunities [45–50].

Inspired by its usefulness in several newly discovered spin
transport phenomena, here, we uncover some quantum prop-
erties of the antiferromagnetic magnon pseudospin focusing
on its squeezing and the concomitant eigenmode quantum su-
perpositions. We demonstrate that its mathematical similarity
to spin offers an equilibrium realization of spin squeezing
via unequal quantum fluctuations in orthogonal pseudospin
components. This pseudospin squeezing can be conveniently
controlled via typical spintronic controls, such as an applied
magnetic field. At the same time, the underlying bosonic na-
ture of the pseudospin enables fresh coupling enhancement
and control opportunities akin to similar effects observed
recently in, for example, trapped ion systems [51]. The quan-
tum superpositions of a squeezed state that underlie these
phenomena are then evaluated for the magnon pseudospin
and a protocol for detecting them via a qubit is theoretically
demonstrated. Employing experimentally measured parame-
ters, we quantify the pseudospin squeezing in nickel oxide
and hematite, and note the recently discovered van der Waals
magnets to naturally embody our studied coupled magnon
pseudospin-qubit system [52,53].

II. ANTIFERROMAGNETIC MAGNON PSEUDOSPIN

We consider a bipartite antiferromagnetic insulator
(AFM) [54,55] with exchange as the dominant interaction. In
the Néel ordered classical ground state, the two spin sublat-
tices are fully and oppositely polarized. We denote sublattice
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A (B) as the sublattice polarized along the negative (positive) z
direction. Excitations on sublattice A (B) are delocalized spin-
flips with spin +1 (−1). However, strong exchange coupling
between the sublattices induces correlations and intrinsic
squeezing, quantified by a parameter r, in the quantum fluctu-
ations of the sublattice spins [28]. Because of this, excitations
of the AFM are spin-up and spin-down magnonic modes per-
turbing both sublattices as a superposition of spin-flip states.
We consider here the spatially uniform modes (wave vector
k = 0), and represent spin-up and spin-down magnonic modes
by the bosonic annihilation operators α̂ and β̂.

Accounting for the spin nonconserving (SNC) interactions,
coherent magnon-magnon coupling between the modes α̂ and
β̂ is obtained, as derived in Appendix A 1. Within the rotating
wave approximation (RWA), an assumption we later relax, the
magnonic excitations are described by the following Hamilto-
nian (h̄ = 1) [43]:

ĤHyb = ω(α̂†α̂ + β̂†β̂ ) − Dr (α̂β̂† + α̂†β̂ ), (1)

where ω denotes the frequency of uncoupled α̂, β̂ modes
and Dr quantifies their mutual coherent coupling, which has
its physical origin in the SNC interactions. Without loss of
generality, we assume Dr to be real [43,56] noting that its
magnitude increases exponentially with the intrinsic squeez-
ing parameter r (see Appendix A 1). The eigenmodes of
Eq. (1) stem from hybridization between magnon modes α̂

and β̂, and can be conveniently obtained using the antiferro-
magnetic magnon pseudospin [43]

L̂0 = 1

2
(α̂†α̂ + β̂†β̂ ), L̂ = 1

2

⎛
⎝ α̂β̂† + α̂†β̂

iα̂β̂† − iα̂†β̂

α̂†α̂ − β̂†β̂

⎞
⎠, (2)

with commutation relations for angular momentum [L̂ j, L̂k] =
iε jkl L̂l , j, k, l ∈ {x, y, z}. With Eq. (2), ĤHyb [Eq. (1)] trans-
forms into ĤHyb = 2ωL̂0 − ω0 · L̂. The eigenmmodes are
conveniently obtained via the points where the pseudofield
ω0 = 2Dr êx intersects with a unit sphere (Fig. 1) [43], in di-
rect analogy to how electronic spin eigenstates are determined
via intersection of the experienced magnetic field with the
Bloch sphere.

III. MAGNON PSEUDOSPIN SQUEEZING

To account for quantum fluctuations, we now go beyond
the RWA and explicitly account for the counterrotating terms.
The total magnonic Hamiltonian then reads [57]

ĤAFM = ω(α̂†α̂ + β̂†β̂ ) − Dr (α̂β̂† + α̂†β̂ )

+ Ds(α̂
2 + α̂†2 + β̂2 + β̂†2), (3)

with coupling strength Ds stemming from SNC interaction
(see Appendix A 1). In the model considered here, we as-
sume Dr and Ds to be independent variables. As detailed in
Appendix A 1, Dr and Ds may arise from the same physical
interactions and are interrelated in an actual material. On diag-
onalization, the eigenmodes of ĤAFM [Eq. (3)] are annihilated
by ψ̂± with the corresponding Fock eigenstates |m+, n−〉. As
detailed in Appendix A 2, |m+, n−〉 are related to the magnon
Fock states |mα, nβ〉—the eigenstates of ω(α̂†α̂ + β̂†β̂ )—via

FIG. 1. Representation of the eigenmodes ψ̂†
± on a unit sphere

with uncertainty area of the noncommuting pseudospin components
L̂y and L̂z. The sphere poles are the pure spin-up and spin-down
magnons, represented by creation operators α̂† and β̂†. The con-
sidered pseudofield ω is along the L̂x axis and characterizes spin-0
modes.

a rotation of the pseudofield and two squeeze operations
Ŝ±(r±):

|m+, n−〉 = Ŝ+(r+)Ŝ−(r−)R̂y

(π

2

)
|mα, nβ〉, (4)

with R̂y(φ) = exp(−iφL̂y), where φ is defined as the angle be-
tween the z axis and pseudofield, Ŝ+(x) = exp( x

2 R̂y( π
2 )[α̂2 −

α̂†2]R̂†
y ( π

2 )), where Ŝ−(x) is obtained from Ŝ−(x) upon substi-
tution α̂ → β̂, and quadrature squeeze factors r±,

tanh(r±) = 2|Ds|
ω ∓ Dr

, (5)

where the ground-state stability requires and ensures 2|Ds| <

(ω − |Dr |) and |Dr | < ω.
We find that SNC interactions in ĤAFM [Eq. (3)] in-

duce what we term magnon pseudospin squeezing, in system
eigenstate |m+, n−〉 [Eq. (4)]. L̂y and L̂z are noncommuting
[L̂y, L̂z] = iL̂x and therefore obey Heisenberg’s uncertainty
relation. Considering a special subset of eigenstates where
m �= 0 and n = 0, as a simpler example, we determine the
following expectation value 〈L̂x〉m0 and variances 〈	L̂2

i 〉m0 =
〈L̂2

i 〉m0 − 〈L̂i〉2
m0, i ∈ y, z,

〈L̂x〉m0 = m + 1
2

2
cosh(2r+) − cosh(2r−)

4
, (6)

〈
	L̂2

y

〉
m0

= m + 1
2

4
cosh (2r+ − 2r−) − 1

8
, (7)

where 〈	L̂2
z 〉m0 can be obtained from 〈	L̂2

y 〉m0 [Eq. (7)] upon
substitution −2r− → +2r−. We find that the area of uncer-
tainty is given by 〈	L̂2

y 〉m0〈	L̂2
z 〉m0 = |〈L̂x〉m0|2/4 + (m2 +

m)(cosh 4r− − 1)/8 and therefore the state |m+, 0−〉 is not
minimum uncertainty since 〈	L̂2

y 〉m0〈	L̂2
z 〉m0 > |〈L̂x〉m0|2/4.

However, the variance in the y component fulfils 〈	L̂2
y 〉m0 <

|〈L̂x〉m0|/2 (see Appendix B) and is hence squeezed.
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FIG. 2. (a) Expectation value and variances of pseudospin (PS)
components 〈L̂x〉, 〈	L̂2

y 〉, and 〈	L̂2
z 〉 as a function of Ds with Dr/ω =

0.3, m = 1, and n = 0 [58]. (b) Pseudospin squeezing ξ10 as a func-
tion of Ds for different values of Dr . The curves are limited by the
ground-state stability condition 2|Ds| < (ω − |Dr |) [58].

To quantify squeezing, we define the pseudospin squeezing
factor ξm0 by the ellipticity of quantum fluctuations in the
L̂y-L̂z plane [2], which is explicitly given by

ξm0 = −1

4
ln

(〈
	L̂2

y

〉
m0〈

	L̂2
z

〉
m0

)
. (8)

In the schematics of Fig. 1, we qualitatively sketch the
eigenmodes ψ̂± on the Bloch sphere with the corresponding
squeezed uncertainty regions in the L̂y-L̂z plane. In Fig. 2(a)
we plot expectation value and variances of pseudospin com-
ponents 〈L̂x〉10, 〈	L̂2

y 〉10, and 〈	L̂2
z 〉10 as a function of Ds,

demonstrating that 〈	L̂2
y 〉10 < |〈L̂x〉10|/2. In Fig. 2(b), we plot

pseudospin squeezing ξ10 [Eq. (2)] as a function of Ds for two
values of Dr showing that ξ10 is a steadily growing function
of Ds, i.e., ξ10 = 0 if Ds = 0. Therefore, Ds is responsible for
pseudospin squeezing. At the instability, where 2|Ds| = (ω −
|Dr |), pseudospin squeezing approaches ξ10 → r− (see Ap-
pendix B). For completeness, we furthermore comment that
we assume a temperature of T = 0 K in the model considered
here. The equilibrium squeezing here is amplified by strong
exchange interactions. If the local dissipation rate is small in
comparison to the coupling strength of the internal interaction
causing squeezing, its effect is expected to be small [59]. A
detailed discussion of the effect of finite temperature is left
for future work.

