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Grant us, O saints of heaven, an all-encompassing

and sufficiently approximate vision.

Amanece, que no es poco, José Luis Cuerda.

Jorc-Lukas I want to be a physicst, Daddy.

Mosius  (staring at his youngest son alarmed) Physicist?

Jorc-Lukas Yes, Daddy.

Mosrus You must not do that, Jorg-Lukas. Absolutely
not. Get it out of your head. I -1 forbid you to
do it.

JOorG-Lukas (is confused) But you became a physicst,
Daddy -

Mosius I should have never become one, Jorg-Lukas.
Never. I wouldn't be in the asylum right now.

Die Physiker, Friedrich Diirrenmatt.
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ABSTRACT

ENGLISH

KEeYWORDS  [light-matter interactions, macroscopic quantum electrodynamics, open quan-

tum systems, ultrastrong coupling regime, quantum emitter

The study of the interactions between light and matter forms, today, an excep-
tionally broad field that connects many specialized areas of research. In this
thesis, we analyze various aspects of light-matter interactions. Specifically, the
situations considered here can be regarded as instances of a common scenario
involving three main components: emitters, photons and macroscopic media.
By emitters, we refer to small material systems, such as atoms or molecules.
The photons, in turn, are the particles that carry the electromagnetic field, that
is, the light. Finally, media are extended material systems. In the low-energy
regime (up to a few eV), this tripartite division allows us to ascribe a definite
role to each element. The media condition the behavior of the electromag-
netic field, which, in turn, modifies the dynamics of the emitters. Addition-
ally, in certain relevant regimes, the media and emitters also interact directly
and meaningfully through the electrostatic Coulomb potential. The work pre-
sented in this thesis explores a potpourri of light-matter-related phenomena
within the confines of such a vastly rich scenario. The results of our research
are contained in chapters 3 to 5, which are preceded by chapters 1 and 2, where
we set the stage and introduce the necessary theoretical tools. To avoid over-
whelmingly technical discussions, we have given chapters 3 to 5 a streamlined

tone, and moves the details to several appendices at the end.

In chapter 3, we strip the electromagnetic field and the media of their pe-
culiarities, reducing them to a rather generic environment in which an emitter
resides. Accordingly, we focus our attention on an arbitrary emitter that inter-
acts weakly with its environment. The question of the chapter is, then, how
to describe the dynamics of the emitter. Historically, attempts at answering
this question gave birth to the well-established field of open quantum systems,
where different so-called master equations have been derived to predict the

temporal evolution of emitters in environments. These master equations have



different properties that can render them more or less appropriate. For in-
stance, Lindblad master equations are known to fulfill certain very desirable
mathematical properties, but its parameters do not always have a straightfor-
ward connection with an underlying model of the environment. In contrast,
the Bloch-Redfield master equation is, right from its derivation, linked to a con-
crete environment, while not generally satisfying the aforementioned math-
ematical properties. This much has been known for a long time, and there
is actually a systematic procedure to turn the Bloch-Redfield equation into a
Lindblad equation: the secular approximation. Nevertheless, it has been real-
ized that the secular approximation can be inadequate in common situations.
In this chapter, we discuss an alternative approach that retrieves a Lindblad
master equation from the Bloch-Redfield equation, designed to overcome the

limitations of the secular approximation.

Inspired by the shortcomings of the secularization procedure, we devise
a specific system in chapter 4 that directly illustrates these limitations. From
the analysis and conclusions of chapter 3, it is clear that the secularized Lind-
blad equation lacks any environment-induced couplings between off-resonant
states, which would manifest as off-diagonal terms in the energy shift and
complex networks of dissipative pathways. After some consideration, we re-
alized that, under the right circumstances, the precise interplay of these ef-
fects could give rise to remarkable consequences explored in this chapter. To
that end, we study the dynamics of an emitter, a hydrogen atom, in the vicin-
ity of an AIN spheroidal nanoparticle that alters the properties of the electro-
magnetic field. The hydrogen atom is a clean analytical system that already
provides us with realistic energetic spectra featuring narrowly separated en-
ergy levels corresponding to different hydrogenic fine-structure states. Such
configurations are especially prone to being misrepresented by the secular ap-
proximation. As for the nanoparticle’s material and shape, they ensure that
its electromagnetic response along the symmetry axis is enhanced within an
appropriate frequency range, tailored to target a particular atomic transition.
The question is, in this chapter, what the temporal evolution of the atom looks
like, and how our circumventing of the secular approximation is reflected in
it. This calls for an open quantum systems’ perspective such as the one de-
veloped in chapter 3. After carrying out the calculations, we confirm that
the nanoparticle-field environment does, indeed, strongly affect the hydrogen
atom in ways that would be completely missing from a secularized master
equation. In particular, we show that the bare hydrogenic eigenstates become
drastically mixed to give rise to a new atomic structure. These effects mani-

fest in the energy spectrum, which develops avoided-crossing features, and
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in the dynamics, where Rabi-like oscillations are observed. Furthermore, un-
der the right circumstances, we show that the dissipative rates of the atomic
eigenstates, expected to increase monotonically as the atom-nanoparticle sep-
aration decreases, can actually exhibit the opposite trend. The mechanism for
the “Purcell-effect reversal” phenomenon is the emergence of an eigenstate
that becomes more and more decoupled from the environment, as the mix-
ing of the hydrogenic fine-structure states increases while approaching the

nanoparticle.

Finally, we switch gears in chapter 5 by investigating a different regime
of light-matter interactions, the ultrastrong coupling regime, while still con-
sidering the same three elements as before: an emitter, photons and a ma-
terial medium. The topic addressed in this chapter is the role that the di-
rect emitter-medium interaction can have in reaching the ultrastrong coupling
regime, specifically in comparison to the medium-modified emitter-photon in-
teraction. Recently, there has been ongoing debate in the literature around
this very issue. In short, even if similar models can be used to describe either
situation, the meaning of the parameters is radically different depending on
the underlying mechanism that achieves ultrastrong coupling. Furthermore,
the relevance of terms in the light-matter Hamiltonian such as the polariza-
tion self-energy crucially depends on this distinction. Naturally, these issues
can seriously affect the modeling of experiments as well as fuel theoretical
misunderstandings. In chapter 5, we devise an argument based on electro-
magnetic constraints showing that, the interaction strength between the emit-
ter and the photons cannot exceed a specific bound, even when the medium
modifies their interaction in an optimal way. With this result, we can explic-
itly show that if the emitter is small, such as an atom or molecule, the ultra-
strong coupling regime can only be reached via the emitter-medium interac-
tion through subwavelength confinement, while the emitter-photon interac-
tion is, in fact, negligible. Because the reasoning used to reach this conclusion
is somewhat abstract, we illustrate them with an analytically solvable model
of the dipolar resonance of a plasmonic nanoparticle. In practice, we write the
emitter-photon and emitter-nanoparticle interactions in terms of the photon-
nanoparticle eigenmodes, such that we can quantitatively compare the cou-

pling strength associated with each physical process.
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CASTELLANO

PALABRAS CLAVE interacciones luz-materia, electrodindmica cudntica macroscopica, siste-

mas cudnticos abiertos, régimen de acoplamiento ultrafuerte, emisor cudntico

El estudio de las interacciones entre la luz y la materia forma, hoy en dia, un
campo excepcionalmente amplio que conecta numerosas dreas de investiga-
cién. En esta tesis, analizamos aspectos variados acerca de dichas interaccio-
nes. Especificamente, las situaciones consideradas aqui pueden plantearse co-
mo casos concretos de un escenario comun con tres componentes principales:
emisores, fotones y medios macroscépicos. Por emisores entendemos sistemas
materiales pequefios, como dtomos o moléculas. Los fotones, por su parte, son
las particulas que describen el campo electromagnético, esto es, la luz. Final-
mente, los medios son sistemas materiales extensos. En el régimen de bajas
energias hasta unos pocos €V, esta divisiéon en tres fragmentos nos permite
atribuirle un papel definido a cada elemento. Los medios condicionan el com-
portamiento del campo electromagnético que, a su vez, modifica la dindmica
de los emisores. Ademads, en ciertos regimenes de relevancia, los medios y los
emisores interactdan de forma directa y significativa entre si, a través del po-
tencial electrostatico de Coulomb. El trabajo presentado en esta tesis explora
un popurri de fenémenos relacionados con la luz y la materia dentro de los
confines de un escenario tan variado como este. Los resultados de nuestra
investigacién estdn contenidos en los capitulos 3 a 5, precedidos por los ca-
pitulos 1y 2, donde preparamos el camino e introducimos las herramientas
tedricas necesarias. Para aliviar las discusiones de detalles técnicos, damos a
los capitulos 3 a 5 un tono fluido, moviendo los detalles a varios apéndices

tras el cuerpo principal.

En el capitulo 3, dejamos de lado las peculiaridades del campo electromag-
nético y los medios, reduciéndolos a un entorno genérico en el que reside un
emisor. De acuerdo con ello, centramos nuestra atencién en un emisor arbi-
trario, que interacta con su entorno débilmente. La pregunta del capitulo es,
entonces, cémo describir la dindmica del emisor. Histéricamente, el campo de
los sistemas cudnticos abiertos nacié de los intentos de dar respuesta a dicha
cuestion. En dicho campo, diferentes ecuaciones, conocidas como ecuaciones
maestras, han sido derivadas para predecir la evolucién temporal de emiso-
res en entornos. Tales ecuaciones maestras tienen distintas propiedades que
pueden volverlas mas o menos adecuadas. Por ejemplo, se sabe que las ecua-
ciones maestras de Lindblad satisfacen ciertas propiedades matematicas muy
deseables, pero sus pardmetros deben ser relacionados con algtin modelo sub-

yacente del entorno. La ecuacién maestra de Bloch-Redfield, por contra, estd
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relacionada desde su derivacién con un entorno concreto, mientras que no
satisface las condiciones matematicas anteriores. Todo esto es conocido des-
de hace mucho tiempo, y existe un procedimiento sistematico que convierte
la ecuacién de Bloch-Redfield en una ecuacién de Lindblad: la aproximacién
secular. Aun asi, se ha sefialado en la literatura que la aproximacién secular
puede resultar inadecuada en situaciones comunes. En este capitulo, discuti-
mos un método alternativo que recupera una ecuacién maestra de Lindblad a
partir dela ecuacién de Bloch-Redfield, disefiado para superar las limitaciones

de la aproximacién secular.

Inspirados por las deficiencias del proceso de secularizacién, disefiamos
un sistema especifico en el capitulo 4 para ilustrarlas directamente. A par-
tir del andlisis y las conclusiones del capitulo 3, estd claro que la ecuacién
de Lindblad secularizada carece de ciertos acoplamientos atémicos inducidos
por el entorno, que se manifiestan como términos no diagonales en el despla-
zamiento de energias y como redes complejas de caminos de disipacién. Tras
cierta consideracién, nos percatamos de que, bajo las circunstancias adecua-
das, el efecto combinado de estos elementos podria dar lugar a consecuencias
notables, exploradas en el capitulo. Con este objetivo, estudiamos la dindmica
de un emisor, un dtomo de hidrégeno, en la vecindad de una nanoparticu-
la esferoidal de AIN que altera las propiedades del campo electromagnético.
El 4tomo de hidrégeno es un sistema analitico limpio que nos provee con es-
pectros energéticos realistas, incluyendo niveles préximos en energias que se
corresponden con distintos estados hidrogenoides de estructura fina. En ta-
les situaciones, la aproximacién secular es susceptible de fallar. En cuanto al
material y la forma de la nanoparticula, sirven para ensalzar su respuesta elec-
tromagnética en el eje de simetrfa y en el rango de frecuencias adecuado pa-
ra resaltar una transicién atémica concreta. La pregunta de este capitulo es
qué aspecto tiene la evolucién temporal del atomo, y cémo nuestro tratamien-
to, alternativo a la aproximacién secular, se refleja en ella, lo que requiere un
tratamiento de sistemas cuanticos abiertos como el desarrollado en el capitu-
lo 3. Tras llevar a cabo los calculos, confirmamos que el entorno formado por
la nanoparticula y el campo electromagnético afecta al 4tomo de hidrégeno
de maneras importantes que se escaparian a una ecuacién maestra seculari-
zada. En particular, mostramos que los estados hidrogenoides se mezclan de
forma dréstica, dando lugar a una nueva estructura atémica. Estos efectos se
manifestan en el espectro de energia, en el que aparecen “cruces evitados”,
y en la dindmica, donde se observan oscilaciones de tipo Rabi. Es mas, bajo
las circunstancias adecuadas, comprobamos que las tasas de decaimiento de

los autoestados atémicos pueden decrecer a medida que la separacién entre el
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atomo y la nanoparticula disminuye, en contra de la expectativa habitual. El
mecanismo por el cual el efecto Purcell se revierte es la aparicién de un autes-
tado atémico cada vez mds desacoplado del entorno, a medida que la mezcla
de los estados hidrogenoides de estructura fina aumenta al acercar el 4tomo a

la nanoparticula.

Finalmente, ponemos el foco en un régimen de interaccién entre la luz y
la materia distinto en el capitulo 5, adentrandonos en el régimen de acopla-
miento ultrafuerte, aunque reteniendo los mismos tres elementos de antes: un
emisor, los fotones y un medio material. La cuestion tratada en este capitulo
es el papel que juega la interaccién de Coulomb directa entre el emisor y el
medio en alcanzar el régimen de acoplamiento ultrafuerte. Especificamente,
comparamos dicha interaccién de Coulomb con la interaccién entre emisor y
fotones en presencia del medio. En los tltimos afios, ha habido un debate en
la literatura precisamente sobre este tema. Una presentacién breve del mismo
consiste en que incluso si se pueden emplear modelos similares para descri-
bir ambas situaciones, el significado de los pardmetros cambia radicalmente
dependiendo del mecanismo subyacente que permite alcanzar acoplamien-
to ultrafuerte. Ademds, la relevancia de términos del Hamiltoniano de luz y
materia, como la autoenergia de polarizacién, depende crucialmente de este
punto. Naturalmente, problemas asi pueden afectar seriamente a la modeliza-
cién de experimentos, asi como generar malentendidos sobre la teorfa. En el
capitulo 5, construimos un argumento basado en restricciones sobre el campo
electromagnético que demuestra que la fuerza de interaccién entre el emisor
y los fotones esta fundamentalmente limitada, incluso si el medio modifica la

interaccién emisor-fotén de forma éptima.

Con este resultado, mostramos explicitamente que, si el emisor es peque-
fio, como un dtomo o molécula, el régimen de acoplamiento ultrafuerte solo
puede alcanzarse mediante la interaccién de Coulomb entre el emisor y el
medio, mientras que la interaccién entre el emisor y los fotones es, de hecho,
despreciable. La intuicién que sostiene a esta conclusion es que, para llegar a
acoplamiento ultrafuerte con uno o pocos emisores, es preciso confinar la luz
a escalas muy inferiores a su longitud de onda, lo que potencia enormemente
los campos electrostaticos. Dado que los argumentos empleados para llegar
a esta conclusion son maés bien abstractos, los ilustramos con un modelo de
la resonancia dipolar de una nanoparticula plasménica con solucién analitica.
En la practica, escribimos las interacciones del emisor con los fotones y del
emisor con la nanoparticula en términos de los modos normales del sistema
de la nanoparticula y los fotones. Asi, logramos una comparacién cuantitativa

directa entre la magnitud de la interaccién asociada a cada proceso fisico.



NOTATION CONVENTIONS

The elements of a clear notation are as much a matter of opinion as anything
else, but clarity often lies in the balance between precision and simplification.
Erring in either direction tends to yield equations that are hard to decipher. In
this thesis, we have tried to strike that balance by choosing, for the most part,
a standard notation, or a slightly simplified version thereof. A major goal in
this regard has been to strive for consistency throughout the thesis, in spite
of the broad nature of the discussion. Here, we summarize our choices and

provide a reference for the reader.