IV. PSEUDOSPIN SQUEEZING IN THE GROUND STATE

In this subsection, we discuss the special case of pseu-
dospin squeezing in the ground state since it differs quali-
tatively from the previously known case of spin squeezing
in its ground state |0+, 0−〉 [Eq. (A26)]. Considering m = 0
and n = 0 for pseudospin squeezing ξmn [Eq. (B14)], we can

FIG. 3. Plot of pseudsospin squeezing ξ00 in the ground state
|0, 0〉 as a function of Ds [58].

already see that ξ00 is decreasing with increasing Ds. This is
unconventional since Ds is what is causing squeezing. The
limit Ds → 0 therefore has to be treated carefully in case
of the ground state. One reason is that the operator L̂

2 =
(N̂/2)(N̂/2 + 1) [60], with the number operator N̂ = α̂†α̂ +
β̂†β̂ has a vanishing expectation value for the magnon vac-
uum. Hence, in the case where we consider the ground state
and the coupling Ds = 0, the magnitude of pseudospin 〈L̂2〉00

vanishes. Therefore, our Bloch sphere has zero radius and our
basis is ill-defined. This is the difference between electron
spin, where S is always finite, and bosonic pseudospin.

Let us carefully evaluate the limit Ds → 0 by expanding
Eqs. (6)–(B9) for m = 0 in the small |Ds| � (ω − Dr )/2
limit. We find

〈L̂x〉00 ≈ 1

2

(
1

(ω − Dr )2
− 1

(ω + Dr )2

)
|Ds|2, (9)

〈
	L̂2

y

〉
00

≈ 1

4

(
1

ω − Dr
− 1

ω + Dr

)2

|Ds|2, (10)

〈
	L̂2

z

〉
00 ≈ 1

4

(
1

ω − Dr
+ 1

ω + Dr

)2

|Ds|2. (11)

It follows that ξ00 in the small |Ds| � (ω − Dr )/2 limit has a
finite value

ξ00 ≈ 1

2
ln

(
ω

Dr

)
. (12)

However, the Ds = 0 limit is ill defined since 〈L̂x〉00 =
〈	L̂2

y 〉00 = 〈	L̂2
z 〉00 = 0. This is because it requires the pres-

ence of a nonzero Ds �= 0 to break symmetry and therefore
induce squeezing. The intrasublattice coupling Ds is hence
causing squeezing but demonstrates unconventional behavior
in the ground state |0+, 0−〉 [Eq. (A26)]. In Fig. 3, the ground
state squeezing ξ00 is plotted as a function of Ds for several
values of Dr .

V. COUPLING ENHANCEMENT

Exponentially enhanced coupling between a squeezed
bosonic mode and another quasiparticle has been demon-
strated theoretically and experimentally in a wide range of
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FIG. 4. (a) Uncertainty region of the quadratures X̂1/2 and Ŷ1/2

of sublattice spin operators ŜA/B for an AFM with Ds ≈ 0 (gray)
and AFM with SNC interactions (green). (b) Coupling enhancement
cosh(r + r+)/ cosh r of ψ̂+ in the ground state |0+, 0−〉 for an un-
compensated interface as a function of Ds, with intrinsic squeezing
r = 1 [58].

systems [2–4]. Equilibrium squeezing inherits this property
and enables enhanced coupling between, for example, itiner-
ant electrons of normal metals and AFM magnons [28] when
the interaction is mediated by sublattice spin [28,61–63]. We
now employ this principle in demonstrating an additional
enhancement and control of coupling between an antiferro-
magnetic magnonic mode and itinerant electrons, using them
as an example, via the magnon pseudospin squeezing.

Let us denote sublattice spin operators ŜA and ŜB where
A (B) signifies the spin-down (up) sublattice and define the
four quadrature operators X̂1/2 = (ŜAx/y + ŜBx/y)/

√
4NS and

Ŷ1/2 = (−ŜAy/x + ŜBy/x )/
√

4NS. Here, N denotes the number
of sublattice sites and S the spin of a single lattice site. In
an AFM with negligible quadratic interactions (Ds ≈ 0), the
ground-state fluctuations of quadrature operator X̂1/2 (sum of
sublattice spins) is reduced in comparison to the variance
of Ŷ1/2 (difference of sublattice spins) because of intrinsic
squeezing [see Fig. 4(a)]. The sublattice spins prefer to stay
antiparallel, therefore forming correlations [28,29]. In the
eigenmodes harboring magnon pseudospin squeezing eval-
uated above, we find that the variances of the quadrature
operators X̂1/2 and Ŷ1/2 in the ground state |0+, 0−〉 [Eq. (4)]
read

〈
	X̂ 2

1/2

〉
00

= e−2(r±r± )

4
,

〈
	Ŷ 2

1/2

〉
00

= e2(r±r± )

4
. (13)

In comparison with an AFM with Ds ≈ 0, where 〈	X̂ 2
1 〉00 =

〈	X̂ 2
2 〉00 and 〈	Ŷ 2

1 〉00 = 〈	Ŷ 2
2 〉00 [29], we find that SNC in-

teractions quadratic in magnon operators α̂ and β̂ cause an
asymmetry between the x and y components of spin operators,

as illustrated in the schematics of Fig. 4(a). This introduces a
new way of engineering quantum fluctuations in AFMs.

Focusing on a concrete example of AFM interfaces with a
normal metal, we consider interaction between electrons and
the AFM modes via interfacial exchange coupling between
sublattice spins and electron spin [28,64,65]:

ĤNA =
∑
q1,q2

ĉ†
q1↑ĉq2↓

[(
W A

q1q2
coshr − W B

q1q2
sinhr

)
α̂

+ (
W B

q1q2
coshr − W A

q1q2
sinhr

)
β̂†

] + H.c., (14)

where ĉqσ denotes the annihilation operator of an electron
with momentum q and spin σ and W A/B

q1q2
the scattering

amplitude, which includes information about the interfacial
coupling strength with sublattice A and B, respectively. In
the eigenbasis ψ̂±, the scattering Hamiltonian ĤNA [Eq. (14)]
reads

ĤNA =
∑

q1,q2,γ=±
ĉ†

q1↑ĉq2↓(sγUγ ψ̂γ + Vγ ψ̂†
γ ) + H.c., (15)

with s± = ±1 and amplitudes

U± = W A
q1q2

cosh(r ± r±)√
2

− W B
q1q2

sinh (r ± r±)√
2

, (16)

where V+(V−) can be obtained from U+(U−) upon exchange
W A

q1q2
↔ W B

q1q2
. We find that for a compensated interface

(W A
q1q2

= W B
q1q2

) the scattering amplitudes [Eq. (16)] are ex-
ponentially suppressed by e−(r+r+ ) and e−(r−r− ), whereas for
an uncompensated interface with W A

q1q2
= 0 and W B

q1q2
�= 0

the creation of the ψ̂
†
+ mode is enhanced by cosh(r + r+).

This feature allows for mode selection and modification of
scattering amplitudes by tuning the parameters Dr and Ds. In
Fig. 4(b) we plot the coupling enhancement cosh(r + r+) as
a function of Ds and normalized to the coupling enhancement
of an AFM with Ds ≈ 0 given by cosh r.

VI. QUANTUM CONTROL AND SUPERPOSITION
RESOLUTION VIA A QUBIT

A hallmark of squeezed states is that they are com-
prised by quantum superpositions that underlie nearly all their
unique properties. Experimentally detecting these intrinsic
superpositions should offer direct access to their quantum
features. Recent theoretical proposals suggest a direct dis-
persive interaction between spin qubits and magnets for
probing these superpositions in the ground state via qubit
spectroscopy [66,67]. Here, we show that this interaction en-
ables a qubit-state dependent pseudofield thereby enabling a
quantum control of the AFM ground state and eigenmodes
[see Fig. 5(a)].

We consider direct dispersive coupling between a spin
qubit and AFM with a compensated interface, described by
the following interaction Hamiltonian [67]

Ĥqcon = χ (α̂†α̂ − β̂†β̂ )σ̂z = 2χ L̂zσ̂z, (17)

with the interaction strength χ ; see Appendix C 1 for the
derivation of Ĥqcon [Eq. (17)]. The Hamiltonian represent-
ing the coupled magnet-qubit system reads Ĥmq = ĤAFM +
Ĥq + Ĥqcon, where Ĥq = ωqσ̂z/2 stands for the spin qubit
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FIG. 5. (a) Control of pseudofield via qubit in the ground state
|g〉 (green) and excited state |e〉 (pink). (b) Contrast of the nontrivial
peak in the small χ/Dr � 1 approximation as a function of χ with
Dr/ω = 0.3 for three values of Ds.

with level splitting ωq. To evaluate the effect of the qubit on
the pseudospin state, we consider the reduced Hamiltonians
Ĥg = 〈g|Ĥmq|g〉 and Ĥe = 〈e|Ĥmq|e〉, where |g〉 (|e〉) denotes
the qubit ground (excited) state.

The eigenstates of Ĥg/e, denoted by |m, n〉g/e, are obtained
from Eqs. (4) and (5) upon substitution Dr → √

D2
r + χ2

and π/2 → θg/e where we defined angles θg/e = π/2 ∓ θ̃

with sin θ̃ = 1/
√

1 + D2
r /χ

2 [68]. Consequently, the pseud-
ofield is modified by the qubit as ωg/e = ω0 ± 2χ êz (see
Appendix C 2), which is illustrated in the schematics of
Fig. 5(a). We find that pseudospin squeezing of states |m, n〉g

(|m, n〉e) can be defined for the rotated pseudospin compo-
nents Ĵg/e

i = Ry(θg/e)L̂iR†
y (θg/e). The corresponding squeeze

factor ξ
g
m0 = ξ e

m0 ≡ ξ
χ

m0 can be obtained from Eq. (8) upon
substitution Dr → √

D2
r + χ2. For small χ/Dr � 1, we find

ξ
χ

m0 ≈ ξm0 + c2χ
2 [69]. Thus, the magnon pseudospin state,

eigenmodes, and fluctuations can be modified in a controlled
way via the coupling strength χ and the state of the qubit.

Finally, the ground state |0, 0〉g can be expressed in terms
of a quantum superposition of multiple excited states |m, n〉e.
This compositions, for small χ/Dr � 1, is obtained as

|0, 0〉g ≈ |0, 0〉e − χ
sinh(r+ − r−)

2Dr
|1, 1〉e. (18)

Because of the nonvanishing overlap e〈1, 1|0, 0〉g �= 0, the
qubit can be excited into the state |1, 1〉e when it is driven
at frequency ω11—the energy difference between |0, 0〉g and

|1, 1〉e—with a probability of c = |e〈1, 1|0, 0〉g|2 (see Ap-
pendix C 3). Driving the qubit over a range of frequencies
and measuring its steady state excitation reveals a nontrivial
peak around ω11 with a height proportional to the exci-

tation probability c, which we label as the contrast. This
nontrivial signature stems from pseudospin squeezing and
can be used to resolve the ground-state quantum superposi-
tion via the described qubit spectroscopy [66]. In Fig. 5(b)
we plot contrast c as a function of χ in the small χ

limit.

VII. DISCUSSION AND CONCLUSIONS

Antiferromagnets as a platform hosting interacting bosonic
modes offer a convenient tunability of the system parame-
ters ω, r, Dr , and Ds via external magnetic fields and shape
anisotropy [70–72]. However, our results are applicable to
other bosonic systems and theoretically introduce quantum
engineering of bosonic pseudospin and its fluctuations. We
clarify that our work here focuses on equilibrium squeezing
which is promising as a resource for quantum computational
purposes.

As detailed in Appendix A 1 and D, the easy-plane AFMs
nickel oxide and hematite above Morin temperature can be
described by a Hamiltonian in the form of ĤAFM [Eq. (3)] and
hence realize the model presented here. However, a similar
effective Hamiltonian can be achieved for easy-axis AFMs
in the spin-flop and the canted phase [57]. While the intra-
sublattice interactions responsible for the magnon pseudospin
squeezing are typically weaker than exchange and are of-
ten neglected, the coupling strengths Dr and Ds are greatly
enhanced by intrinsic squeezing ∝ sinh(2r) and ∝ cosh(2r),
respectively (see Appendix A 1), making the magnon pseu-
dospin squeezing a large effect. In the case of nickel oxide,
the coupling strengths are estimated to be Dr/ω ≈ 0.48 and
Ds/ω ≈ 0.24. Thus, the relatively large values of Dr and
Ds evaluated here highlight the importance of taking SNC
interactions into account (see Appendix A 1). Furthermore,
the model we study here can be used to describe recently
realized qubit-magnon platforms, such as the antiferromag-
netic van der Waals magnet CrSBr with a defect acting as a
spin qubit [52,53]. Furthermore, as discussed in Refs. [66,67],
semiconducting quantum dots coupled to magnets via in-
terfacial exchange interaction realize the required interac-
tion and sufficiently large coupling strength for quantum
control.

Considering atomic ensembles as an example, spin squeez-
ing has been mathematically proposed as an entanglement test
for bosons [60]. Here, we present a concrete platform exhibit-
ing the spin squeezing [60] along with a method of probing
squeezing via qubit spectroscopy. Moreover, this platform
provides squeezed Fock states [73,74] which have recently
been proposed as a resource for quantum error correction [75].
Because of this and the possibility of state control via a
qubit, our analysis highlights new opportunities for quantum
technologies. At the same time, the spin-nonconserving in-
teractions and the concomitant magnon pseudospin squeezing
introduce a knob to tune and engineer quantum fluctuations,
coupling to electrons and mode selection expected to be use-
ful in designing spintronic devices [72,76–78]. Furthermore,
antiferromagnets with a three-sublattice groundstate config-
uration [79,80] offer a third degree of freedom which may
address qutrits more effectively, motivating to study these
types of platforms in the future.
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APPENDIX A: DERIVATION AND DIAGONALIZATION OF
THE HAMILTONIAN

In this Appendix, we want to derive the Hamiltonian used
in the main text ĤAFM [Eq. (4)] from a spin model and
then proceed to diagonalize it. In Appendix A 1, we perform
the derivation of the system Hamtilonian ĤAFM [Eq. (4)]
for the easy-plane antiferromagnet (AFM) nickel oxide and
discuss the origin of coupling strengths Dr and Ds. In Ap-
pendix A 2, we proceed by diagonalizing ĤAFM making use of
the pseudospin formalism and discussing the transformations
and operators involved in the diagonalization.

1. Spin Hamiltonian of easy-plane antiferromagnet

Here, we derive the Hamiltonian ĤAFM [Eq. (4) in the
main text] from a spin model for the easy-plane AFM Nickel
Oxide (NiO). We start from classical ground state of an AFM,
called Néel state, that consists of two fully and oppositely
polarized sublattices below the Néel temperature. NiO has a
hard-axis and easy-axis anisotropy. The hard-axis anisotropy
is along the 〈111〉 axis and forces the spins into the {111}
planes [57,81]. The easy-axis anisotropy is along the 〈112̄〉
axes. There are three equivalent 〈112̄〉 directions in the {111}
planes [57]. Here, we denote the spin-down (up) sublattice as
A (B). Following Refs. [57,81,82], we start with the Hamil-
tonian describing a bipartite lattice AFM with easy-plane
anisotropy and applied magnetic field (h̄ = 1),

HNiO = |γ |H0

∑
i∈A, j∈B

(
Ŝz′

i + Ŝz′
j

) + 2J
∑
〈i, j〉

Ŝi · Ŝ j

+ Kx

∑
i∈A, j∈B

[(
Ŝx

i

)2 + (
Ŝx

j

)2]

− Kz

∑
i∈A, j∈B

[(
Ŝz′

i

)2 + (
Ŝz′

j

)2]
, (A1)

with Ŝ±
i/ j = Ŝx

i/ j ± iŜy
i/ j , the gyromagnetic ratio γ < 0, J

denoting the exchange interaction of nearest neighbors be-
longing to different sublattices, the easy-plane anisotropy Kx

and easy-axis anisotropy Kz. Here, z′ denotes one of the easy
directions along the 〈112̄〉 axes. We also consider an applied
magnetic field along one of the z′ directions, denoted by
H = H0êz′ . Note here that the index i ( j) marks lattice sites
belonging to sublattice A (B).

To quantize our Hamiltonian ĤNiO [Eq. (A1)], we use the
following linearized Holstein-Primakoff (HP) transformations
for lattice sites i ∈ A and j ∈ B [57,83]

Ŝ+
i =

√
2S

N

∑
k

e−ik·ri â†
k, Ŝ+

j =
√

2S

N

∑
k

eik·r j b̂k,

Ŝ−
i =

√
2S

N

∑
k

eik·ri âk, Ŝ−
j =

√
2S

N

∑
k

e−ik·r j b̂†
k,

Ŝz′
i = −S + 1

N

∑
k,k′

e−i(k−k′ )·ri â†
kâk′ ,

Ŝz′
j = S− 1

N

∑
k,k′

e−i(k−k′ )·r j b̂†
kb̂k′ , (A2)

where S denotes the individual total spin of each lattice site
and N the number of sublattice spins. The quantization axes
are different for the two sublattice because of their opposite
spin orientation. The operators âk (b̂k) represent the annihi-
lation operator of a spin-up (down) excitation on sublattice A
(B). They fulfill the bosonic commutation relations [âk, â†

k′ ] =
δkk′ , [b̂k, b̂†

k′ ] = δkk′ , and [âk, b̂†
k′ ] = 0 and will be denoted

spin-up (down) sublattice magnons âk (b̂k). Note that the
linearized HP transformations are only valid if the average
number of excitations is small in comparison with the spin
at each lattice site S. Using the linear HP transformations
[Eq. (A2)], we arrive at the Hamiltonian

ĤNiO =
∑

k

A

2
â†

kâk + B

2
b̂†

kb̂k + Ckâkb̂−k

+ D(âkâ−k + b̂kb̂−k) + H.c., (A3)

with

A = |γ |
(

HE + HAx

2
+ HAz + H0

)
,

B = |γ |
(

HE + HAx

2
+ HAz − H0

)
,

Ck = |γ |γkHE , D = |γ |HAx

4
, (A4)

and HE = 2SzJ/|γ |, HAx = 2SKx/|γ |, HAz = 2SKz/|γ |, and
γk = cos(a|k|/2). Here, z is the number of nearest neighbors
and a the lattice constant of NiO.