SUBSCRIPTS AND SUPERSCRIPTS ~We use roman subscripts when the subscript
in question is a label, e.g., indicating the system that the object belongs to
(examples: the atomic Hamiltonian is H,;; the system’s density matrix is py).
Italic subscripts are used when the index is a variable that can take different
values, such as vector components or to number the charges in a system. For
consistency’s sake, we have tried to reserve at most two purposes for each
character, such that the broad context and concrete character are enough to
identify the nature of the indexed object. Greek letters have been used primar-
ily to specify harmonic modes, except for A and y. The first one also identifies
the electric and magnetic fundamental operators f, in macroscopic quantum
electrodynamics, according to the most extended notation in the literature,
and both A and y are used in the definition of some functions in appendix A.
The symbols L and || indicate the transverse and longitudinal nature of fields

and tensors.

ScALARS, VECTORs AND TENSORs ~ We distinguish them by reserving lightface
for scalars and boldface for vectors, tensors and generic matrices. The con-
text should make clear the distinction between tensors and vectors. Their de-
pendence on space and time is generally omitted, except if it would lead to
ambiguous or inconsistent expressions. On a more particular note, B will be

called magnetic field, as H is not used explicitly in the results discussed here.
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DirrerRENTIAL OPERATORS  Differentiation with respect to a given spatial coor-
dinate x is denoted by V,. If only one spatial variable appears (or is implicit)
in the expression, then we may omit the subscript. Partial derivatives with
respect to time are denoted with d;, and we use a dot (i = d;a) except when
the name of the quantity being differentiated has a dot of its own, such as d;j.
The Laplace operator is denoted by V2.

DIRAC DELTA FUNCTIONS  Starting from the basic 6 (x — y), we denote the mul-
tidimensional 6® (r — r’), which is the product of a simple delta for each Carte-

sian coordinate: 6 (r —r') = [] 5(r; — 7). We also make use of the

ie{x,y,z}
tensor-valued delta distribution 6(r — 1') = 15® (r — '), where 1 is the iden-
tity in real space, and its transverse and longitudinal cousins, defined in ap-

pendix A, &+ (r—r') and §!(r — r').

INTEGRALs  When integrating over several variables of the same kind and
with the same limits, we place all the dx’s after a single [ symbol. In spa-
tial (frequency) integrations, the absence of explicit limits indicates that the
integration is to be taken from —oo (0) to co. In particular, integrals over a
volume V are written as [, d®r, respectively, or [ d®r if V = R. Solid angle
integrations are always over the full 47t range, and are made explicit with the
subscript Q: [ dQ.

MisceLLaNeous  More specific choices are as follows: The mode-expansion
coefficients of vector fields use the same symbol as the field in lightcase. Quan-
tum operators have no hat. H.c. denotes the Hermitian conjugate of the ex-
pression to the left. Complex conjugation is indicated with an asterisk. Spher-
ical coordinates are denoted by r (or [r|), @ (€ [0,7]) and ¢ (€ [0,27)). I,
is the n x n identity matrix. A positive (semi-)definite matrix M is indicated
by M > 0 (M > 0). The S symbol indicates that the expression that follows is
symmetrized. The symbol ® denotes the tensor product that combines Hilbert
spaces in quantum mechanics, and also the dyadic product of vectors in real

space.
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Chapter ‘ INTRODUCTION TO THE

O n e INTERACTION BETWEEN

LIGHT AND MATTER

... and then the rest is just
classical electromagnetism.

Johannes Feist

CHAaPTER sSUMMARY In this chapter, we first take a bird’s-eye view of the key
historical moments in the study of light, matter and their interactions (sec-
tion 1.1). There, we briefly stop by to revisit the ensuing development of cav-
ity quantum electrodynamics and quantum optics, reaching the frontier of
well-established results. In direct continuation, we highlight in section 1.2 the
current state of light-matter research and its role in the quantum technological
revolution. Finally, section 1.3 frames the contents of the thesis in the light of

the previously discussed ideas.

1.1 LiGHT AND MATTER YESTERDAY

The present state of research in any given field cannot be properly understood
without at some point appreciating the origins and development of its main
ideas. We give here a brief overview of the research trends that shaped our
present description of light and matter.

1.1.1 SWITCHING THE LIGHT ON: QUANTUM ELECTRODYNAMICS

Our current account of known physics lists electromagnetism as one of the four
fundamental interactions in the universe. Together with gravity and the strong
and weak nuclear forces, these interactions provide a complex set of rules that
all particles seem to abide by. However, unlike the nuclear interactions, both
gravity and electromagnetism have rather palpable effects at the human scale.
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Accordingly, the history of our species has been deeply conditioned by the
study and exploitation of electromagnetic (EM) phenomena. Surely, the tech-
nological revolution that led up to present-day electronics is a perfect illustra-
tion of the impact of EM phenomena on our lives. Such refined technological
applications have been made possible only after a centuries-long exploration
of nature. From the theoretical side, the first great culmination in the under-
standing of electromagnetism came in the 1860s, when the efforts of numerous
great minds were succinctly summarized in a set of twenty equations by James
C. Maxwell [1]. In their modern form, Maxwell’s four equations determine the evo-
lution of the electric and magnetic fields, affected by the presence of charged
matter. In turn, the fields exert the Lorentz force on charged particles, and we
have, thus, a closed set of five coupled dynamical equations whose solutions
represent a wide range of seemingly disparate physical situations.

The remarkable simplicity and soundness of Maxwell’s equations is fur-
ther evidenced by their continued presence in modern theories. Indeed, not
only have they withstood the two major revolutions of XX-century physics
in relativity and quantum mechanics, but Maxwell’s equations have actually
been foundational to theoretical progress on both ends. Essentially, their in-
variance under Lorentz transformations lies at the heart of Albert Einstein’s
development of special relativity [2]. The advent of quantum physics was
also steered by electromagnetic phenomena, as exemplified by Max Planck’s
explanation of black-body radiation [3], Einstein’s theory for the photoelectric
effect [4] or Niels Bohr’s model for the EM spectra of excited atoms [5]. The
next great theoretical achievement happened in 1927, when Paul Dirac quan-
tized the EM field itself in terms of “an assembly of particles moving with
the velocity of light and satisfying the Einstein-Bose statistics” [6]. Of course,
these particles are nowadays known as photons. Dirac’s seminal work repre-
sents the birth of quantum electrodynamics (QED), but a few more ingredi-
ents were missing to form the current version. First, Dirac’s paper described
an atomic system with the “standard” quantum mechanics of the time, that is,
with a finite number of degrees of freedom (DOF), while the EM field was a
quantized field with a continuum of DOF. Such asymmetry led Pascual Jordan
to propose that the matter part should also be accounted for with “a quantum-
mechanical wave theory of matter, [...] in which electrons are represented by
quantized waves in the usual three-dimensional space” [7], an idea further de-
veloped by Wolfgang Pauli and Werner Heisenberg in the following years [8,
9]. Through their research, they paved the way for the modern understanding
of quantum field theories (QFT), of which QED is the paradigmatic example
describing a charged fermionic field that interacts with the bosonic EM field.
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With the benefit of hindsight, it is now recognized that the QFT approach
is the proper manner in which relativistic covariance can be built into the prob-
lem of light-matter interactions. However, this realization came only after
dealing with the very disturbing appearance of divergences in a priori sensi-
ble calculations, such as the electron’s self-energy. Indeed, in the decades that
followed the first results, an atmosphere of dissatisfaction settled among the
QED community, only lifted by occasional partial successes. Through huge
doses of inspiration and effort, the pieces of a complex puzzle were gradually
laid on the collective imagination. Such was the situation until the second
half of the 1940s, when the full QED picture was finally put together with the
works of Sin-Itiro Tomonaga, Julian Schwinger and Richard Feynman, who
shared the 1965 Nobel Prize in Physics [10], and Freeman Dyson. As a result,
the systematic process to consistently remove the divergences, and thus renor-
malize calculations, became an integral part of the theory. Their ideas were
consolidated in the next decades with the construction of the Standard Model
of particle physics, a triumph of QFT in modern physics. The interested reader
should find Ref. [11] an engaging book with a much more detailed account
of the complex history sketched here. Yet, behind all the technical sophisti-
cation of QED, Maxwell’s equations are still recognizable as an integral part,
with only a change in interpretation. Now, they relate the dynamics of evolv-
ing quantum field operators, rather than that of classical fields. Still, the essence
of Maxwell’s theory is very much present in QED; after all, it is “just classical

electromagnetism” with quantum touches.

Before moving on, it would be remiss of us to not discuss any further the
non-relativistic limit of QED. This theory is completely aligned with Dirac’s first
calculations in that the EM field is fully quantized, but the charged particles
are described through standard quantum mechanics. Non-relativistic QED is
a suitable representation of the interaction between photons and bound matter
systems such as atoms, molecules or larger assemblies thereof [12-14], where
the typical energy scales are low enough (< 1 KeV) that a non-relativistic treat-
ment retains the relevant processes. Just like full-fledged QED had tremen-
dous impact on the evolution of QFTs, its non-relativistic version grounded
the broad branches of physics wherein this thesis lies: cavity QED and quantum
optics. The seeds of both research areas were planted during the 1940s and
1950s with perhaps a more specialized and applied perspective. Even if both
have been around for some time, they still represent a rich source of research
questions with dynamic scientific communities to this day. In the following,
we will glance at some of the most significant milestones that have brought us

to the state-of-the-art results being explored today.
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1.1.2 TRAPPING THE LIGHT. caviTY QED

In 1946, Edward Purcell realized that the relaxation rate of a spin system could
be enhanced many orders of magnitude by coupling it to a resonant electric
circuit [15]. The reasoning was that the resonator strongly modified the EM lo-
cal density of states accessible to the system, thereby affecting its spontaneous
decay rate. Soon after, Hendrik Casimir and Dirk Polder published a perturba-
tive calculation of the energy shift of an atom due to its proximity to a perfectly
conducting plane [16]. This effect is a correction to the free-space atomic en-
ergy shift [17] due to the presence of macroscopic bodies, and depends on
the relative atom-body position. It can be thought of either in terms of virtual
photons being exchanged between the atom and the large structure or as a re-
sult of the interaction between fluctuating dipoles. In any case, these effects
exposed the fact that a material structure, generally termed cavity, could alter
the interaction between light and material emitters (see figs. 1.1aand 1.1b). In
doing so, they also foreshadowed what the motto of cavity QED would later
become: the properties of matter can be designed by suitably engineering its
EM environment.

After the two foundational predictions, a first wave of theoretical and ex-
perimental articles were published throughout the 1970s and 1980s [18-23].
These works described decay rate modulation in different platforms and ge-
ometries. Similarly, an in-depth study of the energy shifts took place in the
1990s [24-28]. It became clear that a new knob to manipulate matter had been
mastered, which forms the foundation of techniques as relevant as atomic
force microscopy [29]. However, despite the great success, these studies
were limited to the realm of perturbative light-matter physics. Indeed, the
light-matter interaction strength had been increased compared to atoms in
free space, but it was still weak enough that they could be conceived as two
separate entities interacting with each other. Nevertheless, physicists could
now envision reaching the so-called strong coupling (SC) regime with the
improved experimental capabilities that were being developed.

In the SC regime, the atom-cavity coupling strength ¢ is larger than the
decay rate of either component. This hierarchy allows for coherent energy ex-
change between the atom and the cavity, whereby an atom emits a photon into
the cavity and reabsorbs it later on as the system undergoes Rabi oscillations.
The atom-cavity system is then most naturally described in terms of polaritons,
mixed light-matter excitations. It is no longer adequate to think of the system
as two independent subsystems with minor corrections, but instead a holistic
atom-cavity treatment is required. Clear signatures of SC physics were ob-
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(a) emitter in free space  (b) emitter in a cavity (c) coupling strength axes
photon 8 photon Ultrastrong .
Coupling
emitter emitter Weak Strong
Coupling Coupling

1 g/\K2+x2

Figure 1.1: Simple illustrative sketches of the relevant parameters which determine
the coupling regime: the light-matter coupling strength, g, the excitation energy scale,
hew,, the emitter’s free-space decay rate, x, and the cavity’s losses .. (a) Small quan-
tum emitter weakly interacting with the EM environment. (b) Schematics of a cavity
enhancing the light-matter coupling. (c¢) Landscape of coupling regimes depending
on the ratios —=— and ‘:% (USC).

VK2 +x2

served in the second half of the 1980s with the experimental configuration
that became known as the micromaser, where the cavity field is inferred from
the atomic state after traversing the cavity [30]. Among other effects, Rabi
oscillations [31] and trapping field states [32] were measured with the micro-
maser. From the 1990s onwards, experiments with optical cavities, in which
the properties of the atoms were deduced from the photons leaked from the
cavity, also revealed SC phenomena. For instance, the spectrum of the cavity’s
output light developed a double peak structure marking the new polaritonic
resonances when an atom was in the cavity [33-35], and Rabi oscillations were
directly observed too [36]. These developments soon gave rise to all kinds of
studies exploring different aspects such as real time atom counting through
the instantaneous cavity spectrum [37, 38], single atom trapping in the cav-
ity [39, 40] or on-demand single photon emission [41, 42]. Since then, the
study of strongly coupled light-matter systems has birthed several subfields
concerned with modifying material properties with cavities in different con-
texts, such as in chemistry [43], condensed matter [44], lasers [45] or even

quantum information processing [46].

Strong coupling and, perhaps to a lesser extent, weak coupling are rou-
tinely featured in current works addressing light-matter interactions. How-
ever, theoretical and experimental progress has begun to write the next chap-
ter, dealing with the ultrastrong coupling (USC) regime [47, 48]. A system
is said to be ultrastrongly coupled when g becomes comparable to the bare exci-
tation frequency w, of the individual constituents. By convention, its onset is
defined as 1ygc = w% =~ 0.1, but it should be kept in mind that USC effects ap-

pear continuously as g increases. Something to notice is that the SC and USC

criteria compare the coupling with completely different system parameters.
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Accordingly, even though the first SC experiments remained at 77ysc < 0.1,
the USC regime it not simply a continuation of the coupling strength axis be-
yond SC, but rather a new axis altogether, as illustrated in fig. 1.1c. In simple,
yet technical, terms, this regime is defined by the breakdown of the rotating
wave approximation (RWA), which neglects the so-called counter-rotating part
of the light-matter Hamiltonian. Such a contribution involves processes that
do not preserve the number of excitations measured using the corresponding
observables of the uncoupled systems. Naturally, then, the most direct con-
sequence of the USC regime is that the light-matter system’s joint states are
combinations of the individual states, without a well-defined number of ex-
citations. For instance, the joint ground state contains individual states with
both material and photonic excitations, despite its being the lowest energy
state of the coupled system. This feature is the hallmark of USC physics, and
any potential application is traceable back to it somehow.

In the context of cavity QED, it was realized during the early 2000s that the
USC regime could be reached by inserting semiconductor quantum wells as
the matter component in the cavity. In these solid-state systems, the coupling
between the transitions between certain states of its band structure and the
electromagnetic field is naturally much stronger than in atoms or molecules,
due to collective effects. Building upon previous work on intersubband transi-
tions, a concrete theoretical proposal to reach the USC regime was published
in 2005 [52], which was soon followed by experimental demonstrations [53,
54]. Those initial works gave way to an increasing stream of articles exploring
different aspects of the USC regime. From the theoretical side, concrete char-
acterizations and promising applications were proposed [55-57]. Experimen-
tally, new platforms started to be investigated, including molecular ensembles
collectively coupled to a cavity mode [58, 59], adding chemistry to the mix of
fields where the USC regime may play a role [60-63]. In any case, it became
apparent that creating ultrastrongly coupled light-matter systems with tradi-
tional cavity QED techniques and systems was challenging. In this context,
circuit QED emerged as a natural playground for these effects. Indeed, it had
been shown that the elements of a cavity QED setup had direct analogs in su-
perconducting circuits [64-66]. Together with the naturally large relative cou-
pling strengths, the direct mapping between cavity and circuit QED enabled
a joint theoretical and experimental effort that translated into numerous stud-
ies with superconducting circuits probing physics beyond the RWA [67-71].
We finish this simplified account of cavity QED by noting that the so-called
deep strong coupling regime, defined by #pgc = w% > 1, has also been stud-
ied and observed with superconducting circuits [72, 73], revealing its own
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phenomenological signatures.