Considering a nanomagnet where the k �= 0 modes are well
separated from the Kittel mode k = 0 [84], we focus on the
homogeneous mode k = 0 here. We can therefore drop the
index k in the operators and coefficients and define â ≡ â0,
b̂ ≡ b̂0, and C ≡ C0, where γ0 = 1. Additionally assuming
H0 = 0, such that A = B [Eq. (A4)], our Hamiltonian HNiO
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[Eq. (A3)] becomes

ĤNiO = Aâ†â + Bb̂†b̂ + C(âb̂ + â†b̂†)

+ D(â2 + b̂2 + â†2 + b̂†2). (A5)

where, for now, we assume the parameters A, C, and D to be
real. We define spin-up and spin-down magnon operators α̂

and β̂ via the two-mode Bogoliubov transformation [28](
α̂

β̂†

)
=

(
u v

v u

)(
â
b̂†

)
, (A6)

with the coefficients

u = 1√
2

√
A

ω
+ 1, v = 1√

2

√
A

ω
− 1, (A7)

and the energy ω = √
A2 − C2. The Bogoliubov coefficients

u and v [Eq. (A7)] define intrinsic two-mode squeezing r by
tanh(r) = v/u. This squeezing stems from the strong inter-
sublattice exchange interaction and is typically large in AFMs.
Magnons, represented by α̂ and β̂, are therefore intrinsically
squeezed. In the new basis [Eq. (A6)], the Hamiltonian ĤNiO

[Eq. (A5)] reads

ĤAFM = ω(α̂†α̂ + β̂†β̂ ) − Dr (α̂β̂† + α̂†β̂ )

+ Ds(α̂
2 + α̂†2 + β̂2 + β̂†2) + (ω − A), (A8)

where we defined Dr = 2D sinh(2r) and Ds = D cosh(2r).
Hence, in the platform considered here, Dr and Ds are not
independent variables. The form of the antiferromagnetic
Hamiltonian [Eq. (A8)] is the form we used in the main text
which is why we denote the Hamiltonian by ĤAFM from now
on. We show in the following subsection that the parameter
Dr causes a hybridization of modes α̂ and β̂ and hence a ro-
tation of pseudospin on the Bloch sphere whereas Ds induces
squeezing of the hybridized modes and hence the pseudospin
components. Finally, using the following effective values
HE = 9684 kOe, HAx = 6.35 kOe, HAz = 0.11 kOe [57], and
H0 = 0, we find the coefficients A = B = |γ | · 9687.285 kOe,
C = |γ | · 9684 kOe, and D = |γ | · 1.5875 kOe. Therefore, D
is four orders of magnitude smaller than typical values of A, B,
and C, thereby motivating why it has often been disregarded
in previous studies. However, Dr and Ds are enhanced by
intrinsic squeezing r. We estimate ω ≈ |γ | · 252.26 kOe =
2π · 0.7 THz, r ≈ 2.17, Dr/ω ≈ 0.48, and Ds/ω ≈ 0.24.

2. Eigenstates of the bare antiferromagnet

In this subsection, we diagonalize the Hamiltonian ĤAFM

[Eq. (A8)] via the pseudospin formalism [43,60] and a
one-mode squeeze transformation. We start from a reduced
Hamiltonian, setting Ds = 0 in ĤAFM [Eq. (A8)], which re-
sults in

Ĥhyb = ω(α̂†α̂ + β̂†β̂ ) − Dr (α̂β̂† + α̂†β̂ ). (A9)

The coherent coupling between the spin-up and spin-down
magnon α̂ and β̂ proportional to ∝ Dr leads to a hybridization
of magnons.

As the next step, we introduce the symmetric and antisym-
metric modes ψ̂s and ψ̂a as

ψ̂s = 1√
2

(α̂ + β̂ ), ψ̂a = 1√
2

(−α̂ + β̂ ), (A10)

which diagonalize Ĥhyb [Eq. (A9)] as

Ĥ = ωsψ̂
†
s ψ̂s + ωaψ̂

†
a ψ̂a + (ω − A), (A11)

with the energies

ωs = ω − Dr, ωa = ω + Dr . (A12)

The symmetric and antisymmetric modes ψ̂s and ψ̂a

[Eq. (A10)] correspond to maximal hybridization of the
magnons α̂ and β̂. This is because magnons α̂ and β̂ are
degenerate here. The eigenmodes of Ĥhyb can also be treated
within a pseudospin framework defining the pseudospin com-
ponents [43]

L̂0 = 1

2
(α̂†α̂ + β̂†β̂ ), L̂ = 1

2

⎛
⎝ α̂β̂† + α̂†β̂

iα̂β̂† − iα̂†β̂

α̂†α̂ − β̂†β̂

⎞
⎠. (A13)

The Hamiltonian Ĥhyb can be reformulated using pseudospin
operators L̂i, i ∈ {0, 1, 2, 3} as

Ĥhyb = 2ωL̂0 − ω0 · L̂ + (ω − A), (A14)

with pseudofield ω0 = 2Dr êx. In the peudospin framework,
we can picture the eigenmodes on a Bloch unit sphere, where
the poles correspond to the α̂ and β̂ magnons. The hybridized
modes are then characterized by the pseudofield ω0 and cor-
respond to the intersection of the pseudosfield with the Bloch
sphere. The eigenmodes ψ̂s and ψ̂a can be obtained from the
following transformation [43]:(

ψ̂s

ψ̂a

)
=

(
cos

(
θ
2

)
sin

(
θ
2

)
− sin

(
θ
2

)
cos

(
θ
2

)
)(

α̂

β̂

)
, (A15)

with the rotation angle cos θ = ω0
z /|ω0|. Here, this angle is

θ = π/2. Finally, the transformation Eq. (A15) can be ex-
pressed via a rotation operator

R̂y(θ ) = exp(−iθ L̂y), (A16)

such that the hybridized modes read

ψ̂s = R̂y

(π

2

)
α̂R̂†

y

(π

2

)
, ψ̂a = R̂y

(π

2

)
β̂R̂†

y

(π

2

)
, (A17)

which have bosonic commutation relations [ψ̂s/a, ψ̂
†
s/a] = 1

and [ψ̂s, ψ̂a] = 0. The relations in Eq. (A17) can be proven
straightforwardly with the Baker-Campbell-Hausdorff rela-
tion for matrix exponential and mathematical induction. The
proof is performed in detail in Appendix E. The rotation op-
erator R̂y(θ ) [Eq. (A16)] will be convenient when expressing
the eigenmodes of ĤAFM [Eq. (A8)] and especially important
when addressing state control via a qubit in Appendix C.

Now using the hybridized modes ψ̂s and ψ̂a [Eq. (A10)],
we can transform the full Hamiltonian ĤAFM [Eq. (A8)] and
obtain the following expression:

ĤAFM = ωsψ̂
†
s ψ̂s + ωaψ̂

†
a ψ̂a + Ds

(
ψ̂2

s + ψ̂†2
s + ψ̂2

a + ψ̂†2
a

)
+ (ω − A). (A18)

In the current form of ĤAFM [Eq. (A18)], the hybridized
modes ψ̂s/a are decoupled and we can diagonalize their re-
spective contribution to the Hamiltonian separately. We can
see that because of the squared terms ∝ Ds, the Hamiltonian
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describes two noninteracting one-mode squeezed harmonic
oscillators. Therefore the final step is to perform a one-mode
squeezing transformation for both modes, which results in the
following diagonalized version of the Hamiltonian:

ĤAFM = ω+ψ̂
†
+ψ̂+ + ω−ψ̂

†
−ψ̂− + ω+ + ω− − 2A

2
, (A19)

with the one-mode squeezed hybridized modes

ψ̂+ = cosh(r+)ψ̂s + sinh(r+)ψ̂†
s ,

ψ̂− = cosh(r−)ψ̂a + sinh(r−)ψ̂†
a , (A20)

the one mode-squeezing factors

tanh(2r+) = 2|Ds|
ω − Dr

, tanh(2r−) = 2|Ds|
ω + Dr

, (A21)

and the eigenenergies

ω+ =
√

ω2 − 4CD − 4D2, ω− =
√

ω2 + 4CD − 4D2.

(A22)

Here, we want to mention that the one-mode squeeze trans-
formation [Eq. (A20)] can be conveniently expressed via the
one-mode squeeze operators

Ŝ±(r±) = exp(
r±
2

[(ψ̂s/a)2 − (ψ̂s/a)2]), (A23)

such that the eigenmodes read ψ̂+ = Ŝ+(r+)ψ̂sŜ
†
+(r+)

and ψ̂− = Ŝ−(r−)ψ̂aŜ†
−(r−) [85]. With the relations from

Eq. (A17), the eigenmodes can be written as

ψ̂+ = Ŝ+(r+)R̂y

(π

2

)
α̂R̂†

y

(π

2

)
Ŝ†

+(r+), (A24)

ψ̂− = Ŝ−(r−)R̂y

(π

2

)
β̂R̂†

y

(π

2

)
Ŝ†

−(r−). (A25)

Finally, a general eigenstate of the Hamiltonian ĤAFM

[Eq. (A8)] with m (n) excitations in the ψ̂+ (ψ̂−) mode can
be expressed as

|m+, n−〉 = Ŝ+(r+)Ŝ−(r−)R̂y

(π

2

)
|mα, nβ〉, (A26)

where |mα, nβ〉 denotes the eigenstates of ω(α̂†α̂ + β̂†β̂ ) with
m (n) denoting the number spin-up (down) magnonic excita-
tions. The relation in Eq. (A26) follows from first considering
the vacuum |0+, 0−〉 which has to fulfill ψ̂±|0+, 0−〉 = 0. This
can be shown straightforwardly