All in all, the above historical notes point out cavity QED as a highly rele-
vant field of research in light-matter interactions, a field that has reshaped our
conception of what a light-matter system can look like or how it can behave.
In the process, it has delivered on its promise to manipulate matter with a suit-
ably engineered EM environment and unveiled a vast landscape of interaction
strengths with distinct features. In the last 70 years, cavity QED has grown
to the point that it now significantly overlaps with many other branches of
physics, such as superconducting circuits, quantum information, or nanopho-
tonics. Some of these connections will be explored further in the next chapters
of this thesis.

1.1.3 OBSERVING THE LIGHT. QUANTUM OPTICS

As the name indicates, quantum optics (QO) is the study of light embracing
its quantum nature, taken to its ultimate consequences. Accordingly, it is a nat-
ural step from the development of QED, just like cavity QED, and is inevitably
intertwined with the latter. The difference, then, lies more so on the focus than
on the actual formalism or experimental implementations. The birth of QO is
usually credited to the Hanbury Brown and Twiss intensity interferometer ex-
periment in 1956 [74]. However, a semiclassical explanation by Purcell [75]
was very soon available. The ability of semiclassical explanations to account
for this and other phenomena cast a shadow of uncertainty over the scientific
community regarding the existence and nature of photons or, equivalently,
the “quantumness” of light.

In this context, two key realizations led Roy Glauber to develop a full the-
ory of quantum optical coherence and correlations in a series of works pub-
lished in 1963 [77-79]. The first one was that the success of semiclassical treat-
ments could be attributed to “the fact that optical experiments to date [had ]
paid very little attention to individual photons” [78]. The second involved
the vastly superior phenomenological richness in the quantum states of light
compared with their classical counterparts. Glauber’s work expanded the clas-
sical notion of optical coherence, now absorbed in its quantum version, and
then built photon correlators around it. These foundational quantities remain
a centerpiece of modern QO studies to this day.

Remarkably, the new framework not only provided a completely quantum-
mechanical description of the Hanbury Brown-Twiss effect, but it was also
well-suited to account for numerous effects completely out of reach for semi-

classical theories. Some of these effects include the antibunched detection of

The photoelectric effect, for
instance, had also been
given a semiclassical inter-
pretation (see, e.g., Chapter
9 of [76]).

We must also acknowledge
E. C. G. Sudarshan's work
here [80], who indepen-
dently developed QO tools
related to the representation
of arbitrary states of light
in terms of coherent states,
in line with Glauber's formal
manipulations.
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photons [81] or the collapse and revival of Rabi oscillations in cavity QED-
like scenarios [31, 82]. It was also realized that the process of spontaneous
parametric downconversion, in which a photon enters a non-linear crystal
and splits into two new, less energetic photons [83], was a fantastic tool to
observe many genuinely quantum phenomena. Indeed, it was used to gener-
ate single-photon states in 1986 [84], to probe two-photon interference effects
with the Hong-Ou-Mandel experiment in 1987 [85], to study squeezed states
of light [86], and to produce polarization-entangled photon pairs [87].

The great control achieved over QO set-ups allowed it to seep into many
other areas of research over the years. Some examples include the foundations
of physics, with numerous photon-based tests of Bell’s inequalities [87, 88],
the implementation of quantum information protocols, including quantum
cryptography and quantum computation [89-94], and the successful detec-
tion of gravitational waves with squeezed light [95, 96]. We finish this summa-
rized account of QO by noting that, like cavity QED, it is an extremely fruitful
field. Indeed, the distinction between the two is, in many ways, arbitrary. Cur-
rent topics under their umbrella include the previously mentioned quantum
information processing, quantum non-linear optics [97], sensing and metrol-
ogy, among many others. All these varied and active research lines have
been directly spurred by the development of QO; as Glauber succinctly put
it, “[t]here is ultimately no substitute for the quantum theory in describing
quanta” [77].

1.2 LIGHT AND MATTER TODAY AND TOMORROW

We now turn our attention to the current scientific trends and debates in the
field of light-matter interactions. Perhaps the most exciting lines or research
are those concerned with finding either novel technological solutions or new
ways to probe intrinsically quantum features of nature in unexplored regimes.
At the same time, the new developments have expanded our view of the field
and, on occasion, raised reasonable doubts regarding the validity and mean-
ing of fundamental descriptions and simplified models alike. This section is
structured along those lines, with a first part devoted to quantum technologies
in a broad sense, and a second part dedicated to more fundamental questions.
Note that the following paragraphs inevitably contain a simplified and biased
view of the latest research in light and matter. Many more concrete ideas are
being tested and developed in laboratories, blackboards and computers all
over the world. Doing justice to this global endeavor would require a much
longer exposition. Still, even this simplified perspective should show how rel-
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evant the interaction between light and matter is today, and hint at what kind

of role it can play tomorrow.

QuAaNTUM TECHNOLOGIES Broadly speaking, the development of quantum
mechanics has brought with it new physical possibilities in processing and
extracting (quantum) information. The promises behind the term “quantum
technologies” typically involve using these new possibilities to find novel tech-
nological solutions to certain problems. In this context, light and matter come
into play as the physical elements that are supposed to implement any of these
solutions in practice. We now take a quick glance over some future technolog-

ical implications of quantum science.

The first one that we must mention here is the field of quantum computing.
The earliest ideas of what a quantum computer should be or do have been
around since the 1980s [98, 99]. Over the last few years, however, quantum
computers have made headlines and attracted the public’s attention like al-
most no technology before. The reason for such an uptick has been the recent
advance in experimental capabilities, which have sparked a frenzy of theoreti-
cal and experimental activity, both in academic circles and private enterprises.
There are two main approaches to quantum computing. On one hand, we have
the more straightforward application of these devices to solve mathematical
problems by running quantum algorithms [100]. On the other, a quantum
computer can, in principle, be used to “digitally” simulate another quantum

system in a controlled way [101].

In the realm of digital quantum computation, interesting quantum algo-
rithms have been known for about 30 years [102], but these algorithms must
be run on some device. As mentioned before, this is where light and matter
come into the picture; after all, the fundamental information-processing units,
the qubits, need a physical implementation. There are many promising candi-
date systems that rely on different effects and, thus, come with unique advan-
tages and disadvantages. Some noteworthy qubit implementations in matter
include cold atoms [103, 104], trapped ions [105], quantum dots [106, 107],
superconducting circuits [108, 109] and hybrid systems [110]. These physical
systems are generally manipulated through some combination of electric and
magnetic fields, which can be used to move atoms around [111-113] or tune
the qubit’s properties and interactions [114]. Another strong platform are
integrated photonic circuits, where single photons propagate through some
engineered dielectric material and carry quantum information in, e.g., their
polarization [115, 116].

Regarding the use of general-purpose quantum computers to digitally
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simulate systems by running particular algorithms, we note that the picture
would not be complete without mentioning the parallel research line of “ana-
log” quantum simulators [117]. The idea is to build a setup of controllable and
tunable elements that replicates some inaccessible many-body target proper-
ties. Analog quantum simulators have been available for some years now with
different implementations, and have proven useful to probe condensed matter
physics [118], quantum chaos [119], out-of-equilibrium dynamics [120] and
many other examples. Quite recently, new analog simulation ideas have been
proposed for chemistry [121] or elementary particle interactions [122, 123].

Quantum computing and simulation, in their many flavors, are far from
the only technological promises brought forth by quantum mechanics. Fur-
ther notable avenues are the fields of quantum metrology and quantum sensing. The
ultimate goal of research in these directions is to estimate or measure un-
known parameters of an interesting system, in a way that generates a precision
advantage compared with classical parameter estimation protocols through
quantum mechanics. Light-matter interactions play a main role in this field,
as one can extract information of some material system by coupling it to quan-
tum states of light [116, 124]. Different implementations of this core concept
have been proposed as of late [125-128].

The last line that we highlight here involves the quantum communication pro-
tocols that benefit from the quantum properties of light to communicate infor-
mation. The main examples of quantum communication are the mechanisms
that use photons to produce and share a cryptographic key, usually referred
to as quantum key distribution protocols. Research on this topic has been go-
ing on for some time [129], but there are still new results and improvements
being published today [130, 131].

A final relevant comment is that, for most of the ideas described above,
only after thorough research in “basic science” have these entered the realm
of possibility. As a single example that relates to the previous section, the
strong and ultrastrong light-matter coupling regimes, which emerged as part
of fundamental research, are nowadays being considered as a way to imple-
ment quantum information protocols such as the ones just overviewed [132—
135]. This shows that basic research does, indeed, provide extrinsic value to
society. In the next part, however, we shift our focus to the more intrinsic

value of basic science in pushing the limits of our knowledge.

FrONTIERS OF PHYSICS Science can be seen as a highly complex network of
knowledge and practices to acquire more of it. Certain parts of the network

are commonly regarded as “fundamental” knowledge, which shape and ce-
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1.2 LIGHT AND MATTER TODAY AND TOMORROW

ment the layers stacked above. Nevertheless, science is not restricted to such
“vertical” imprints. In reality, there is an equally important horizontal trans-
mission of influence, whereby established fundamental scientific knowledge
powers fundamental research in a neighboring area. In these respects, the
field of light-matter interactions is a prime example, as we discuss in the fol-
lowing.

The first main field that we will mention here is that of macroscopic quantum
superpositions, an effort to bring quantum-mechanical effects out of the micro-
scopic scale to which they are typically confined. This has been a long-time
quest in quantum science [136, 137], but the ever-increasing progress in exper-
imental capabilities has yielded new avenues to test these limits. One such
approach is levitodynamics, in which a relatively large particle is optically lev-
itated as a means to effectively isolate it [138-140]. The high degree of control
achieved with these setups offers the possibility to test the quantum nature of
the particle’s motional degrees of freedom. Another idea involves the use of
cavity quantum acoustodynamics, where a mechanical resonator is controlled
through superconducting quantum circuits [ 141]. Both these avenues harness

light-matter interactions to probe the limits of quantum mechanics.

The next way in which light-matter interactions have seeped in into other
adjacent areas is under the term polariton. Polaritons represent the hybrid exci-
tations that arise from light-matter interactions, and have populated the liter-
ature ever since the SC regime was realized. Nowadays, they are explored in
countless ways to both improve our understanding of fundamental principles
and test new pathways for physical processes. Among other topics, we have
polaritonic chemistry [43, 142-147], with the goal of modifying reaction rates
by inserting the reactants in a cavity and the ensuing light-matter hybridiza-
tion. Polaritons are also used to explore lasing physics [ 148] and Bose-Einstein
condensation [149-151].

Thus far, we have described some examples in which fundamental knowl-
edge of light-matter interactions is horizontally transferred. Still, it can be ar-
gued that these instances correspond to “first-neighbors” interactions, as the
fields are, indeed, close to each other. There is, however, a remarkable illus-
tration of the potentially long-ranged nature of scientific horizontal transfer,
namely, the relevance of light-matter interactions in the study of gravitational
waves [95, 96]. Indeed, gravitational wave detectors work due to the interac-
tion between EM radiation and the oscillatory motion of the cavity mirrors
through radiation pressure. This kind of setting is the object of study of cav-
ity optomechanics [152, 153]. Moreover, the sensitivity of the detectors was cru-
cially enhanced by using a particular kind of light states known as squeezed
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1 INTRODUCTION TO THE INTERACTION BETWEEN LIGHT AND MATTER

states [95, 154]. Gravitational wave research has not been the only interest-
ing byproduct of cavity optomechanics. In fact, it has opened several other
opportunities, including the preparation of non-classical states of both the
cavity modes and the mirrors [155-158], the study of properties of quantum
non-linear and chaotic systems [159-161], or their interplay with other com-
ponents [162]. More recently, the field has expanded to study the interaction
between light and molecular oscillations too [163, 164].

We finish here with an example that illustrates how fundamental research
on a well-established field, such as the one of light-matter interactions, can still
be very active nowadays. As was mentioned in section 1.1.2, the experimental
achievement of the ultrastrong coupling regime took the field by storm. A specific
consequence for theorists was that extremely widespread models became in-
adequate (see section 5.1.1 for a more detailed discussion). For instance, the
ways in which dissipative phenomena were dealt with in the SC regime are
no longer valid in the USC regime. Essentially, out of the USC regime, it is
enough to account for the dissipation of the individual components of the sys-
tem, light and matter, separately. This is no longer the case for the USC regime,
and there have been several theoretical proposals to correct it [165-167]. An-
other theoretical debate sparked by the USC regime concerned how gauge
transformations and various common subsequent approximations could yield
incorrect results [168-171]. This also happened to occur at a particularly tense
time, soon after the validity of the multipolar coupling picture, one of the the-
oretical cornerstones of light-matter interactions, had been called into ques-
tion [172], even if those claims had been refuted [173, 174]. A final theoretical
aspect that has been the topic of some debate is the role of the longitudinal and
transverse EM fields in achieving the USC regime. Ever since some studies re-
ported or simulated USC physics at the single-molecule level [175, 176], there
have been two schools of thought regarding the correct modeling of these sys-
tems. On one hand, there are researchers who implicitly argue that the trans-
verse EM fields are the dominating mechanism, which has some implications
regarding the terms that appear in the Hamiltonian [177, 178]. On the other,
some physicists have pointed out that the length scales involved in these ex-
periments call for a purely electrostatic description in terms of longitudinal
fields [179-181]. Addressing this debate will be a central issue of chapter 5.

Something common to sections 1.1 and 1.2 is that they are meant to reflect
the sheer scope of the field of light-matter interactions. In section 1.1, this is
achieved by putting the focus on rather general aspects of the history of quan-
tum light-matter interactions as a whole. Next, we have provided here an

overview of the current state of research in this area, covering very disparate
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1.3 LIGHT AND MATTER IN THIS THESIS

topics, but not mentioning many others. Thus, we have tried to emphasize
the depth and breadth of the field of light-matter interactions. Such an ap-
proach was deliberately chosen to build the subtext through which the rest of
the manuscript plays out. Indeed, the rest of the tesis deals with ideas that lie
scattered on the frontiers of research in the interaction between light and mat-
ter. With sections 1.1 and 1.2 we have set the stage for the next chapters, and
finish this introductory chapter with section 1.3, where we present the main
topics that will be covered in the following.

1.3 LIGHT AND MATTER IN THIS THESIS

In the work that forms the basis of the next chapters, we have studied several
concrete aspects of the coupling between light and matter, across different cou-
pling regimes, and for different purposes. Such a scattered approach offers a
distinct perspective on the breadth and diversity of phenomena that emerge
from the same basic foundations. For that reason, the introduction has, up
to this point, focused on rather general aspects of light-matter interactions, as
a way to prepare the broad ground for the rest of thesis. A consequence is,
however, that no one topic within this large field truly stands out, which has
forced us to settle for a more superficial account of some details in the previ-
ous sections. In contrast, the following paragraphs introduce in some depth

the contents that will be treated in the next chapters.

We continue the discussion with a relatively self-contained theoretical
background in chapter 2. There, we review the essential aspects of QED, pay-
ing particularly close attention to its equivalent formulations and the role of
physical quantities and operators in them. We continue with a theoretical
extension that allows for the direct inclusion of macroscopic bodies such as
cavities or nanoparticles into the problem. Next, we revisit concepts regard-
ing atomic physics, pertinent to the rest of the thesis, with a specific focus on
the hydrogen atom for both illustration and future reference. Finally, we end
the chapter by framing light-matter interactions as an open quantum system,
where the EM field generally acts as a reservoir with infinitely many degrees
of freedom that dissipates excitations initially localized in the matter system.
This whole chapter follows fairly standard derivations for the most part, but it
also includes many remarks and digressions highlighting certain aspects that

proved relevant to reach the conclusions of the next chapters.