ψ̂+|0+, 0−〉 = Ŝ+(r+)R̂y

(π

2

)
α̂R̂†

y

(π

2

)
Ŝ†

+(r+)Ŝ+(r+)

× Ŝ−(r−)R̂y

(π

2

)
|0α, 0β〉 (A27)

= Ŝ+(r+)R̂y

(π

2

)
α̂R̂†

y

(π

2

)
Ŝ−(r−)R̂y

(π

2

)
|0α, 0β〉

(A28)

= Ŝ+(r+)Ŝ−(r−)R̂y

(π

2

)
α̂R̂†

y

(π

2

)
R̂y

(π

2

)
|0α, 0β〉

(A29)

= Ŝ+(r+)Ŝ−(r−)R̂y

(π

2

)
α̂|0α, 0β〉 (A30)

= 0, (A31)

where we used the property of unitary operators
Ŝ†

+(r+)Ŝ+(r+) = 1 and R̂†
y ( π

2 )R̂y( π
2 ) = 1, the commutator

[R̂y( π
2 )α̂R̂†

y ( π
2 ), Ŝ−(r−)] = [ψ̂s, Ŝ−(r−)] = 0, where we used

the relations from Eqs. (A17) and (A23) and α̂|0α, 0β〉 = 0.
From this then follows that

|m+, n−〉 = 1√
m!n!

ψ̂
†m
+ ψ̂

†m
+ |0+, 0−〉 (A32)

= 1√
m!n!

Ŝ+(r+)R̂y

(π

2

)
α̂†mR̂†

y

(π

2

)
Ŝ†

+(r+)

× Ŝ−(r−)R̂y

(π

2

)
β̂†mR̂†

y

(π

2

)
Ŝ†

−(r−)Ŝ+(r+)Ŝ−(r−)

× R̂y

(π

2

)
|0α, 0β〉 (A33)

= 1√
m!n!

Ŝ+(r+)Ŝ−(r−)R̂y

(π

2

)
α̂†mβ̂†n|0α, 0β〉

(A34)

= Ŝ+(r+)Ŝ−(r−)R̂y

(π

2

)
|mα, nβ〉, (A35)

which shows the relation in Eq. (A26). Note that we also used
the commutators [R̂y( π

2 )β̂R̂†
y ( π

2 ), Ŝ+(r+)] = [ψ̂a, Ŝ+(r+)] =
0 and [Ŝ+(r+), Ŝ−(r−)] = 0.

APPENDIX B: PSEUDOSPIN SQUEEZING

In Appendix A 2, we introduce the concept of pseu-
dospin L̂. The pseudospin components fulfill commutation
relations [L̂i, L̂ j] = iεi jk L̂k with the Levi-Civita symbol εi jk .
Because of that, pseudospin components obey Heisenberg un-
certainty relation 〈	L̂2

y 〉〈	L̂2
z 〉 � |〈L̂x〉|2/4. In this Appendix,

we demonstrate that pseudospin component L̂y is squeezed
according to Heisenberg uncertainty in an eigenstate |m+, n−〉
[Eq. (A26)].

Pseudospin squeezing in a general excited state

In this subsection, we evaluate the expectation values and
variances of pseudospin components L̂i for i = x, y, z for a
general eigenstate |m+, n−〉 [Eq. (A26)] with m (n) exci-
tation in eigenmode ψ̂+ (ψ̂−) [Eq. (A20)]. We denote the
expectation values by 〈L̂i〉mn = 〈m+, n−|L̂i|m+, n−〉 and the
variances 〈	L̂2

i 〉mn = 〈m+, n−|L̂2
i |m+, n−〉 − 〈L̂i〉2

mn. We find
the following expectation values:

〈L̂x〉mn = m(cosh2r+ + sinh2r+) + sinh2r+
2

− n(cosh2r− + sinh2r−) + sinh2r−
2

, (B1)

and 〈L̂y〉mn = 〈L̂z〉mn = 0. The corresponding variances of in-
terest read〈
	L̂2

y

〉
mn

= 2mn + m + n

4
(coshr+ coshr− − sinhr+ sinhr−)2

+ 2mn + m + n + 1

4
(sinhr+ coshr−

− sinhr− coshr+)2, (B2)
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FIG. 6. Plot of (a) pseudospin components and variances |〈L̂x〉12|, 〈	L̂2
y 〉12, and 〈	L̂2

z 〉12 in the eigenstate |1, 2〉 for fixed Dr/ω = 0.3 and
(b) pseudsospin squeezing ξ12 as a function of Ds.

〈
	L̂2

z

〉
mn = 2mn + m + n

4
(coshr+ coshr− + sinhr+ sinhr−)2

+ 2mn + m + n + 1

4
(sinhr+ coshr−

+ sinhr− coshr+)2. (B3)

Neglecting the intrasublattice coupling Ds, we find

〈L̂x〉mn = m − n

2
, (B4)

〈
	L̂2

y

〉
mn

= 2mn + m + n

4
, (B5)

〈
	L̂2

z

〉
mn = 2mn + m + n

4
, (B6)

such that 〈	L̂2
y 〉mn = 〈	L̂2

z 〉mn. From this, we can deduce that
if Ds = 0, there is no squeezing present since the variances of
L̂y and L̂z are the same.

As in the main text, let us analyze a simpler case with m �=
0, n = 0 and Ds �= 0. We find that the expectation value of L̂x

and the variances of L̂y and L̂z [Eqs. (B1)–(B3)] reduce to the
following expressions:

〈L̂x〉m0 = m + 1
2

2
cosh 2r+ − cosh 2r−

4
, (B7)

〈
	L̂2

y

〉
m0

= m + 1
2

4
cosh (2r+ − 2r−) − 1

8
, (B8)

〈
	L̂2

z

〉
m0 = m + 1

2

4
cosh (2r+ + 2r−) − 1

8
. (B9)

After some algebra, we find the following uncertainty relation:

〈
	L̂2

y

〉
m0

〈
	L̂2

z

〉
m0 = 1

4
|〈L̂x〉|2m0 + m2 + m

8
(cosh4r− − 1),

(B10)

so that the state we consider here is not minimum uncertainty.
We check if 〈	L̂2

y 〉m0 < 1
2 |〈L̂x〉|m0 is fulfilled and find that this

condition is equivalent to

(2m + 1)(cosh2r+ − cosh(2r+ − 2r−)) > cosh2r− − 1.

(B11)

This is fulfilled if r− > 0 and r+ > r−. This means that Ly is
squeezed with respect to Lx and that 〈	L̂2

y 〉 < 〈	L̂2
z 〉. We can

quantify squeezing by the ellipticity of Heisenberg’s uncer-
tainty relation [Eq. (B10)] [2], defining〈

	L̂2
y

〉
mn

= e−2ξmn

√〈
	L̂2

y

〉
mn

〈
	L̂2

z

〉
mn, (B12)

〈
	L̂2

z

〉
mn = e2ξmn

√〈
	L̂2

y

〉
mn

〈
	L̂2

z

〉
mn, (B13)

with pseudospin squeezing factor ξmn. Squeezing factor ξmn is
explicitly given by

ξmn = −1

4
ln

〈
	L̂2

y

〉
mn〈

	L̂2
z

〉
mn

. (B14)

In the main text, we mention that pseudospin squeezing ξm0

for m �= 0 and n = 0 has a finite value ξinst ≈ r− at the insta-
bility 2|Ds| = 1 − Dr . This can be shown, by rewriting ξm0 in
the following way:

ξm0 = −1

4
ln

((
m + 1

2

)(
e−2r− + e−4r++2r−

) − e−2r+(
m + 1

2

)
(e2r− + e−4r+−2r− ) − e−2r+

)
.

(B15)

At the instability, the ψ̂+ mode becomes unstable as quadra-
ture squeezing diverges r+ → ∞. We therefore use the
approximation exp(−r+) ≈ 0, such that pseudospin squeez-
ing at the instability becomes

ξinst ≈ −1

4
ln

(
e−2r−

e2r−

)
, (B16)

which is equivalent to ξinst ≈ r−.
Having discussed squeezing for a state |m+, 0−〉, we now

want to evaluate Heisenberg’s uncertainty relation graphically
for states with m �= 0 and n �= 0 in Fig. 6(a). One can see for
m = 1 and n = 2, on the one hand, |〈L̂x〉12|/2 < 〈	L̂2

y 〉12, and
therefore fluctuations are larger than the ground-state fluctu-

ations. On the other hand, the variances fulfill
√

〈	L̂2
y 〉12 <√

〈	L̂2
z 〉12 and hence follows squeezing according to the defi-

nition via ellipticity.
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APPENDIX C: COUPLING TO SPIN QUBIT

In this Appendix, we analyze the interaction between an
antiferromagnet with strong intrasublattice coupling as de-
scribed by ĤAFM [Eq. (A8)] and a spin qubit in the dispersive
regime. In Appendix C 1, we derive the direct dispersive
coupling from a spin Hamiltonian. In Appendix C 2, we diag-
onalize the resulting Hamiltonian describing the AFM, qubit
and direct dispersive coupling and discuss state control via
the qubit. Finally, in Appendix C 3 we discuss if pseudospin
squeezing can be resolved via qubit spectroscopy. Here we fo-
cus on the signatures of pseudospin squeezing in two coupling
regimes.