After setting up the context and theoretical foundations in chapters 1

and 2, the next three chapters are devoted to the results extracted from the
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1 INTRODUCTION TO THE INTERACTION BETWEEN LIGHT AND MATTER

research activities that have culminated in this thesis. First, chapter 3 delves
into methodological aspects of the framework of open quantum systems. This
formalism is perhaps best-known for the so-called master equations, each of
which possesses different mathematical properties and underlying physical
assumptions. From the mathematical point of view, the Lindblad master equa-
tion is the most desirable one. However, for the equation to be meaningful,
it must be related to some detailed model of the system-environment inter-
action. To that end, the standard procedure reaches first the so-called Bloch-
Redfield equation, which, unfortunately, is not a Lindblad equation. There is
a common additional procedure that is guaranteed to turn the Bloch-Redfield
equation into a Lindblad equation: the secular approximation. The problem
is that the conditions under which this step is adequate are quite restrictive as
soon as one considers somewhat realistic system models. In this chapter we
devise an alternative to the secular approximation that does not sacrifice any
physical effect while producing a Lindblad master equation in all cases.

In chapter 4, we take advantage of the master equation developed in the
previous chapter and apply it to accurately describe the internal dynamics of
a hydrogen atom placed in the vicinity of a dielectric nanoparticle. From the
atom’s weak coupling to the nanoparticle-modified EM vacuum, we straight-
forwardly recover the well-known expressions for the Purcell enhancement of
the decay rates and the Casimir-Polder energy shifts induced by the nanoparti-
cle. However, we also obtain additional terms that effectively couple different
atomic states, both coherently and incoherently. These off-diagonal shifts and
decay rates induce large state mixing between the original eigenstates of the
hydrogen atom, with clear spectroscopic signatures such as avoided crossings
between the energy levels as the atom approaches the nanoparticle. A partic-
ularly striking effect that we noticed was that, under the right circumstances,
the Purcell enhancement of decay rates could actually be reversed within cer-
tain ranges of atom-nanoparticle separation. Then, the closer the atom gets
to the nanoparticle, the darker some states become, in complete opposition to

the naive expectation based on the EM local density of states alone.

We finally turn our attention to the USC regime in chapter 5. In this part,
we address an important debate concerning the role of longitudinal and trans-
verse EM fields in single-emitter USC. The key intuition is that the subwave-
length confinement required to reach USC implies that transverse fields, i.e.,
propagating photons, are negligible, with the full weight of the mechanism be-
ing due to longitudinal fields, i.e., charge-charge Coulomb interactions. Con-
cretely, we combine different notions from electromagnetic theory to reach the

conclusion that the coupling between small emitters and photons is fundamen-
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1.3 LIGHT AND MATTER IN THIS THESIS

tally limited, regardless of the kind of structure or cavity used to herd the pho-
tons and force them to interact with the emitter. When applying this bound
to the USC, we find that photons actually play no role at all in single-emitter
USC, with further corollaries discussed in the chapter. We follow this general
argument with an illustration of the claims solving an analytical model of a
plasmonic nanoparticle and an atom, where the magnitudes of charge-photon

and charge-charge interactions are easily separable.

To avoid lengthy calculations that disrupt the narrative thread of each
chapter, we supplement them with appendices at the end of the manuscript
that contain these details. Still, we include enough of the key ideas or steps in
the chapters to avoid sacrificing rigor and vagueness in the exposition. Also,
we finish each chapter with some particular conclusions regarding its spe-
cific discussion. Last, we close the thesis with some general conclusions in
chapter 6 about the research results presented here and their place in the vast
landscape of light-matter interactions.
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[Theory], like whiskey, loses its
beneficial effect when taken in too
large quantities.

Adapted from Edward Plunkett

CHAPTER suMMARY We devote this chapter to setting up the theoretical build-
ing blocks on which the next parts of the thesis rest. We begin with an overview
of non-relativistic QED, sometimes referred to as molecular QED, in section 2.1.
This part is written in a way that prioritizes the aspects of the theory that play
an important and direct role on the rest of the thesis, while attempting to
be relatively self-contained. Next, we continue in section 2.2 with a consis-
tent extension of QED that accounts for the presence of large bodies through
their macroscopic response functions, namely, macroscopic quantum electro-
dynamics (MQED). After discussing field-theoretical ideas of electrodynam-
ics in various limits, we turn our focus into the charges that comprise atoms,
molecules or, more generally, quantum emitters. In section 2.3, we study the
hydrogen atom in detail, as well as the corrections to the non-relativistic model
arising from relativistic effects and from its interaction with external EM fields.
Last, we revisit the formalism of open quantum system (OQS) in section 2.4,
which emerges naturally as a tool to deal with the EM field’s complexity, in-
sofar as the full light-matter system can be split in an interesting subsystem

coupled to an environment.
2.1 QED: A THEORY OF PHOTONS AND ATOMS
We outline here the basic theoretical concepts underlying the interaction be-

tween light and matter, in the non-relativistic limit that is convenient to treat

atoms or molecules [12, 14]. To that end, we start with Maxwell’s equations
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in their modern form

1
V-E=—p, (2.1a)
€0
V-B=0, (2.1b)
VxE=-B and (2.1c)
1.
c

Here, E and B are the electric and magnetic vector fields, €y and ¢ are the vac-
uum electric permittivity and magnetic permeability constants, c = (gypq) ~1/?
is the speed of light, and j and p are vector and scalar fields that represent the
electric current and charge densities that act as sources and describe the mat-
ter interacting with the EM field. We will drop the explicit space and time
dependence (,t) if it can be omitted without creating some kind of inconsis-
tency and without hindering understanding. For a system of point charges g;
at positions r; and with velocities t;, these variables are

o, ) = Z 3; 0®[r—r;(t)] and (2.2a)

j ) =" qa;(h) 83 [r—x;(H)]. (2.2b)

The current and charge density are, additionally, related through a continu-
ity equation that represents local charge conservation and can be derived by
combining eqs. (2.1a) and (2.1d):

Vij+p=0. (2.3)
These equations are complemented by the Lorentz force density,
f=pE+jxB, (24)

exerted by the fields on charged matter. With these five coupled differential
equations, one can, in principle, account for any and all phenomena involving
light and matter. This assertion, accurate as it may be, fails to provide much
intuition. Thus, we develop in the following the ideas behind these equations
and the quantum nature of the players involved in greater detail.
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2.1 QED: A THEORY OF PHOTONS AND ATOMS

2.1.1 CanNonicAL APPROACH TO QED

We begin by noting that the EM fields can be conveniently described in terms

of a scalar and vector potential, ¢ and A, respectively, such that

E=-A-V¢ and (2.5a)
B=VxA. (2.5b)

The introduction of the potentials has certain advantages concerning the canon-
ical formulation of QED and, as innocent as it seems, actually brings with it
one major consequence. To illustrate it, let us engage in a simple counting ex-
ercise. For some given sources j and p, the EM fields naively seem to require
the specification of 6 spatial components. However, eqs. (2.1a) and (2.1b)
only involve spatial derivatives and, if the fields satisfy them at a given time
t,egs. (2.1c), (2.1d), (2.3) and (2.4) ensure that they will remain true. Hence,
the divergence equations are to be understood as constraints that the fields
must observe. This fact, together with the boundary condition that fields
vanish at infinity, implies that, actually, only four specified components are
needed, related to each other through first order differential equations. In-
cidentally, the components that have been successfully accounted for by the
constraints are usually known as longitudinal, and physically correspond to
the Coulomb electric field produced by charges and the absence of the mag-
netic monopolar sources. The canonical approach to electrodynamics with
the potentials treats them, in principle, as independent degrees of freedom
to which one associates a canonical momentum starting from a Lagrangian.
That would leave us with a total of eight components that satisfy first order
differential equations, that is, Hamilton’s equations. Those are twice as many
components as before. This is, however, not a problem, but rather a manifes-
tation of one of the deepest notions in physics that has firmly shaped much of

the field-theoretical progress since the 1950s: gauge invariance.

There are many sides to gauge invariance, but its simplest interpretation is
the statement that for any given E and B satisfying eqs. (2.1a) to (2.1d), there
is no unique choice of ¢ and A that reproduces the EM fields. Indeed, once a
valid instance of potentials is found, it turns out that

¢'=¢—x and (2.6a)
A'=A+Vy (2.6b)

also give rise to the same E and B, for any arbitrary gauge function y. An im-
mediate conclusion is that there is some redundancy in the potentials, usually
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2 THEORETICAL PREREQUISITES

dealt with by fixing a particular gauge. The most common choice in the low
energy regime is the so-called Coulomb gauge, where V - A = 0 and ¢ is the
electrostatic Coulomb potential.

Once the main protagonists of QED have been introduced, we are ready
to discuss the details regarding their quantum nature. To do so, we follow
the canonical quantization approach, and note that Maxwell’s equations in

eq. (2.8) are, in fact, the equations of motion of a Lagrangian, namely,

2
L:Z%+Id3r[j-A—p¢]

+ 2 [ @ [(A+99)" - 2VxAY, 2.7)
2

The introduction of the potentials renders eqs. (2.1b) and (2.1c) tautological

by construction, and the equations of motion are reduced to

1 .
V2 = —ap -V-A and (2.8a)

1A V2A = !, V(V A-+-1 )
c2 _soc2] c2¢'

(2.8b)

In order to canonically quantize this theory, we need to find pairs of con-
jugate variables. However, the gauge redundancy present in the potentials
makes this otherwise straightforward procedure much more involved. A first
possibility is to follow Dirac’s quantization program for constrained systems.
Indeed, eq. (2.7) corresponds to a constrained system because, for instance,
¢’s canonical momentum is zero. This observation, however, leads to the other
possible approach: fix the gauge first to remove redundant variables and, re-
taining only the true dynamical variables, quantize the remaining unconstrained
system. We choose here the second option for simplicity, implemented by

working in the Coulomb gauge.

DyNAMICAL VARIABLES IN THE COULOMB GAUGE: TRANSVERSE AND LONGITUDINAL

VECTOR FIELDS

As elaborated upon in appendix A.3, the defining condition of the Coulomb
gauge, V- A = 0, can be equivalently seen as projecting A into the space of
transverse (divergence-free) vector fields. In reciprocal space, this means that
the vector potential at k has only 2 available polarizations: the orthogonal di-
rections to k. Accordingly, the Coulomb vector potential A is equal to the
transverse vector potential AL. Note that there is no gauge ambiguity left,
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2.1 QED: A THEORY OF PHOTONS AND ATOMS

as the gauge transformations in eq. (2.6b) only affect its longitudinal part Al
and, as per Helmholtz’s theorem, the decomposition A = At + All is unique.
In other words, A is a gauge-invariant quantity, hence we generally write it
without the C subscript. As for the scalar potential, the transversality of A
transforms eq. (2.8a) into the Poisson equation for electrostatics, whose inho-

mogeneous solution is:

(r) qi

V2pe = £ = [@3r 2 = L (29
fe £ = ¢c f r 4meglt’ — 1| Z drreglr; — 1 (29)
Therefore, ¢¢ is also completely determined as long as the fields go to zero
when [r] - co [182]. In fact, eq. (2.9) relates ¢c to the charges’ coordinates
r;. Accordingly, the scalar potential is, in the Coulomb gauge, not a dynamical
variable at all; instead, it is a function of the other true dynamical variables.

By setting Al =0, the ( gauge-invariant) longitudinal and transverse EM
fields are related to the Coulomb potentials through

El = —V¢c, El = -A.=-A! and (2.10a)
Bl =0, Bl = —VxAc = —VxAL (2.10b)

such that the physical separation between longitudinal and transverse fields is
faithfully present in the potentials as well. Another advantage of the Coulomb
gauge is that, for a given p, only four numbers are needed to specify the state
of the fields at any point, (three components for At and A', minus two re-
strictions V- At = V- A' = 0), and thus no redundancy is left. Therefore, A*
is the appropriate generalized coordinate of the field.

TmME TO QUANTIZE: MINIMAL COUPLING HamiLroNIAN IN THE COULOMB GAUGE AND

COMMUTATION RELATIONS

Once convenient field coordinates have been found, we can calculate their
canonical momenta and switch to the Hamiltonian formalism, where quan-
tization is more direct. Choosing the Coulomb gauge the Lagrangian is, then,

2
m;t; qi9;
L= — — [ S—
Z‘ 2 7 87r£0|ri — r]»|

+ ‘%Ofd3r [(Al)z _CZ(VXAJ-)Z] + J‘d31’j AL, (2.11)

where the divergent, but constant, Coulomb self-energy of the point charges
has been discarded. Note that, even if the Coulomb gauge has been fixed,

21



2 THEORETICAL PREREQUISITES

every quantity in eq. (2.11) is manifestly gauge invariant. Thus, in a way,
taking eq. (2.11) as starting point for QED has more to do with equivalent
Lagrangians, than with gauge fixing. More specifically, eq. (2.11) can be
obtained from eq. (2.7) by adding a total temporal derivative of the form
% [ d3r pf, which is known to preserve the equations of motion. If the func-
tion f is suitably chosen, the Lagrangian can be stripped from the redundan-
cies of Al'and ¢ completely, such that only the dynamical variable A and
gauge-invariant E! appear. That does not mean that we have actually changed
what we call A, it only makes explicit the practical choice of At as canonical
field variable. It just so happens that A+ = A, and thus eq. (2.11) can also
be seen as choosing the Coulomb gauge in eq. (2.7).! Regardless of how one
prefers to think about it, we keep here the usual “Coulomb gauge Lagrangian”

nomenclature for eq. (2.11) and proceed without reservations.

From the above Lagrangian, the conjugate canonical momenta of r; and

Al are

p; = m;t; + q;A* (r;) and (2.12a)
Hl = EoAJ' = —SoEJ', (212b)

respectively, and the corresponding Hamiltonian is

2
H= Z (pi — A+ (1)) N 99
i zmi i#f 87T€0|I'i - I']|
Hl)2 goc? 2
3 ( 0 1
+ [ pe g (VX AN (2.13)

The p; — q;A* (1;) part in the kinetic part of the Hamiltonian gives it the “min-
imal coupling” label, because the interaction depends on the charge density
only. Now, we can straightforwardly quantize the theory by promoting the po-
sitions and momenta to quantum operators satisfying the basic commutation

rules
[r;,p;] = i16; and (2.14a)
[AL(r),EL(r)] = —;[Aim,ni(r’)] = —?Hr —1). (2.14b)
0 0

Here, 1is the identity operator in R3, and the transverse Dirac delta §* projects
any vector field onto the space of transverse fields (see appendix A.3). It’s ap-
pearance in the fields’ commutation relation is essentially inherited from the

ISee [173] for a detailed discussion on this admittedly subtle matter.
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2.1 QED: A THEORY OF PHOTONS AND ATOMS

transverse nature of the physical DOF, and is most clearly understood by quan-
tizing in reciprocal space [14]. We can manipulate eq. (2.13) further to arrive

at another very common expression of the Hamiltonian:

2

2 q: It 2
H:Zp_’+ L_‘_J‘d%/ u_kﬂ(val)z
7 Zmi i#j 87T€0|I'i — I']| 280 2
Zip, AL(r) + Z (Ai(r ) (2.15)

where we have obtained an interaction term p; - A*(r;) using that V- At = 0,

and the so-called diamagnetic A term.