1. Dispersive coupling

In this subsection, we derive the direct dispersive cou-
pling between the AFM and the spin qubit. The Hamiltonian
describing the spin qubit is given by Ĥq = ωqσ̂z/2, where
ωq denotes the level splitting of the qubit and σ̂z the third
Pauli matrix. We assume that the AFM and qubit interact via
exchange interaction between the spin qubit and the spins be-
longing to the AFM interfacing with the qubit [62,66,84]. This
interaction can be described by the following Hamiltonian:

Ĥint = Jint,A

∑
l∈A

Ŝl · ŝl + Jint,B

∑
m∈B

Ŝm · ŝm, (C1)

where l and m label the interfacial site belonging to sublattices
A and B, Jint,A(B) is the interfacial coupling strength [86–89]
with lattice site belonging to sublattice A(B), Ŝ denotes the
spin operator and ŝ spin of the electronic states comprising the
qubit. As argued in Refs. [84,66,67], terms ∝ Ŝx

i ŝx
i and ∝ Ŝy

i ŝy
i

result in a coherent interaction, leading to a hybridization
between magnons and the qubit. Here, we want to suppress
coherent exchange by choosing a large detuning between the
magnon resonance frequency ω and the qubit level splitting
ωq and hence focus on the terms ∝ Ŝz

i ŝz
i . Using Holstein-

Primakoff transformations [Eq. (A2)], we find that the terms
∝ Ŝz

i ŝz
i in the interaction Hamiltonian Ĥint [Eq. (C1)] have one

constant term renormalizing the qubit level splitting [84] and
a coupling term resulting in dispersive interaction [66]

Ĥdis = |φ|2
(

Jint,ANint,A

2N
â†â − Jint,BNint,B

2N
b̂†b̂

)
σ̂z, (C2)

where |φl | denotes the qubit wave function at lattice site
l , which here is assumed to be homogeneous [66,84], and
Nint,A(B) the number of interfacial lattice sites belonging to
sublattice A(B).

Defining the direct dispersive coupling strengths

χa = Jint,A|φ|2
2N

Nint,A, χb = Jint,B|φ|2
2N

Nint,B, (C3)

we can deduce that the coupling between the AFM and qubit
depends on the size of the magnet and the structure of the in-
terface. Assuming a compensated magnet with a compensated
interface, such that χa = χb ≡ χ , and using the Bogoliubov
transformation [Eq. (A6)], the direct dispersive interaction
Hamiltonian Ĥdis [Eq. (C2)] acquires the form used in the
main text Ĥdis = 2χ L̂zσ̂z.

2. Eigenmodes of the coupled AFM and qubit system

In this subsection, we diagonalize the Hamiltonian describ-
ing an AFM with strong intrasublattice interaction coupled to
a spin qubit via direct dispersive coupling. The full Hamil-
tonian is given by a sum of the AFM Hamiltonian ĤAFM

[Eq. (A8)], Ĥq = ωqσ̂z/2 and the direct dispersive interaction
Ĥdis [Eq. (C2)]. Here, we assume χa = χb ≡ χ [Eq. (C3)],
such that the full Hamiltonian in spin-up and spin-down
magnon basis reads

Ĥ0 = ĤAFM + ωq

2
σ̂z + χ (α̂†α̂ − β̂†β̂ )σ̂z, (C4)

with ĤAFM from Eq. (A8). We start the analysis by projecting
the full Hamiltonian Ĥ0 [Eq. (C4)] onto the qubit eigenstates,
which are given by the ground state |g〉 and excited state |e〉.
We define the reduced Hamiltonians by

Ĥg = 〈g|Ĥ0|g〉, Ĥe = 〈e|Ĥ0|e〉. (C5)

In the following, we treat Ĥg [Eq. (C5)] in detail and
afterwards transfer our results to Ĥe [Eq. (C5)] via the sub-
stitutions −ωq → +ωq and −χ → +χ . We diagonalize Ĥg

using the pseudospin framework with pseudospin operators
L̂i, i ∈ 0, 1, 2, 3 [Eq. (A13)]. Following Ref. [43], we separate
Ĥg [Eq. (C5)] in a base Hamiltonian and perturbation Hamil-
tonian, such that Ĥg = Ĥg

base + Ĥg
pert with

Ĥg
base = ω(α̂†α̂ + β̂†β̂ ) + 2ω − 2A − ωq

2
, (C6)

Ĥg
pert,hyb = −χ (α̂†α̂ − β̂†β̂ ) − Dr

(
α̂β̂† + α̂†β̂

)
, (C7)

Ĥg
pert,quad = Ds(α̂

2 + α̂†2 + β̂2 + β̂†2). (C8)

Here, we divided the perturbation into two parts, the hy-
bridization Hamiltonian Ĥg

pert,hyb [Eq. (C7)] and quadratic

terms Ĥg
pert,quad [Eq. (C8)]. We begin by treating Ĥg

base +
Ĥg

pert,hyb in the pseudospin framework [43], reformulating

Ĥg
base + Ĥg

pert,hyb with pseudospin operators L̂i, i ∈ 0, 1, 2, 3,
and obtain

Ĥg
base + Ĥg

pert,hyb = 2ωL̂0 − ωg · L̂ + 2ω − 2A − ωq

2
, (C9)

with pseudofield

ωg = 2Dr êx + 2χ êz. (C10)

Here, we can already notice that pseudofield ωg [Eq. (C10)]
acquires a z component from the interaction with the spin
qubit in comparison with ω0 (with χ = 0). As discussed in
Appendix A 2, the eigenmodes of a Hamiltonian of the form of
Ĥg

base + Ĥg
pert,hyb [Eq. (C9)] can be conveniently characterized

by the pseudofield ωg [Eq. (C10)] and a rotation operation
[Eq. (A17)]. The eigenmodes of Ĥg

base + Ĥg
pert,hyb [Eq. (C9)]

can therefore be expressed as

ψ̂
g
1 = R̂y(θg)α̂R̂†

y (θg), ψ̂
g
2 = R̂y(θg)β̂R̂†

y (θg), (C11)

with rotation operator R̂y(θ ) [Eq. (A16)] and rotation angle
sin θg = 1/

√
1 + χ2/D2

r . It will be convenient to define a
small angle θ̃ such that θg = π

2 − θ̃ , which explicitly reads

sin θ̃ = |χ |/
√

χ2 + D2
r . (C12)
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Transforming the full Hamiltonian Ĥg [Eq. (C5)] into the
basis of ψ̂

g
1 and ψ̂

g
2 [Eq. (C11)], we obtain the expression

Ĥg = ω
g
1ψ̂

g†
1 ψ̂

g
1 + ω

g
2ψ̂

g†
2 ψ̂

g
2 + Ds

(
ψ̂

g2
1 + ψ̂

g†2
1 + ψ̂

g2
2 + ψ̂

g†2
2

)
+ 2ω − 2A − ωq

2
, (C13)

with frequencies

ω
g
1 = ω −

√
χ2 + D2

r , ω
g
2 = ω +

√
χ2 + D2

r . (C14)

Now ψ̂
g
1 and ψ̂

g
2 decouple and we can solve Ĥg [Eq. (C13)]

by applying a one-mode squeezing transformation. We end up
with the diagonalized Hamiltonian

Ĥg = ω
g,sq
1 ψ̂

g,sq†
1 ψ̂

g,sq
1 + ω

g,sq
2 ψ̂

g,sq†
2 ψ̂

g,sq
2

+ ω
g,sq
1 + ω

g,sq
2 − 2A − ωq

2
, (C15)

where the eigenmodes ψ̂
g,sq
1/2 can be expressed as

ψ̂
g,sq
1 = Ŝoms

g,1

(
rg

1

)
ψ̂

g
1 Ŝoms

g,1

(
rg

1

)†
, ψ̂

g,sq
2 = Ŝoms

g,2

(
rg

2

)
ψ̂

g
2 Ŝoms

g,2

(
rg

2

)†
,

(C16)

with squeeze operators

Ŝoms
g,1/2

(
rg

1/2

) = exp

(
r̃

2

[(
ψ̂

g
1/2

)2 − (
ψ̂

g†
1/2

)2])
, (C17)

and one mode-squeezing factors

tanh
(
2rg

1

)= 2|Ds|
ω − √

χ2 + D2
r

, tanh
(
2rg

2

)= 2|Ds|
ω + √

χ2 + D2
r

.

(C18)

The eigenenergies in Ĥg [Eq. (C15)] read

ω
g,sq
1 =

√
ω2 − 2ω

√
χ2 + D2

r + χ2 − 4D2, (C19)

ω
g,sq
2 =

√
ω2 + 2ω

√
χ2 + D2

r + χ2 − 4D2. (C20)

Combining Eqs. (C11) and (C16) allows us to write the eigen-
modes of Ĥg [Eq. (C15)] in the following compact form:

ψ̂
g,sq
1 = Ŝoms

g,1

(
rg

1

)
R̂y

(π

2
− θ̃

)
α̂R̂†

y

(π

2
− θ̃

)
Ŝoms

g,1

(
rg

1

)†
, (C21)

ψ̂
g,sq
2 = Ŝoms

g,2

(
rg

2

)
R̂y

(π

2
− θ̃

)
β̂R̂†

y

(π

2
− θ̃

)
Ŝoms

g,2

(
rg

2

)†
, (C22)

which is an equivalent form as Eqs. (A24) and (A25) from
Appendix A 2.