The above Hamiltonian dictates the temporal evolution of the field and

matter operators in the Heisenberg picture according to the familiar

= %[H,O], (2.16)

from which Maxwell’s and Lorentz’s equations can be retrieved. One detail
worth mentioning in this regard is that Ampere’s and Lorentz’s equations
(egs. (2.1d) and (2.4)) become

T
VxB:yOS[]]+C—2E

mt; = q;E(x;) + S[E; x B(r;)].

Here, S is the symmetrization operator defined by S[a,b] = (ab + ba)/2, and it
comes from the fact that t; and r; do not commute.

2.1.2 EQUIVALENT FORMULATIONS OF QED

In this section, we elaborate upon a fundamental aspect of physical theories,
instantiated in electrodynamics, namely, the multiplicity of representations of
the same physics. To that end, we start by observing that the charges’ canoni-
cal momenta p; do not coincide with the kinetic momenta plgk) = m;i;. Instead,
these momenta are misaligned by the photonic “position” DOF, that is A+,
and it is exactly this misalignment wherein the interaction lies. Indeed, if we
did not know any better, we could mistakenly think that the light and matter
DOF remain uncoupled in eq. (2.13), since it can be rewritten as

mi; 74 e o 5
H= i / 20 (@3 | (AL 2(Vvx AN, (217
Z‘ 2 +i¢j 87T€0‘rl-—r]-| * 2 J‘ 7’[( ) te ( % ) ] ( )
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and nothing seems to couple charges and photons. Fortunately, we know bet-
ter and, from analytical mechanics, we understand that the canonical momen-
tum is the adequate variable to describe the dynamics, rather than the kinetic
one. In admitting so, however, the pristine separation between physical DOF
and their corresponding canonical dynamical variables is lost. The same dis-
tinction is not present in the field, whose canonical and kinetic momenta coin-
cide: T+ = (1) = AL,

This situation raises the question of the existence of other choices of canon-
ical momenta where the physical DOF are shared differently between the dy-
namical variables. The answer, again known from analytical mechanics, is
that such multiplicity indeed exists. Gauge transformations, for instance, can
be understood in this way. Notably, the family of transformations that take us
from one formulation to another is much broader than gauge transformations
alone. Here, we briefly review the basic formulation of these ideas, and later
on we apply them to find a particularly useful representation of the interaction
between light and matter.

We begin by illustrating the multiplicity of descriptions of the same clas-
sical dynamics in the simplest possible scenario. Consider a system with a
single degree of freedom X and Lagrangian L(X, X; t). It is well-known that
equivalent Lagrangians can be obtained by adding the total temporal deriva-

tive of a function F(X;t):
L'(X,X;t) =L(X, X;t) + %F(X;t) = L(X,X;t) + (Xox + 9;)F(X;1). (2.18)

More specifically, we say that L and L’ are equivalent because they yield the
same equation of motion for X. The remarkable aspect is that, when moving
to the Hamiltonian description required for the canonical quantization pro-
cedure, each Lagrangian will produce theory whose main elements, i.e. the
canonical conjugate variables and the Hamiltonian, are different. Concretely,
L and L’ will give rise to unequal canonical momenta P and P’, respectively,
as well as different Hamiltonians H and H':

P(X,X) = 94L, (2.19a)
P'(X,X) =04L' =P(X,X) + 9xF and (2.19b)
H'(X,P") = H(X,P) — F(X;1), (2.19¢)

where H” = XP") — L"), Then, {X,P,H} and {X,P’,H’'} constitute two al-
ternative and equivalent representations of the dynamics through Hamilton's

equations.
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2.1 QED: A THEORY OF PHOTONS AND ATOMS

From the Hamiltonian descriptions, the canonical quanization approach
associates a quantum operator to each canonical variable. Thus, we end up
with two equivalent quantum formulations, R and R’, depending on the ini-
tial Lagrangian chosen. In &R, we represent X and P with X and , operators
that act on wavefunctions through multiplication by x and partial differentia-
tion with respect to x (—id,), respectively. The evolution of these operators
and, therefore, the observables they represent, is determined by H(%, ). On
the other hand, the situation in R’ is changed. Now, X and P’ are replaced by
% and f, and the evolution is dictated by H' (%, p). What can be an interesting
source of confusion is that, in either quantum formulation, P and P’ are both
replaced by p. In other words, different canonical momenta (that is, specific
combinations of the physical variables X and X) are replaced by the same ex-
act mathematical operator in their corresponding quantum formulation. Still,
the operator j evolves differently in R and R’, a fact that accommodates its
different meaning in either formulation. Finally, we note that P and P’ are
represented in R and R as p — 9, F(%;t) and p + 0,F(%; ), respectively. See

table 2.1 below for a summarized account of these results.

In the following, we discuss the role of unitary transformations in imple-
menting changes of representation at the quantum level directly, and their re-
lation to the canonical transformations of classical mechanics. Then, we will
perform a change of representation in QED, from the version described in the

previous sections to the so-called multipolar coupling picture.

Table 2.1: Summary of the map between physical quantities and the operators associ-
ated to them in quantum formulations R and R'.

Physical quantity Operatorin ® Operator in R’

X 2 2
P p p— 9 F(&;t)
P P+ 0F(& 1) p

UNITARY TRANSFORMATIONS

It is well-known that unitary transformations play several key roles in quan-
tum mechanics. For example, the temporal evolution equation, eq. (2.16), can

be succinctly represented through the unitary operator

U(t, ty) :exp{—@} = O(t) = U(t, ty)O(to) Ut (t,ty).  (2.20)
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At this point, we want to focus on their other main role: changing the rep-
resentation of the underlying physics. As we saw above, the same quantum
operator can represent different dynamical variables, and it depends on the
initial choice of canonical variables. It turns out that unitary transformations
can be used to implement coordinate transformations such as the one that illus-
trates the discussion above. Not only are they more convenient, as they spare
us from going back to the classical theory, finding the new momenta, and
quantizing again, but they also naturally incorporate a larger class of transfor-
mations. Indeed, they allow us to generalize these ideas to purely quantum

degrees of freedom with no classical analog as well.

Let us start with the same degree of freedom X from before in the R for-

mulation. Then, the unitary transformation
T= exp{%F(f; t)} (2.21)

implements the transformation from R to &', where F(X; t) is Hermitian and
corresponds to the same function whose total time derivative connected the
equivalent Lagrangians before. The action of this transformation on operators

at the quantum level is expressed through
TxTt' =% and THpT' =p— o, F(&;1), (2.22a)

where the momentum transformation follows from eq. (A.46). Stated more
explicitly, given a physical observable O with associated operator § in R, the
expression ToT" tells us which operator corresponds to the observable O in
the formulation &2'. In that sense, eq. (2.22a) tells us that P is represented by
TﬁTJr = p — 0, F(%;t) in R', as we saw before in table 2.1. The only excep-
tion to this rule is the Hamiltonian, which acquires an additional term if the

transformation depends on time explicitly:

TH(x,p)T" +ihTT" = H(%, TpT') — F(%; 1)
=H(&,p— 0, F(&%t)) —F&t) =H (,p). (2.22b)

Here T = 9T, that is, only the explicit time-dependence is accounted for with
this derivative, and not the one coming from the evolution of the dynamical
variables themselves. Last, the quantum states of the system are also trans-

formed:

) = Tly), (2.22¢)

ensuring the preservation of the theory’s meaning. In this regard, we must
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note that there are two equivalent views of these arguments, akin to active
and passive transformations in geometry. The one discussed here is passive
in the sense that the physical quantity is invariant, while the operator that
represents it is modified.

In the scenario of interest here, non-relativistic QED, general unitary trans-
formations to change the quantum formulation are given by [14]

T = exp{%F(...,i‘i,ﬁi,...;AL,fIl;t)}. (2.23)

We emphasize once more that p; is just the quantum mathematical represen-
tation of a particular combination of physical variables satisfying certain rela-
tions (its Poisson bracket with r; is —1), such that we can choose it as canon-
ical momentum, and the same goes for the other operators. To make this dis-
tinction more apparent, we have added the ~ symbol on the operators. Of
course, in our current formulation of electrodynamics, the map between phys-
ical quantity and quantum operators are “trivial”, e.g., the canonical positions
of the charges corresponds precisely to their physical locations, and the field
operators match the canonical field variables. With such a transformation, the
operators and states in R are transformed into new operators and states in &',
according to ToTt, THT' + ihTT*" and T|y), as before.

A very common and useful particular case of the general unitary transfor-
mations in eq. (2.23) is given by their restriction to depend solely on positions
and, possibly, on time. This kind of transformation is the quantum implemen-
tation of the well-known invariance of the classical Euler-Lagrange equations
of motion after the addition of the total temporal derivative of a function of
the coordinates and time in the Lagrangian formalism. In fact, it corresponds
precisely to the initial example with one degree of freedom X. In QED, trans-
formations that only depend on r; and A+ would yield non-trivial transforma-

tions in the canonical momenta, i.e.,

T#T = ¢, TALTt = Al and (2.24a)
Tp,T" =9, + T[p;, TT] #p;, THTT =M+ + T[ILTH #I1.  (2.24b)

If we now restrict the transformations further to those where the Hermitian

function F in the exponential can be brought to the form

F(o By, AL 0 =) qix(3;A%;1), (2.25)
j
we obtain a subset of transformations that are equivalent to gauge transforma-
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tions. Indeed, x corresponds to the gauge function, and the gauge-dependent

parts of the potentials are

Al= _Vy and (2.26a)
¢ =¢c+1x. (2.26b)

Note, however, that the canonical field position is still A+, and its quantum
representation is unmodified. In this approach to the Hamiltonian formalism
where we have already isolated the adequate DOF, the change of gauge is only
apparent in the field’s momentum.

CANONICAL vs. UNITARY

After the previous discussion on unitary transformations and the associated
change in quantum representation, one may be left wondering what happened
to the canonical transformations of classical mechanics. Indeed, canonical
transformations, i.e., those that preserve the Poisson bracket, are a powerful
tool in classical mechanics. Additionally, the fundamental algebraic relations
in quantum mechanics are to a large extent built by analogy with those in
analytical mechanics. Is there such a thing as a quantum canonical transfor-
mation (QCT)? As it turns out, not only do they exist, but they were a critical
and instrumental element of the early days of quantum mechanics [183-188].
Nevertheless, apart from some relatively simple cases, the general theory of
QCTs has not received as much attention since the foundations of quantum
theory were established, with only occasional contributions to the literature.

Here, we only highlight some relevant aspects for the remainder of the thesis.

The definition of a QCT is straightforwardly generalized from their classi-
cal counterpart. If (g,p) represents a canonically conjugate pair of variables
with [g,p] = ih, then a QCT changes (g,p) into (Q(q,p),P(q,p)), while re-
specting the commutation relation [gq,p] = [Q,P] = ih. As was proved by
Jordan [185], all QCT can be implemented uniquely (up to a multiplicative
factor) by an operator T such that

Q=TgT™! and P=TpT . (2.27)

Note that unitary operators trivially implement QCTs. However, not all
QCTs can be implemented by a unitary transformation and, in this sense,
QCTs are even broader than unitary transformations [ 189]. The last important
remark is that, sometimes, it is not easy to work out the precise expression of

T for a given QCT. If there is a classical canonical transformation, it can be sim-
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pler to apply the transformation in the classical theory and then quantize by
promoting the resulting variables to operators. We finish this brief exploration

of QCT by analyzing three simple examples that will be useful in chapter 5.

ExamrLe 1: RescaLiNG. The transformation that rescales position and mo-
mentum according to Q = kg and P = k~!p, for some non-zero constant k, is
evidently canonical. It can be shown that its quantum version is implemented

by the unitary transformation

T = exp{% [qp]}. (2.28)

ExaMPLE 2: POSITION AND MOMENTUM sWAP. Another interesting canonical
transformation is the one that swaps position and momentum: Q = —p and
P = g. Here, p and g have the same dimensions, which can be achieved
through rescalings like the one of the first example. This transformation is

equivalent to a 77/2 rotation in phase space, whose generator is p? + g2. Then,

C o2 2
T = exp{%%p —;q }, (2.29a)

the transformation is

which is most easily proved by defining the ladder operators
a® = — (g + ip) (2.29b)
V2

and realizing that Ta™WTT = Fia™®. Of course, if the system is a harmonic
oscillator, then the generator of T coincides with the generator of the time-
evolution operator. A well-known consequence is the circular motion of co-
herent states, the right eigenvectors of 4, in phase space. We finish the exam-
ple by noting that a rotation angle different from 7r/2 would generally mix
positions and momenta, rather than merely swap them. Nowadays, this kind
of transformation is more commonly described in terms of a and a'. In that

context, these are known as Bogoliubov transformations.

ExaMPLE 3: GENERAL COORDINATE TRANSFORMATIONS. If we start with a set
of coordinates g; with their canonical momenta p; ([qi,pj] = ihd;;) and find
functions of them Qy(...,q;, ... ) and Py (..., p;, ... ) such that [Qy, P;] = ihdy,,
we have effectively done a canonical coordinate transformation, also known
as point transformations. Due to their indubitable relevance to physics, this
kind of transformation has been discussed in some detail dating back to 1926,
when Jordan found a general form for T for point transformations [185]. In
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short, point transformations in Hamiltonian mechanics can be written as
Qi = Qi(-,qyy-) and Py = Z BQ 5P (2:30)
Then, the associated T turns out to be

T—exp{ ( |Rzp1|Rz+1P1+1| >} (2'31)

up to a multiplicative factor. Here,

Ry = Qx — gk = Ry (-, g4+ ), (2.32)

and the notation in the exponent indicates a particular position-momentum
ordering, namely, all position (momentum) operators are to be pushed to the

left (right) upon series expansion. For example

5 (03 ) (P15 ) 5 5

In,! |
Ny ,Mp, N nqNypl...ny:

exp{(q1p1192p2---lanpn) } =

This general solution is straightforwardly applicable to the case where Q; are

linear functions of g;.

The above examples illustrate the difficulties associated with the use of
general QCTs. In this thesis, only simple transformations are required, where
the above considerations can be ignored by directly manipulating the coordi-
nates and momenta before quantizing. Nevertheless, QCTs remain an inter-

esting topic and deserve at least the above succinct discussion.

MuLriPOLAR COUPLING HAMILTONIAN

We finish the overview of non-relativistic QED by transforming the minimal
coupling Coulomb gauge Hamiltonian into an equivalent form that is often
more convenient: the multipolar coupling Hamiltonian. The reason behind
such nomenclature is that the matter-field interaction is written in terms of po-
larization and magnetization fields, as we will see shortly, and thus allows for
a systematic and straightforward perturbative expansion in multipolar terms:
electric and magnetic dipoles, electric and magnetic quadrupoles and so on.
The corresponding unitary transformation is given by [14, 190, 191]

T = exp{—% [dorp. AL} - exp{—% [drpt -Al} (2.34)
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and is known as the Power-Zienau-Woolley (PZW) transformation, where the
equality is due to the fact that

der XYt =0 (2.35)

for any given pair of vector fields X and Y. Here, P is the polarization density
of the charges, and satisfies
V-P=—p (2.36)

An interesting remark is that, because V - P+ = 0, eq. (2.36) only specifies the
longitudinal part of the polarization PI. In and of itself, this is not surprising.
However, what is interesting about the PZW transformation is that only the
unspecified P! really appears in eq. (2.34). Thus, there are infinitely many
versions of the PZW transformation, uniquely characterized by the choice of
P-. This freedom has, in fact, been used to propose convenient options [192,
193]. Nevertheless, the most common choice in the literature is the so-called

Power form:
1
P(r) = Z 7:(r; — 10) fo do 63 [r—r15— o (r; — 10)] (2.37)
i

which has a direct physical interpretation in terms of infinitesimal dipoles go-
ing from r( to each point charge through a straight path. However, this polar-

ization brings some questions with it as we shall see below.

For the sake of brevity, we only reproduce here the results of the trans-
formation and relegate the detailed derivations to appendix D. Still, an inter-
esting observation that is worth making here is that the PZW transformation
is, in essence, a displacement operator of the canonical momenta of both the
transverse EM field and the charges. The Hamiltonian in eq. (2.13) becomes,
after the PZW transformation with eq. (2.37) [14],

1 2
(i1, do oBlro + o0 = 10)] x (1 70) )

2m;

[ (pr)?

wey
i
qi9; N 1

i#] 87'[80‘1‘1- — 1']| 280

)’ g2
+fd3r [u + 9 g2

+

1
3. pl. Tl
2, > + % fd r P+ .11+, (2.38)

where, in line with the ideas of section 2.1.2, the momentum operators no

longer represent the original canonical momenta. Instead, they represent new
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momentum variables:

1
p;: — mt; +q; jo do oB[rg + o(r; —1o)] x (r; —rg) and (2.39a)

It —» —D* = —(ggEL + PL) = —(gE + P), (2.39b)

where D is the displacement field, and we have used that ¢V -El = p = —V . P!
to identify ey El with —P!l and arrive at the last equality. Accordingly, the light
and matter DOF are shared between both the charges and field momenta in
this representation, while in the minimal coupling one the field canonical mo-
mentum made reference to the EM field. This reshuffling of DOF results in a
new form for the light-matter interaction encoded in two different terms. First,
the charges interact with the displacement field through the last contribution
in eq. (2.38). Additionally, the kinetic part of the charges contains the mag-
netic field B in the square. If expanded, the square gives rise to terms similar to
those in eq. (2.13), with something that can be identified as some vector poten-
tial different from A+. Indeed, the PZW transformation can be alternatively
conceived as a gauge transformation to the so-called Poincaré gauge, which
defines the potentials in terms of the fields [14, 173].

An important feature of eq. (2.38) is the appearance in the second line of
the so-called polarization self-energy (PSE) term. The PSE has been the topic
of much debate recently in the literature regarding its presence or absence in
certain contexts [177, 178, 180, 181]. One of the goals of this thesis is to shed
light on these questions (see chapter 5). Besides that debate, the truth is that
the PSE term can be uncomfortable, as it is slightly ill-defined when eq. (2.37)
is chosen as polarization: it essentially involves integrating the square of a
delta function. Nevertheless, we will show in the next sections that it is not a
problem any more than the diamagnetic term of the minimal coupling Hamil-
tonian. Instead, a careful handling of the PSE takes us simply to the limits of
non-relativistic QED, which, unsurprisingly, fails to account for the interac-
tion between matter and photons of sufficiently large energy.

We finish our exposition of the multipolar Hamiltonian by briefly dis-
cussing two slight modifications to the PZW transformation, besides those
arising from the freedom in P+, that will play a role in chapter 5. The details
are provided there, to keep this section’s more general aim. In the first one,
only a subset of the charges is included in P. This partial PZW transformation
makes sense when there are physically distinct subsets of charges that, for
mathematical convenience, we want to treat differently. The second is the mul-
ticenter PZW transformation, and is reasonable when the charges are clumped in

smaller subsets, all of which we want to describe in the multipolar framework.
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The “multicenter” then comes from including different charge centers in P:
P(r) = ) P,(r)
n

=> > a(ri-ro,) fol do6®[r—1o, —0o(r;—10,)],  (240)

n ieC,

whererg is the center associated to the nth subset of charges, and C,, contains
the charge indices in it. A particularly noteworthy feature of the multicenter
transformation is that no direct Coulomb coupling between different subsets
of charges appears explicitly in the Hamiltonian. More explicitly, it is canceled
by the crossed terms in the PSE:

%joﬁrl’#.l’;:%Ud%Pn.Pm—fd%Pl.P'ln] :—%fdg’rP','l-PUn

€0 J d3r Ve, - Eh = —¢g f d3r ¢,V - El,

_strpm¢c,n == Z Z Lr (2.41)

i&C, &, Ameolr; — x;

which exactly cancels the Coulomb interaction between the charges in C,, and
C,,, with n # m. To arrive at the above expression, we have assumed that
the different polarization fields P,, do not overlap. Next, we used that Pﬂ, =
—EOE‘,l1 = &9V¢c ,,, where the subscript 7 restricts the Coulomb field and po-
tential to those produced by the charges in C,,. Then, integration by parts and
eq. (2.1a) suffice to find the last line.

2.1.3 MODE EXPANSIONS: PHOTONS ARE HARMONIC OSCILLATORS

Up to this point, we have kept the discussion in rather abstract EM terms. We
now bring the above concepts to the physicists” prime comfort zone: the har-
monic oscillator. We first discuss general properties of mode expansions of
transverse fields, which will offer more insight into the EM state space. Then,

we show how to manipulate the modes in a way that simplifies matters.

We begin by expanding the transverse fields into a basis of non-interacting
normal modes [194]. In more detail, we perform separation of variables on
eq. (2.8b), which is reduced to

1. 1
Z At VAL = — b 2.42
2 el (242)

in the Coulomb gauge and using the continuity equation. Next, we choose
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transverse mode functions 1, that solve the spatial part of eq. (2.42):

Vi, = —(%)2%, (2.43a)

and expand the vector potential as

AL =) Ay, (2.43b)
A

These mode functions 1, form an orthonormal and complete basis of the

space of transverse vector fields, that is,

deV l/JA . lp/\r = 5}\/\! and Z l/)/\(l') [’2] lp/\(l‘,) = (SJ‘(I‘ — I‘,). (243C)
A

Another important property of these mode functions is the following:

V2(Vxgpy) =V x (V2g,) = (%)2(VX¢A). (2.43d)
Thus, for every ¢,, there exists another mode function ¢, = WLAV x 3, with
the same frequency, w, = w,, and the prefactor o.% ensures that the new
mode 1, is properly normalized. The last remark concerning the mode ex-
pansion is that the discrete sum notation has been used for simplicity only.
In general, our index A hides at least one continuous and one discrete label,
which implies that the , 1 on the left relation of eq. (2.43¢c) actually contains
a Dirac delta. For instance, for plane waves A becomes the wave vector and
polarization, while it becomes the norm of the wave vector, the polarization,

and angular momentum indices for spherical waves.

After their introduction, we may choose the variables A, as our canonical
field “positions”, such that their canonical conjugates turn out to be precisely
I1,, the mode coefficients of the canonical momentum IT* = Y, IT ;. Ac-
cordingly, we can directly quantize by promoting these scalar variables to op-
erators. The advantage of working with a mode expansion is that the field
Hamiltonian no longer hides its true colors:

2

(Hl) ‘€0C2 112
—280 + T(V x A )

12 eyw?
— 3 _ A 0%A 42
Hf_fdr =) [2€0+ . AA], (2.44)

A

that is, the field variables are nothing but a collection of harmonic oscillators.

Accordingly, we may apply the ladder-operator machinery and define an an-

34



2.1 QED: A THEORY OF PHOTONS AND ATOMS

nihilation and creation operator for each mode:

h Eqw i
= | ——(at =24
A)L = Zsow/\ (aA +aA) ay o (A/\ + EOWAHA>
p—t .
. | hegw; t = ,’—sow)‘ A - —11
Iy =iy — (2} —ar) A 2n \"r T egwy

with the well-known commutation relation [a A,a;,] = J,. With these oper-

. (2.45)

ators, we can bring H; to its final form
Hp =Y hw,|atay + 4. (2.46)
1 A 2

Then, it is straightforward to see from eq. (2.16) that the equation of motion

ofa, is
4y = —iwya, + ;S[h] or (2.47a)
"ZSOh(U/\
a), = —iwya, + ) P, (2.47b)

depending on whether the minimal coupling or the multipolar coupling pic-
ture is used at the start. Here, j, and P, are the expansion coefficients of
jt = Y, jar and Pt = Y, P 4. The reason for the different equations
of motion is found in section 2.1.2: the fact that IT represents a different phys-
ical quantity in either picture is directly inherited by the a, obtained. Still,
as one would expect, in the absence of charges both equations become the
same, emphasizing that the multiplicity lies in the interaction. In that case,
the modes oscillate in time, with w, corresponding to the free-space oscilla-
tion frequency. In the presence of matter, however, the current acts as a source
to the field modes.

STRUCTURE OF THE HILBERT SPACE

Let us now take a look at the state space. Naturally, it is built as a tensor
product of the charge’s and transverse EM field’s Hilbert spaces: Hopp = H.®
H;. We occupy ourselves with the transverse fields here, while the charges will
be discussed in some more detail later in section 2.3. Since we have expanded
the fields in modes, and these modes are a set of harmonic oscillators, we know
that there is a lowest-energy state, the vacuum or ground state, defined by

a,1{0}) =0 VA. (2.48a)
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From the vacuum, we can use the creation operators to climb the excitation

ladder of any mode an integer number of times:

(@) 1H0p = Y llny), (2.48b)

where (n,lm,) = 4, ,,,. Combining the equations above, and taking into ac-

count that [a/\, (zz;‘t)n] = n(a})n_l, we also have

ﬂ/\|7’l/\> = ‘/a|l’l/\—1>. (248C)

Then, we can build a basis for the whole H; through tensor products of the

form
®|1’1A> = |...,1/l/\_1,1’l)”1/l/\+1,...>, ny, € N V)L, (249)
A

and it becomes natural to interpret the number states in terms of the amount
of photons present in each mode. The final remark is that the states |..., 1y, ... )
are eigenstates of H; such that

Hf|...,7’l/\,...> = [ZthnA]L..,l’l/\,...). (250)
A

As is customary, we have removed the divergent, but inconsequential, zero-
point energy from H;. The eigenvalues eq. (2.50) reinforce thus the interpre-
tation in terms of photons, that is, quanta of light of energy fiww,. Note that the
nature of these excitations will be “purely photonic” in the minimal coupling
picture only. In the multipolar coupling picture they will instead correspond
to mixed light-matter excitations.

SIMPLIFICATION OF THE MODE STRUCTURE

We have introduced an arbitrary mode expansion and, from that, revealed the
properties of the state space. We have been deliberate in keeping the above
discussion general, as there is no fundamental reason to prefer one set of 3
functions over another. Nevertheless, some functions might be better suited
for certain purposes. For example, introductory accounts of the quantization
of the EM field tend to favor the plane-wave expansion. Other situations call
for slightly more sophisticated options, as can be the spherical-wave functions
that will be important in chapter 5. Throughout this thesis, we will be inter-
ested in describing the interaction between photons and localized atoms. A
natural question is, then, if there exists a basis of functions particularly well-

suited for these scenarios. The answer is positive, and we discuss here a gen-
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eral procedure to find a “minimal” set of relevant modes [180, 195-200]. We
then illustrate it by applying these ideas to the concrete interaction Hamilto-
nian between an atom and the free-space EM field, extracting the coupling
strength to this particular set of modes, and reaching the so-called free-space
spectral density.

Let us work, for concreteness, in the multipolar coupling picture, and as-
sume that the atom is localized in a region of space much smaller than the
important wavelengths involved. Then, we can apply the long-wavelength
approximation to eq. (2.38). By further neglecting magnetic effects, the light-
matter interaction in the multipolar coupling Hamiltonian becomes

Hl, = —ld-Dlw), (2.51)

€p
where the atom sits at the origin, and d = }_, q;1; is its dipole moment. For
simplicity of exposition, let us momentarily assume that the relevant transition

of the atom has a transition dipole moment pointing along the z axis; we will
soon see how to lift this restriction. If we expand the displacement field

heqw
DY) =) i 02 A, (0)(at —ay), (2.52)
A
we can write
Hjp = —ih(d - u) Y g (al —ay), (2.53)
A
with
WH
8z = Dheg (u; - ,(0)), (2.54)

which summarizes how strongly the emitter’s transition is coupled to the
mode a,. We may now formally combine all degenerate modes (with the
same frequency w) into a set of bright modes

i

) Y gpamnd(w — wy), (2.55)
(W) 7

b,(w) =

where
gg'(w) = Zgi/\é(w —wy), (2.56)
A

and many orthogonal dark modes dz,iy (w), uncoupled from the atomic transi-

tion. These dark modes still exist, but they cannot communicate with the atom
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at all and evolve freely. By construction, the transformation
{a,} = {bz(w), d, (@)} (2.57)

is orthogonal, and translates into an interaction Hamiltonian where we sum

over a frequency index, with only one mode at each frequency:
Hiy =h(d - u.) ) g.(w) (bh(w) +ba(w)). (2.58)
w

Thus, we have decoupled, at each frequency, all modes but one, which bears
the whole coupling strength. Of course, the transformation carries over to H¢

straightforwardly:
H{ = Ztha}aA = Zhw b (w)b,(w) + Zd;r/(w)dz,n(“” ) (2.59)
A w Ul

We are now ready to lift the previous restriction to a single Cartesian compo-
nent. If we were to repeat the procedure above for the x and y components, we
would reach three sets of modes bj(w) (j = x,y,z). However, it is generally
not true that these new modes are orthogonal, that is,

[bjw),b}, (@')] # 8;8(w - ). (2.60)

If that is the case, one needs to additionally orthogonalize them at each fre-

quency and reach a final set of modes c;(w) given by

ce(w) = Z Vi (@)b;(w), (2.61)
jE{xY,z}

where V(w) are 3 x 3 matrices with the orthogonalization coefficients. For a

complete implementation of this full process, see [180].

Now, we illustrate the procedure of finding a minimal set of modes for an
atom interacting with the free-space EM field. For concreteness, we choose to

start from the transverse and real plane-wave basis

. _ \/Ecos(km)
=0T a9 e
* s \/Esin(k-r) ' '
Pk r) = Wep(k)

where cand s denote the particular trigonometric functions involved, k sweeps
one half of the full reciprocal space, €, (k) are polarization unit-vectors perpen-
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dicular to k and to each other, labeled with p = 1,2. We choose to work with
these functions rather than the simpler and more common complex exponen-
tials because, by ensuring that they are real, we can simply factor them out in,
e.g., eq. (2.52) and avoid complex conjugated quantities that lengthen those
expressions. The small price to pay is that the mode functions themselves
are not quite as simple to write down. These mode functions are properly

normalized according to
[ Pr g cn) - g, (1, 1) = 85710, 6 (k= K), (2.63)

and their free-space oscillation frequency is w; (k) = ck|. Because our generic
A index has now become (k, p,f), the interaction Hamiltonian involves sum-
ming over p and f, and a three-dimensional integral. However, since the mode
functions have to be evaluated at r = 0, only those with f = ¢ contribute.
Following the procedure described above, we can find three sets of Cartesian
free-space modes bj(w) (j = x,y,2z), whose coupling strengths are obtained
by adapting eq. (2.56):

2 w 3 2
(@) = o jmd k Z(\/Euj : ep(k)> S(w — Klc)

:thocf de dk k21— (k- u;)]6(w/c — k)
3

= —f d? sin 19[1 — Cos 19] (2.64)

w
812heycd Jo 612heyc® =g ().
Here, [; 2 d3k indicates that the integration domain is a half space. We have
S(x—x¢)
o THED]
f, and the completeness relation Zp €, ® €, + kk = 1. Because free space

used spherical coordinates, the fact that 6(f(x)) = for a zero x; of

is isotropic, the total coupling strength does not depend on the Cartesian in-
dex, and the free-space bright modes b]-(w) are orthogonal; in other words,

[bj (), b} ()] = 6;6(cw — ).

t_th u]f dw || (b*(w>+b(w)) (2.65)

For future reference, we mention here that

3

100 y= Y
J7 ) = 6712heoc3

(2.66)

is the so-called spectral density of free space. The superscript L emphasizes

the transversality of free-space photon mode functions. It can be shown with
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similar arguments that more general EM environments, such as those dis-
cussed in section 2.2, have their own associated spectral density [(w) [180].
The coupling between the atom and the (macroscopic) EM fields can thus be
rewritten in terms of J(w), like in eq. (2.65). Accordingly, much of this thesis
revolves around spectral densities viewed from different angles. We finish by
noting that these arguments to find “minimal” sets of modes can be extended
even further [201]. The key realization is that any set of modes capable of de-
scribing a given spectral density will affect the emitter in the exact same way.
Although these extensions are not a main concern of the thesis, we will make
use of some methodological corollaries from the results therein. Therefore,
section 2.4.4 will briefly highlight the most relevant aspects from the perspec-

tive of the theory of open quantum systems.