Now we evaluate the diagonalization of the excited state
Hamiltonian Ĥe [Eq. (C5)] that can be obtained from the
solution of Ĥg [Eq. (C15)] via the substitutions −ωq → +ωq

and −χ → +χ . Note that we also perform an index sub-
stitution g → e to indicate entities belonging to the excited
state manifold. We find the angle θe = π/2 − θ̃ [Eq. (C12)],
the squeeze factors re

1 = rg
1 ≡ r1 and re

2 = rg
2 ≡ r2 [Eq. (C18)]

and the eigenergies ω
e,sq
1 = ω

g,sq
1 ≡ ω

sq
1 and ω

e,sq
2 = ω

g,sq
2 ≡

ω
sq
2 [Eqs. (C19) and (C20)]. The diagonalized Hamiltonian Ĥe

[Eq. (C5)] reads

Ĥe = ω
sq
1 ψ̂

e,sq†
1 ψ̂

e,sq
1 + ω

sq
2 ψ̂

e,sq†
2 ψ̂

e,sq
2 + ω

sq
1 +ω

sq
2 − 2A+ ωq

2
.

(C23)

Equivalently to the expressions for ψ̂
q,sq
1/2 in Eqs. (C21)

and (C22), the eigenmodes ψ̂
e,sq
1/2 can be obtained by applying

the following operations:

ψ̂
e,sq
1 = Ŝoms

e,1 (r1)R̂y

(π

2
+ θ̃

)
α̂R̂†

y

(π

2
+ θ̃

)
Ŝoms

e,1 (r1)†, (C24)

ψ̂
e,sq
2 = Ŝoms

e,2 (r2)R̂y

(π

2
+ θ̃

)
β̂R̂†

y

(π

2
+ θ̃

)
Ŝoms

e,2 (r2)†, (C25)

with the one-mode squeeze operators

Ŝoms
e,1/2(r1/2) = exp

( r1/2

2

[(
ψ̂e

1/2

)2 − (
ψ̂

e†
1/2

)2])
. (C26)

Using a similar technique and proof as for Eq. (A26) in Ap-
pendix A 2, we can determine the eigenstates of Ĥg and Ĥe

[Eqs. (C15) and (C23)]. We find that they can be expressed as

|m, n〉g = Ŝoms
g,1 (r1)Ŝoms

g,2 (r2)R̂y

(π

2
− θ̃

)
|mα, nβ〉, (C27)

|m, n〉e = Ŝoms
e,1 (r1)Ŝoms

e,2 (r2)R̂y

(π

2
+ θ̃

)
|mα, nβ〉, (C28)

where |m, n〉g/e denotes a Fock state of Ĥg/e [Eqs. (C15)
and (C23)] and |mα, nβ〉 an eigenstate of ω(α̂†α̂ + β̂†β̂ ). We
can conclude from this result that the nature of eigenmodes
stays the same as in the analysis in Appendix A 2 but the inter-
action with a qubit modifies the rotation angle of pseudofield
as well as the one-mode squeezing of the eigenmodes. The
fact that the rotation angle depends on the state of the qubit
(|g〉 or |e〉) shows that a qubit can be used for state control of
pseudospin.

3. Ground-state composition

In this subsection, we discuss if pseudospin squeezing as
defined in Appendix B manifests itself via a characteristic
signature in qubit spectroscopy [90–92]. For this purpose, we
follow the method in Refs. [66,67] and investigate if there
is a nonvanishing overlap between the ground state |0, 0〉g

[Eq. (C27)] and an excited state |m, n, 〉e [Eq. (C28)].
If there is a nonvanishing overlap between the ground

state and an excited state e〈m, n|0, 0〉g �= 0 and the qubit
is driven, e.g., by an external microwave drive, at a fre-
quency that matches the energy difference between the states
|0, 0〉g and |m, n〉e, then the transition |0, 0〉g → |m, n〉e oc-
curs with a probability of |e〈m, n|0, 0〉g|2. When performing
qubit spectroscopy by driving the qubit in a range of frequen-
cies and measuring its population, the excitation probability
|e〈m, n|0, 0〉g|2 should manifest itself in as a nontrivial peak.

Our goal in the following is to find out if there are excited
states |m, n〉e [Eq. (C28)] that have a nonvanishing overlap
with the ground state |0, 0〉g [Eq. (C27)], hence demonstrating
if pseudospin squeezing has a nontrivial signature in qubit
spectroscopy. However, since the operators ψ̂

g
1 and ψ̂

g
2 don’t

commute with ψ̂
e†
1 and ψ̂

e†
2 , the analytical calculation of the

overlap is a nontrivial task. We therefore expand the operators
in the two limits χ/Dr � 1 and Dr/χ � 1 and calculate the
overlap in these limits.
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a. Small χ limit

We begin our analysis with the small χ limit. If |χ | � |Dr |,
then the angle θ̃ [Eq. (C12)] becomes

θ̃ ≈ χ

|Dr | , (C29)

and correspondingly cos θ̃ ≈ sng(D) and sin θ̃ ≈ θ̃ . Under the
same condition |χ | � |Dr |, the squeezing factors r1 and r2

[Eq. (C18)] simplify to

r1 ≈ r+ + O(χ2), r2 ≈ r− + O(χ2), (C30)

with the squeeze factors r+ and r− [Eq. (A21)]. Since θ̃ is first
order in χ and therefore a small parameter, we will express
the expansion of operators in terms of θ̃ . The rotation operator
R̂y(θ ) [Eq. (A16)] becomes

R̂y(±θ̃ ) ≈ I ± θ̃

2
(ψ̂sψ̂

†
a − ψ̂†

s ψ̂a), (C31)

with hybridzed modes ψ̂s/a [Eq. (A10)]. We note that the one-
mode squeezing operators [Eqs. (C17) and (C26)] are related
via the following relations:

Ŝoms
g,1 (r+) = R̂y(−2θ̃ )Ŝoms

e,1 (r+)R̂y(2θ̃ ), (C32)

Ŝoms
g,2 (r−) = R̂y(−2θ̃ )Ŝoms

e,2 (r−)R̂y(2θ̃ ), (C33)

which we will use to determine the overlaps between the
ground state |0, 0〉g and excited states |m, n〉e [Eqs. (C27)
and (C28)]. Keeping terms up to first order in χ , we find that
the |0, 0〉g [Eq. (C27)] can be expanded in terms of excited
|m, n〉e [Eq. (C28)] via the following expression:

|0, 0〉g ≈ |0, 0〉e + θ̃c1|1, 1〉e, (C34)

with coefficient

c1 = − sinh (r+ − r−)

2
. (C35)

From Eqs. (C15) and (C23), we deduce that the energy differ-
ence between states |0, 0〉e and |0, 0〉g is given by ω00 = ωq

and the energy difference between |1, 1〉e and |0, 0〉g reads
ω11 = ωq + ω

sq
1 + ω

sq
2 with ω

sq
1/2 from Eqs. (C19) and (C20).

When driving the qubit at frequency ω11, the transition into
state |1, 1〉e occurs with a probability of θ2|c1|2. Therefore,
qubit spectroscopy would reveal a nontrivial peak around ω11

with a peak height proportional to the transition probability
θ2|c1|2. Considering Ds = 0, we find that the overlap vanishes
c1 = 0 which reproduces the result for am AFM with Ds = 0
with a compensated interface [67].

b. Small Dr limit

The small Dr → 0 limit has to be treated separately,
since it is dictated by the condition |Dr | � |χ |. The angle θ̃

[Eq. (C12)] in the small Dr limit becomes

θ̃ ≈ π

2
− |Dr |

χ
, (C36)

and correspondingly cos θ̃ ≈ |Dr |/χ and sin θ̃ ≈ sgn(Dr ).
The squeeze factors r1 and r2 [Eq. (C18)] in the small Dr limit

read

tanh (2r1) ≈ 2|Ds|
ω − |χ | + O

(
D2

r

)
,

tanh (2r2) ≈ 2|Ds|
ω + |χ | + O

(
D2

r

)
. (C37)

Here, we consider the zeroth order in Dr and therefore take
the angle θ̃ to be θ̃ = π/2. We can express the ground state
|0, 0〉g [Eq. (C27)] and excited state |0, 0〉e [Eq. (C27)] as

|0, 0〉g = Ŝα(r1)Ŝβ(r2)|0α, 0α〉,
|0, 0〉e = Ŝβ(r1)Ŝα(r2)|0α, 0α〉, (C38)

where we used that ψ̂
g
1 = α̂, ψ̂

g
2 = β̂, ψ̂e

1 = β̂, and ψ̂e
2 = α̂ if

θ̃ = π/2. Note that we defined the squeeze operators Ŝα (r) =
exp(r[α̂2 − α̂†2]/2) and Ŝβ (r) = exp(r[β̂2 − β̂†2]/2). Since
|0, 0〉g and |0, 0〉e [Eq. (C38)] can be expressed in a common
basis, we can connect the two states via the following relation:

|0, 0〉g = Ŝα (r1 − r2)Ŝβ (r2 − r1)|0, 0〉e. (C39)

The expansion of the ground state |0, 0〉g in terms of excited
states |m, n〉e then reads

|0, 0〉g ≈ cmn|2m, 2n〉e, (C40)

with

cmn = (−1)n

cosh(reff )
tanh[m + n](reff )

√
(2m)!(2n)!

2mm!2nn!
, (C41)

and reff = r1 − r2. This result is consistent with Ref. [66] and
corresponds to the signature of two decoupled ferromagnets
with anisotropies.