2.2 MaAacroscoric QED: A THEORY OF PHOTONS,

ATOMS AND BODIES

In the previous section, we have framed molecular QED as a theory of charges
and transverse EM fields, or photons. As long as the energies involved al-
low for the non-relativistic treatment of matter, every electromagnetic phe-
nomenon is included therein except for the interaction between the particles’
spin and B. In the following, the matter component is further split into smaller
units, usually emitters (atoms, molecules...) and macroscopic bodies. This
separation is a matter of practicality; while macroscopic bodies or structures
are nothing but large collections of charges, the amount of DOF they entail far
exceeds the computational capabilities of any physicist or computer. Such sys-
tems are effectively out of reach, which only becomes even more unfortunate
after realizing that the quantities of interest tend to concern a reduced and
much more manageable subsystem. However, in this realization lies the solu-
tion: it is imperative to develop a framework that describes the EM response
of the larger structure with a lower degree of detail. Luckily, such an approach
already exists and is usually known as macroscopic QED (MQED) [202-204],
which is, in some sense, a quantum theory built to be compatible with classi-
cal macroscopic electrodynamics. In this section, we outline its premises and
definitions, and offer some final words of caution regarding gauge transfor-
mations.
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2.2.1 CLASSICAL MACROSCOPIC ELECTRODYNAMICS

Let us begin with an overview of the relevant concepts of macroscopic elec-
trodynamics. We first note that media develop a polarization P (incompletely
defined by V- P = —p) or magnetization M, due to the internal currents in-
duced by an incoming field, j;,, = P+ VxM. It is through these quantities that
media are generally described. Accordingly, it is more convenient to write the
inhomogeneous Maxwell equations, eqgs. (2.1a) and (2.1d), in their “macro-
scopic” form

V.-D=0 and VxH=D, (2.67a)

where D and H are the displacement and magnetic excitation fields, respec-
tively, defined as
1

D=¢E+P and H=—B-M.

m (2.67b)

For simplicity, we limit ourselves to the case of media whose response to the
EM field is linear, isotropic and local, which means that the constitutive equa-
tions that relate P and M to E and B are

P(r,t) = J‘Ooo dt x(r, T)E(r,t — T7) and (2.68a)

M(r, 1) = J‘O dt {(r, T)B(r,t — 7). (2.68b)
Here, x and { are the electric and magnetic susceptibility of the medium, re-
spectively. Indeed, these relations are linear, and the susceptibilities are given
by scalars that only depend on r, which makes the response isotropic and lo-
cal. Additionally, it proves convenient to work in the frequency domain. To

that end, we define the frequency components through

1 o .
(W) = — dt f (t)e'wt (2.69)
/ V27 L“’ /
and, therefore,
1 oo .
t) = — dw f (w)e «t, 2.70
fi= = [ dwf (270)

Then, the constitutive equations become
1
P(w) = ggx(w)E(w) and M(w) = ﬂ—é(a])B(w). (2.71)
0

As above, these quantities usually depend on the spatial point at which they
are evaluated, save for the case of homogeneous media. Nevertheless, in this
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Figure 2.1: Illustration of the

permittivity associated to an s L Re e(w)
electric susceptibility given by Im &(w)
Xw) = ————— PR with the N S A 1L S—

parameters chosen to be fiw, = /
5eV and hy, = 04 eV. The
dashed lines highlight the ver- 0

tical positions of 0 and 1 along
the plot.

hw (eV)

1
thesis we tend to omit the explicit r dependence from both the fields and sucep-

tibilities to simplify the notation, except to stress it in particular expressions.

With these constitutive relations, we can write

D(w) = g9(1 + x(w))E(w) = gge(w)E(w) and (2.72a)
1 1

H — 1= B = —1B , 2.72b

(w) yo( {(w))B(w) @) (w) (2.72b)

where we have introduced the relative permittivity ¢ and permeability y to

more compactly write the constitutive relations and for convenience.

The response functions cannot depend on w arbitrarily. Indeed, we want
the response of the medium to be causal, which means that only past times
affect the current state of the medium. It can be seen that, in frequency space,

the requirement of causality implies that

1 d I !
Ree(w) =1+ —PJ do' M and (2.73a)
) W —w
1 o R =1
Imew) =——P [ do’ Reelw) =1 (2.73b)
7T —oo w —w

that is, the Kramers-Kronig relations for dielectrics, and y fulfills similar equa-
tions. Here, P denotes the principal value integral. It has been assumed that
£(w) has no poles on the real axis. Metals, however, are usually described by

Emetal (W) = €1 (w) + ZJL(UW>1 (2.74)

where o (w) is the metal’s conductivity. The associated susceptibility exhibits
a simple pole at the origin, which must be accounted for separately [205]. An
important consequence of eq. (2.73), schematically illustrated in fig. 2.1, is that
variations of Re ¢ in frequency space bring non-zero Im ¢ with them. In other

words, dispersion and absorption are two faces of the causality coin.

If we include a source current j,, the macroscopic Maxwell equations can
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be condensed into the Helmholtz equation for the electric field:
1 w? ,
V x ﬁV X ——Zs(a)) E(w) = ipgwjs(w). (2.75)
c

This equation can be formally solved by introducing the EM Green tensor, cus-

tomarily denoted by G, defined by
1 w?
V x ﬁV x ——¢e(rw) |G(rr,w) =6(r—r) (2.76)
c

and the boundary condition G(r,1', w) — 0 when |r — t'| — oo. Here, it is clear
that V takes a derivative with respect to r. Still, when we consider equations
with more coordinates it can be unclear to which one V refers. In such cases,
we will specify it with either a prime or a subscript. We can generally split G
as a sum of a free-space and scattering contributions G? and G¥, respectively,

where G® is the one due to the presence of media.

The Green tensor allows us to write the solution to the Helmholtz equation
as simply
E(r,w) = iyowfd3r’ G(r, v, w) - j (v, w). (2.77)

Together with Maxwell’s equations and the constitutive relations, the other
fields can also be straightforwardly written in terms of G, which emphasizes
the power of the Green tensor. Indeed, it summarizes the full EM properties
of the macroscopic medium, including its composition and geometry through
£(r, w) and u(r, w), and has a simple physical interpretation as the electric field
at point r produced by an oscillating point dipole at point r', modulo some con-
stants. The downside is that, as is usually the case, with great power comes
little analytical insight. In fact, finding a closed form for G is only possible
in highly symmetric configurations, and the resulting expressions tend to be
quite involved, so one is often forced to resort to numerical methods. More
specifically, it is G® that generally requires a numerical approach, as G fol-
lows an analytical expression (see appendix C). Still, there are a number of
convenient properties that G fulfills, some of which will prove extremely use-
ful for MQED and for some calculations presented in this thesis. We highlight
a few here for reference [204]:

G*(r,v,w) = G(r, v, —w*), (2.78a)
Gi(r,¥,w) = G, r,w) and (2.78b)
I
ImG(rr',w) = [ d’ { SIS g Gs )] [V x G (s, )]
(s, w)|
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W?Im (s, w)

> Gi(s,r,w) - G*(s, r’,w/)}, (2.78¢)
c

where the superscript “t” denotes matrix transposition. The complicated look
of the last identity can be made conceptually simpler by noticing that G is,
by definition, the inverse of the Helmholtz differential operator in eqs. (2.75)
and (2.76), which we may represent here by H:

1 w?
H(r,v') =6(r—1')|V, x ﬁVr x ——¢(rw)|. (2.79)
c

Then, eq. (2.76) can be succinctly written as H- G = 1, where the dot product
involves a spatial integration, and the 1 represents & (r — r'). With this compact
notation, eq. (2.78¢c) follows from

G-G' G-H'-G'-G-H-G' G-(H'-H)-G

ImG = —— 5 5 (2.80)

where the t involves complex conjugation and transposition of both spatial
and position (continuous) indices (see appendix A in [206] for a more de-
tailed account of these manipulations).

2.2.2 QUANTIZATION OF MACROSCOPIC ELECTRODYNAMICS

After the overview of macroscopic electrodynamics, a natural question to ask
is what happens if one tries to quantize it directly. The most direct quantiza-
tion route directly mirrors section 2.1, and would require finding a classical
Lagrangian with the macroscopic Maxwell equations as equations of motion.
At that point, quantization would be straightforward by passing to the Hamil-
tonian formalism. Indeed, this idea was pursued since the early days of QED
for lossless dielectrics [207-209], and with some success at that. The prob-
lem came when it was attempted to extend the same idea to dissipative media.
As we have pointed out before, the Kramers-Kronig relations establish an in-
timate relation between dissipation and dispersion. The reason for the prob-
lem is readily seen in the constitutive relations. If x depends non-trivially on
w, with the ensuing dissipation, Fourier-transforming eq. (2.72a) to the time
domain yields a relation between D and E that is non-local in time. Since the
effective Lagrangian depends on both, it becomes non-local as well, which

hinders its quantization [210].

Macroscopic QED offers an elegant solution to the problems caused by the
dissipation. In a display of premonitory prowess, Hillery and Mlodinow con-

cluded in ref. [208] that “the best way to proceed is to consider a microscopic
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theory, i.e., fields plus matter, and to see if an effective macroscopic theory can
be developed” and that “this effective theory should have as its basic objects
collective matter-field modes”. Actually, this observation would become the
basis for MQED. Huttner and Barnett published in 1992 an article showing
how to include a microscopic model for matter in the problem [210]. More
specifically, as sketched in fig. 2.2, they described the matter part through its
polarization field, decomposed into harmonic oscillators b,,. Then, each po-

larization oscillator is coupled to both the EM modes a, and a reservoir of

matter modes c,(w) that takes care of the dissipation 11:1 the material. The
main idea of the Huttner-Barnett model is to diagonalize the full light-matter
problem, reaching a new set of matter-field (polaritonic) modes f, (w). Con-
ceptually, this model is a close precursor to the modern view of MQED, which
resulted from a number of works refining and extending the theory to lin-
ear and dispersive magneto-dielectrics [206, 211-215], even with non-local
and non-reciprocal responses [216]. We next review the basic definitions of

MQED [204].

The fundamental building blocks of the theory are the vector bosonic oper-
ators f;:r) (r, w) that generalize the f}ﬁh (w) of the Huttner-Barnett model, which
satisfy the usual commutation relations:

[f,\(r, w),f;rl, (r', w’)] =010(r—1)d(w—w') and (2.81a)
[0 (r, @), £ (¥, )] = £ (r, ), £, (¢, )] = 0. (2.81b)

Each scalar component of these operators annihilates (creates) an excitation,
which can be either electric (A = e) or magnetic (A = m) in nature, at r along
one Cartesian axis, such that:

u- f}(r,w)lO) = Z ui|1/\,i(r,w)> (2.82)

1

for any vector u with coordinates u;. These excitations, which possess a mixed
light-matter character, build together the medium-assisted fields. Finally, be-

cause the polaritonic operators diagonalize the light-media Hamiltonian, their

photons  polarization dissipation 7polaritons Figure 2.2:  Schematic depic-
> J«c&y{w@@@ @/ tion of the light and matter
Ho Ho @ modes of the Huttner-Barnett
model. The situation is concep-

> T Y oy

Ao

EEE

Ay, 1 Oy (w tually similar in MQED.
a}’z bliz C!lz(wg | f;l (w)
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However,
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dynamics is dictated by the Hamiltonian

Hi = ;fdsr fo dw hw f}(r,w) £y (1, w). (2.83)

Up to a prefactor that fixes the dimensions, one can think of f, and f, as
infinitesimal oscillating electric or magnetic dipoles, respectively, that create
both electric and magnetic fields. Therefore, the EM fields are built as expan-

sions in the polaritonic operators:

Em =Y [d¥ f: dw Gy (6 ¥, w) - £ (f,w) + He,  (2.84)
A

and similarly for the other fields, where the coefficients are related to the Green
tensor through

2 [ n
G.(r, ¥, w) = z'w—2 —Ime(r,w)G(r,t',w) and (2.85a)
C 7T€0
h 1 !
G, (1,1, w) = e _M[V’ X G(r’,r,w)]t. (2.85b)
C 7'[80 |]/l(r,,(d)|

These coefficients, which allow us to more compactly write eq. (2.78c) as

2
—21m G(r 1, w),
TTEYC

Z f d3s G, (1,5, w) - G}’f(r’, s, w) = (2.86)
A

essentially tell us how the field propagates from its sources, at r', to r, as
sketched in fig. 2.3. After contemplating eq. (2.84), it is interesting to recall
from section 2.1 that E* and E! are fundamentally different fields, with the
former being related to photons while the latter to the charges in the medium.
Still, in spite of their disparity, they are both expressed in terms of the same £,
operators, which reinforces the fact that the f, are the polaritonic eigenmodes
of the full light-medium system. It is, therefore, not surprising that both longi-
tudinal and transverse excitations are captured by them. Nevertheless, we can
separate them through the left-longitudinal and left-transverse components of
the Green tensor:

EVL(r) = Z f d3r J:o dw "L G, (r, v, w) - £, (r',w) + H.c., (2.87)
X

where

LG, (r, v, w) = fd3s SVt —s) -G, (s, 1, w). (2.88)

This way, it becomes clear that the left-longitudinal and left-transverse coeffi-
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£l @) Figure 2.3:  Schematic view
material
of the physical meaning of
G (ryper 1, @) £(r,0) MQED. A material charater-
“propagator” polaritonic ized by e(r,w) is described

operators
%— through the fundamental
B Y 6 )Gt )£t ) polaritonic operator§ f?(r,w),
) that create an electric field at
the observation position r,
according to the full Green

tensor G(r s, ¥, w).

medium-assisted field

cients project the operators from the hybrid light-matter basis (f, (r, w)) onto
the purely material and purely photonic DOF.

We finish our presentation of the relation between the polaritonic oper-
ators and the fields by writing the expressions for the Coulomb vector and

scalar potentials:
% 1
1 _ 3,7 1 / X ’
A-(r) = ; jd T jo dw w G, (r, v, w) £, (r,w) + Hc. and (2.89a)

~V¢c(r) = El(r) = Z f d3 fooo dw!G,(r,¥,w) - f,(¥,w) + Hec. (2.89b)
p

By using the explicit formula for §' given in appendix A.3, we can also find

1 1
_ 3./ 33 . / . ’
P = -~ }A jd ' d SVS(Ir—sI) G, (s, 1, w)-f,(r,w) +Hc. (2.89¢)

Like eq. (2.87), these expressions reinforce the interpretation of /1 G, as the
projection coefficients onto photonic and material DOF. The expansion of A+

above also implies that, as in free-space,

[AL(r), Bt (r)] = ihd* (r—1'). (2.90)

Thus far, we have discussed the building blocks of the theory, as well as
how they fit together to recover observables from macroscopic electrodynam-
ics. In the process, we have placed much of the emphasis on the f, as the opera-
tors that diagonalize the light-medium Hamiltonian, generalizing the concep-
tual approach of the Huttner-Barnett model. However, we have not discussed
the precise steps from which the £, follow. There are two main options. The
first one is the canonical approach to MQED [217], conceptually closer to the
Huttner-Barnett model. In it, the starting point is a Lagrangian that includes

the medium reservoirs, and whose equations of motion describe macroscopic
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electrodynamics. Then, the constrained theory is quantized and, finally, diag-
onalized to recover the f,. The other approach is more phenomenological in
that it builds the theory in order to fulfill three physically motivated require-
ments: (i) the equations of motion of the fields must be Maxwell’s equations
in matter; (ii) the commutation relations of E1 and B must agree with the
free-space theory, since they are purely photonic DOF; and (iii) the EM quan-
tum fluctuations must comply with the fluctuation-dissipation theorem that
connects both phenomena. These conditions can be satisfied by introducing a
“noise” current j that can be decomposed into polarization and magnetization
currents

j(r,w) = —iwP(r,w) + V x M(r, w). (2.91)

The following vacuum fluctuations are then imposed on the quantum currents

<S[AP(r, w)AP*(r’/w')D = iS()Ilrl)((r,a;)¢5(r —1r)d(w—w') (292a)

27
(S[AM(x, w)AM? (v, ') ]) = %Imiﬂa(r —o(w—-w')  (2.92b)
0

in accordance with the fluctuation-dissipation theorem. These can be enforced

by relating P and M to some bosonic operators through

P(r, w) = iy %%Im e(r,w)f (r,w) and (2.93a)
M(r, w) = ilmyL&;)fm(r,w), (2.93b)
THo |p(r, w)|

and, of course, these turn out to be the MQED polaritonic operators. Finally,
the classical EM Green tensor translates the currents to the fields via equations
like eq. (2.84). The resulting expressions are the same in either approach, al-

beit reached from a different set of assumptions.