APPENDIX D: HEMATITE (α-Fe2O3) AND ADJUSTMENTS
IN FORMALISM

In this Appendix, we discuss the antiferromagnet hematite
(α-Fe2O3) above the Morin temperature TM ≈ 250 K [93],
when it is in the canted phase. We first derive the Hamiltonian
from a spin model and see that there is a slight modification in
comparison with the Hamiltonian discussed in Appendix A 1.
We then discuss how this modification can be incorporated
into the theory developed in the main text.

We start with a spin model on a bipartite lattice, consisting
of sublattice A and B, and consider spin exchange interaction,
easy-plane anisotropy and Dzyaloshinskii–Moriya interaction
(DMI) and an applied magnetic field along the y axis [94–97],

Hhem = J
∑
〈i, j〉

Ŝi · Ŝ j + K
∑

i∈A, j∈B

[(
Ŝx

i

)2 + (
Ŝx

j

)2]

+ D
∑
〈i, j〉

x̂ · [Ŝi × Ŝ j]

− γμ0H0

∑
i∈A, j∈B

(
Ŝy

i + Ŝy
j

)
, (D1)

where J denotes the exchange integral, K the anisotropy co-
efficient, D the DMI strength, and H0 the magnitude of the
applied magnetic field. Following Refs. [98,44], we use the

214444-12



SQUEEZING AND QUANTUM CONTROL OF THE … PHYSICAL REVIEW B 112, 214444 (2025)

FIG. 7. Canted ground state of hematite above Morin tempera-
ture TM . The spins of the down spin sublattice (depicted in blue) point
along the −z′′ direction, whereas the spin of the up-spin sublattice
(depicted in red) point along the z′ direction. The primed coordinates
are obtained from a rotation of the coordinte system denoted by x, y,
and z via a rotation around the x axis [44].

following Holstein-Primakoff and Fourier transformation:

Ŝ+
j =

√
2S

N

∑
k

e−ik·râ†
k, Ŝ+

i =
√

2S

N

∑
k

eik·rb̂k,

Ŝ−
j =

√
2S

N

∑
k

eik·râk, Ŝ−
i =

√
2S

N

∑
k

e−ik·rb̂†
k,

Ŝz′′
j = −S + 1

N

∑
k,k′

e−i(k−k′)·râ†
kâk′ ,

Ŝz′
i = S − 1

N

∑
k,k′

e−i(k−k′)·rb̂†
kb̂k′ , (D2)

where index i( j) denotes a lattice site belonging to sublattice
A(B) and with Ŝ±

i = Ŝx
i ± iŜy′′

i and Ŝ±
j = Ŝx

j ± Ŝy′
j . The direc-

tions y′, y′′, z′, and z′′ can be obtained via a rotation around
the x axis [44] and are schematically depicted in the canted
ground state of hematite in Fig. 7. The operators â†(b̂†) denote
the creation operators of spin-up (down) sublattice magnons.
Applying this transformation [Eq. (D2)] to the Hamiltonian
Ĥhem leads to the following expression in terms of sublattice
magnons:

Ĥhem =
∑

k

[Aâ†
kâk + Bb̂†

kb̂k + Ck(âkb̂−k + â†
kb̂†

−k)

+ D(âkâ−k + b̂kb̂−k + â†
kâ†

−k + b̂†
kb̂†

−k)

+ Ek(âkb̂†
k + â†

kb̂k)], (D3)

With

A ≈ JSz + KS, D = KS

2
,

B ≈ JSz + KS, Ek = φDSzγk,

Ck = JSzγk, φ = −γμ0 h̄H0 − DSz

2JSz
, (D4)

where z is the number of nearest neighbors.
Finally, assuming a nanomagnet and taking only into ac-

count the k = 0 mode [67,84], it follows γk = 1 and we define
â ≡ â0, b̂ ≡ b̂0, C ≡ C0, E ≡ E0. Our Hamiltonian describing
hematite Ĥhem [Eq. (D3)] becomes

Ĥhem = Aâ†â + Bb̂†b̂ + C(âb̂ + â†b̂†)

+ D(â2 + b̂2 + â†2 + b̂†2) + E (âb̂† + â†b̂). (D5)

It is now evident that Ĥhem [Eq. (D5)] contains extra terms
âb̂†, â†b̂ that are spin nonconserving in comparison with the
NiO Hamiltonian ĤNiO [Eq. (A5)]. We now want to tackle
the question how our previous theory analysis changes when
incorporating more spin nonconserving terms ∝ (âb̂† + â†b̂).

We start by applying the Bogoliubov transformation
[Eq. (A6)] on Ĥhem [Eq. (D5)], such that

Ĥhem = ω(α̂†α̂ + β̂†β̂ ) − D̃r (α̂β̂† + α̂†β̂ )

+ D̃s(α̂
2 + α̂†2 + β̂2 + β̂†2) + (ω − A), (D6)

with the modified coupling strengths

D̃r = D

(
sinh(2r) − E

2D
sinh(2r)

)
,

D̃s = D

(
cosh(2r) − E

D
cosh(2r)

)
. (D7)

Our analysis from Appendixes A 2, B, and C can therefore be
conveniently applied to hematite by substituting Dr → D̃r and
Ds → D̃s.

APPENDIX E: ROTATION TRANSFORMATION FOR
PSEUDOSPIN

In this Appendix, we demonstrate the relations ψ̂s =
R̂y(θ )α̂R̂†

y (θ ) and ψ̂a = R̂y(θ )β̂R̂†
y (θ ) from Eq. (A17) with

the rotation matrix R̂y(θ ) = exp(−iθ L̂y) and the pseudospin
component L̂y = i

2 (α̂β̂† − α̂†β̂ ). From the Baker-Campbell-
Hausdorff formula [99] follows

eÂα̂e−Â = α̂ + [Â, α̂] + 1

2
[Â, [Â, α̂]] + . . . (E1)

= α̂ +
∑
n=1

1

n!
[Â, α̂]n, (E2)

where [Â, α̂]n is the n-fold nested commutator [Â, α̂]n =
[Â, [Â, α̂]n−1] and [Â, α̂]1 = [Â, α̂]. Our rotation operations
ψ̂s = R̂y(θ )α̂R̂†

y (θ ) and ψ̂a = R̂y(θ )β̂R̂†
y (θ ) from Eq. (A17)

can be expressed with the expansion expansion in Eq. (E2).
Let us define for convenience Â = θ

2 (α̂β̂† − α̂†β̂ ) and deter-
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mine [Â, α̂]n. We find

[Â, α̂]n =
{(

θ
2

)2k+1
(−1)kβ̂ for n = 2k + 1,(

θ
2

)2k
(−1)kα̂ for n = 2k,

(E3)

with k ∈ N. This can be shown with mathematical induction.
Let us start with n = 1,

[Â, α̂]1 = θ

2
[(α̂β̂† − α̂†β̂ ), α̂] = θ

2
β̂, (E4)

and n = 2,

[Â, α̂]2 =
(

θ

2

)2

[(α̂β̂† − α̂†β̂ ), β̂] = −
(

θ

2

)2

α̂, (E5)

which is both in accordance with the formula for the nested
commutator in Eq. (E3). We now perform the induction step
for n + 1, where we have to make a distinction between n +
1 even and n + 1 odd. We begin with n + 1 = 2k + 1. The
nested commutator for 2k + 1 then reads

[Â, α̂]2k+1 = [Â, [Â, α̂]2k] =
(

θ

2

)2k

(−1)k[Â, α̂] (E6)

=
(

θ

2

)2k+1

(−1)kβ̂, (E7)

which reproduces the formula in Eq. (E3). Now we take an
even n + 1 = 2k + 2. The corresponding nested commutator
reads

[Â, α̂]2k+2 = [Â, [Â, α̂]2k+1] =
(

θ

2

)2k+1

(−1)k[Â, β̂] (E8)

=
(

θ

2

)2k+2

(−1)k+1α̂, (E9)

which is also in accordance with the formula in Eq. (E3). We
can now separate odd and even n in the expansion of eÂα̂e−Â

[Eq. (E2)], which becomes

eÂα̂e−Â = α̂ +
∑
k=1

1

(2k)!
[Â, α̂]2k +

∑
k=0

1

(2k + 1)!
[Â, α̂]2k+1

(E10)

=
∑
k=0

1

(2k)!

(
θ

2

)2k

(−1)kα̂

+
∑
k=0

1

(2k + 1)!

(
θ

2

)2k+1

(−1)kβ̂ (E11)

= cos

(
θ

2

)
α̂ + sin

(
θ

2

)
β̂. (E12)

With this we show

R̂y(θ )α̂R̂†
y (θ ) = cos

(
θ

2

)
α̂ + sin

(
θ

2

)
β̂, (E13)

and therefore

ψ̂s = R̂y(θ )α̂R̂†
y (θ ). (E14)

Under the same considerations, we can show that ψ̂a =
R̂y(θ )β̂R̂†

y (θ ). Now the nested commutators become

[Â, β̂]n =
{(

θ
2

)2k+1
(−1)k+1α̂ for n = 2k + 1,(

θ
2

)2k
(−1)kβ̂ for n = 2k,

such that

R̂y(θ )β̂R̂†
y (θ ) = cos

(
θ

2

)
β̂ − sin

(
θ

2

)
α̂, (E15)

from which follows indeed ψ̂a = R̂y(θ )β̂R̂†
y (θ ).
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