Before concluding our quick overview of the fundamentals of MQED, we
must point out a detail that has made some physicists wary of the theory.
If one pays close attention to the coefficients that appear in the field expan-

sions G, defined in eq. (2.85), one can observe that they are proportional to

YIm e(r, w) and VIm pi(r, w). As a result, directly taking the free-space limit
through (¢, ) — (1,1) yields E = 0, and similarly for the other fields; that is
clearly not the correct free-space limit. The workaround argument is that the
limit should be taken after all the spatial integrations have been performed,
such that Im ¢ and Im y are no longer present in the final expressions. Then,
the limit reproduces the free-space fields. Nevertheless, not everyone finds

this procedure convincing enough, which has prompted an alternative ap-

48



2.2 Macroscoric QED: A THEORY OF PHOTONS, ATOMS AND BODIES

proach that shares its starting point with the canonical version in [217]. The
difference is that the medium and free-space regions are kept, to some extent,
separate, providing explicit control over the limit (¢, ) — (1,1) [218-220].
The final result, however, seems to be equivalent to the formulation of MQED
provided above, especially given the central role that Im G ends up playing
in both. In the next sections, we will discuss the coupling of atoms to the
medium-assisted fields and some aspects of gauge freedom.

2.2.3 Atoms anp MQED FIELDs

Up to this point, we have seen how MQED accounts for the EM fields sup-
ported by material structures. It is now time to turn our focus to the interaction
of those medium-assisted fields with additional charges besides the macro-
scopic media. In practice, these charges can be atomic or molecular systems,
or other kinds of emitters. Their only particular feature is that they must be
small enough that they can be treated explicitly, rather than effectively as the
larger material structures are. For brevity, we will write atoms throughout
this section to refer to the quantum emitters, and, for convenience, we first ex-
tract the center-of-mass and relative coordinates and momenta of the atomic

system of charges [202]:

I = Z ﬁri, I,=r,—r,; and (2.94a)
i Mat
_ m;
Pat = )Py Pi =Pi— - Pav (2.94b)
7 at

where m,, = )", m;, and the only “non-standard” commutation relation is

o , m;
[ri, p]-] = zhl(éi]» - m—at) (2.94c¢)
The above commutator follows from the fact that, with the addition of the
center-of-mass variable, we have included three more coordinates for the same
system. Thus, they cannot all be canonically independent. Interestingly, there
is an alternative choice of variables, namely, the center-of-mass coordinates
and the electronic coordinates relative to the nucleus. This choice does not
carry any non-standard commutation relation, but brings with it an additional
so-called mass polarization term [221], whose effect is usually negligible. For
example, if we consider an atom with a single nucleus, the mass polarization

term is
1 electrons

pi - P (2.95)

Mpuce i<j
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Given our current goal of explaining the formalism, the choice is not really
important, although, in practice, the difference can matter. For concreteness,

we follow [204] here and set the coordinates to be those given in eq. (2.94).

The atomic polarization and magnetization, referred to the center-of-mass

coordinate r,; are defined as
1
P, (r) = Z q;%; fo do 6@ (r -1y —0f;) and (2.96a)
i
1
My () = g, jo do oS[F x £63 (r — 1 — o) |- (2.96b)
i

In the following, we express the atom-field interaction in the minimal coupling
and multipolar coupling pictures.

MinmmaL courLiNG IN MQED

According to the minimal coupling prescription, the MQED Hamiltonian of an
atom interacting with the medium-assisted fields is, in the Coulomb gauge,

L 2 g
H= Z %A 1)) + Z qlq} |

i#] 87T€0|I'l- — I']

+ ; f d3r fo dw hw ff\(r,w) Ay (r,w) — fd3r P, -El (2.97a)

Hi

Expanding the square yields

HZZP_?_,_ L+Hf_fd3rpat'E“
— 2m; i#] 87T£0|1‘,- - 1‘]|
qi g 2
- Y B Ak + Y (A ), asm)

which becomes, in the long-wavelength limit,

=2 .
H=FPa v P Luﬁ d-El(r,)
2y G 2m; 7 87r£0|r |
i P AL +Z2l (AL(r0)?, (2.97¢)
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where d is the atomic dipole moment operator:
d=) gm =) g (2.97d)
i i

Note that the second equality holds for neutral atoms only. This will be the

limit of interest for the results presented in this thesis.

MULTIPOLAR COUPLING IN MQED

Like in non-relativistic QED, we can change the quantum picture as well
through the MQED version of the PZW transformation with the atomic po-
larization: )

T = exp{—% [drp,- AL}. (2.98)

Conceptually, this operator implements a “partial PZW” transformation, in
that the charges in the macroscopic structure are excluded. Of course, it would
not be very useful to include them in this PZW transformation, as they are
already neatly bundled together with the purely photonic DOF in MQED.

Performing the transformation is a lengthy and instructive endeavor whose
details can be found in appendix D. Here, we restrict ourselves to writing the
multipolar coupling Hamiltonian

1 2
+— fd3r PL

2 £ ( at

= L . 3=, 2 L
H = zi:zmiS[pZ +fd r&; xB] +;8nso|ri—rj|

1
+H = [Py Dy, (2.99)
where
= =S aifs. - (! o)+
2 (r) = ;q]r](ézj mat) fo do U(r ot Ur]> + _ P (1). (2.100)

A few features of the multipolar Hamiltonian stand out. First, there is an
atomic PSE, analogous to the one in eq. (2.38), at the end of the first line. Addi-
tionally, the kinetic energy contains a term proportional to the magnetic field
similar to the one in eq. (2.38). The fact that this term looks more complicated
than its previous QED version is due to the particular choice of coordinates,
as the difference can be traced back to the non-standard commutation relation

between relative coordinates and momenta in eq. (2.94c). Last, the interaction
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between the atom and the field involves
Dy = €0F' + P4 = ¢(E. (2.101)

Here, the last equality indicates that D,/ ¢g coincides with E as an expansion
in terms of the operators £, in eq. (2.84). However, it does not represent the
physical medium-assisted electric field in the multipolar coupling picture; that
task is fulfilled by E'. Instead, it physically corresponds to a sort of displace-
ment field where only the transverse atomic polarization is included, thus the

change of name and subscript.

We conclude this section on the coupling of atoms to the fields in MQED by
making the long-wavelength approximation to eq. (2.99), and assuming that

the atomic’s magnetic response and center-of-mass motion are negligible:

=2
- . 1 >
H=FPa (P LJr—fdf‘r(Paﬁ)
zmat 7 zmi i#] 87T€0|f'i — f']| 280
1
+ Hf - ad . D(at) (I‘at). (2.102)

As before, this is the limit that we will usually work with.

2.2.4 GAUGE FREEDOM IN MQED

General discussions of gauge freedom in MQED have been few and far be-
tween, although some works in this direction have been published [222, 223].
Indeed, we only mentioned the potentials after introducing every other con-
cept in section 2.2.2. A possible reason for this lack of attention is that, for
most purposes, the minimal coupling or multipolar coupling Hamiltonians
in the Coulomb gauge have been convenient enough, as in molecular QED.
We do not aim at providing a comprehensive overview of gauge invariance in
MQED. Rather, we analyze a particular gauge transformation that has, as we
will see at the end, implications regarding published results [224].

Consider the following unitary transformation
i i
T= eXP{E Z%x(ri)} = eXp{E fd3r Py 'Vx}, (2.103)
where P, is the atom’s polarization and

1
Vx(r) = Z j d3r fdw Z”G/\ (r,¥,w) - £, (r,w) + Hec (2.104)
P
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As we have seen in section 2.1.2, this kind of unitary transformation can be
seen to implement a gauge transformation, because it is of the form described
in eq. (2.25). Starting from the Hamiltonian in eq. (2.97a), we transform the
operators of the atom’s kinetic energy:

Tp,T" = p; - 7:Vex(r;) and (2.105a)
TALTY = AL, (2.105b)

The momentum one results from a trivial application of eq. (A.46) that termi-
nates at the first commutator. As for the transformation of the vector potential
operator, its derivation is more involved, and done explicitly in appendix C.2.
Remember that, in line with section 2.1.2, p; is still the canonical momentum
operator, which now represents a different quantity. With these relations, the
atom’s kinetic energy becomes

Z [pi — qi(At(r;) + VX(rz‘))]z_

T (2.106)

i

From eq. (2.106), we can read the vector potential that corresponds to the new
gauge as

S
A(r) = ; jd3r' fo dw —G,(r,¥,w) - £ (r,w) + He, (2.107)

which corresponds to the expansion in eq. (2.89a), except for the absence of a
transverse superscript. Hence, longitudinal fields are, to some degree at least,
included in A. Obviously, TP, Tt = P, and Tr,T" = r;, and we also obtain

1
TH () T" = £, @) + -— jd3s P,.(s) -G, (s, 1, w), (2.108)

which can be seen as an application of the displacement operator, to transform

the fields (see appendix A.4). With this relation, we have

THTt = H; + fd3r P, El+ 2170 fd3r (PQJZ

1 3,43 w?) o
+ Ejd rd’s Py (r) - (c_2 Gl(r,s,w) o P, (s) and
(2.109a)
TE/(0)Tt = El(x) + —P" (1)
+— fd3 ( Gl(,s, w)) P,.(s), (2.109b)
w=0
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where we have used eq. (2.86). Again, the detailed derivations are in ap-
pendix C.2. In this case, E! is expressed in terms of f, through eq. (2.87).
However, the notation is unfortunate because, in the new picture, the opera-
tor E! no longer really represents the longitudinal component of the physical
electric field. Instead, the full right-hand side of eq. (2.109b) does. Bringing
everything together, we arrive at

A'( ibj
Z (pz qz 1)) + q q]

1 2
5 8reolr; — T 2 I 7 (Par)

2
- L fd3r d3s P, (1) - ((;]—Z"G”(r, s,w))’ <Py (s)
w=0

— Z (pz qz z)) + qiqf +Hf

i#] 87'[80'1‘1- — r]|

2
fd3r d3s P, (1) - (w—zﬂcs‘l(r, s,w)) P,(s),  (2.110)
C

280 w=0

where we have reached the last expression by noting that the Green tensor can
be split into G = G? + G?, and that the free-space term gives

W2
lim —GO(r, s, w) = —=8l(xr — s). (2.111)
w—0 2

Accordingly, the free-space part cancels the last term in the first line, and only
the scattering contribution stays in the last line. Notably, the final form of the
transformed Hamiltonian H', which is necessarily equivalent to the Coulomb
gauge Hamiltonian in eq. (2.97a), displays an interesting separation of lon-
gitudinal interactions. On one hand, A’ contains longitudinal fields because
the full G, appears in it, rather than LG, alone. On the other, however, the
last line in eq. (2.110) can be seen as a modification to the free-space atomic
Coulomb interaction due to electrostatic image charges that form in the struc-
ture, i.e., another longitudinal effect. In fact, the last line can be rewritten as

ey (%))
4rteglr — qf

—% fd3r d3qd3s pu(r) , (2.112)
which, despite its intimidating look, has a simple interpretation: the numera-
tor without the divergence operator is, after integrating over s, the electrostatic
field at q due to the image charges in the structure. Its divergence then yields
the induced charge density through eq. (2.1a), which creates a Coulomb po-
tential at r. The interaction is finally written as an integral of this potential
over the atomic charge density.
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Besides the intrinsic fundamental interest of the manipulations above, the
final line in eq. (2.110) implies that the theoretical results of [224] are quanti-
tatively incorrect. In that article, the authors compute energy shifts in atoms
close to a graphene sheet. To do so, they claim to choose a particular gauge

where

¢'=0 and (2.113a)

oo 1
o 3.7 / . /
A = fd r fo dw —ine(r,r,w) f.(r',w) + Hc, (2.113b)

commonly known as the Weyl gauge or temporal gauge. The vector potential
differs from eq. (2.107) in that only A = e excitations are considered, which
merely amounts to assuming that the medium is a dielectric with no magnetic
response. Moreover, it is taken for granted that the longitudinal interactions
are fully captured by A’, since ¢’ = 0, and the authors start their calculations

from the following light-matter Hamiltonian:

s 112 a
H = Z (pi — q:A (1)) n qi4j + H;. (2.114)
i

2m; 7 87rso|r,» - r]-|

The problem lies in the fact that their expression for A’ coincides with the
one that we have found through our unitary gauge transformation, but we
have the additional term given by the last line in eq. (2.110), which is absent
from eq. (2.114). Thus, it does not have the same spectrum. Therefore, it can-
not be unitarily related to MQED in the Coulomb gauge and, hence, cannot
actually reproduce the correct physics. Indeed, the energy shift formula re-
ported in [224] does not agree with the well-established result discussed later
on, in eq. (2.143) within section 2.4.1 (see, e.g., the expressions in [204, 225]).
Accordingly, such a mismatch renders the quantitative results of that study
incompatible with other energy-shift calculations within MQED. All this is to

show that one can never be too cautious when playing around with choices of

gauge.

2.3 SMALL QUANTUM EMITTERS: ATOMS

We have already dedicated some attention to charges clumped into atoms
when considering their coupling to the medium-assisted fields of MQED in
section 2.2.3. There, we defined the center-of-mass and relative coordinates
and their associated momenta. In this section, we will focus on other aspects

of atoms, paying special attention to the hydrogen atom in its non-relativistic
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and relativistic limits.

2.3.1 INTERNAL DEGREES OF FREEDOM OF ATOMS

If we neglect the atomic center-of-mass motion, we are left with the following
Hamiltonian:

H :Z—f+ZL (2.115)

" — 2m; fE 87‘L’€O|f‘i - f].|' '

Note that this is exactly the atomic Hamiltonian in the minimal coupling pic-
ture, although the relative canonical momenta do not coincide with the rela-
tive kinetic momenta there. Hence, the physical meaning of H,; is not really
the same if one considers the atom on its own or interacting with the EM field.
However, since it has the same mathematical form regardless, we can build the
eigenenergies and eigenfunctions of H,; as though there were no photons and
without additional considerations. Comparing with the atomic Hamiltonian
in the multipolar coupling picture, general presentations on the topic usually
include the polarization self-energy (PSE) term in it, as the PSE only depends
on atomic operators (see, e.g., [14, 204, 225]). However, when discussing the
free space Lamb shift, it is necessary to separately account for the PSE in the
calculation. Then, in reality, the bare atomic energies that become corrected
by the Lamb shift are, again, the eigenenergies of eq. (2.115), which, in prac-
tice, is the unperturbed/uncoupled atomic Hamiltonian. Unfortunately, this
point has not always been clearly explained in the literature (see, for exam-
ple, the last remarks of section 4.2 in [204]). Because the PSE already plays
this perturbative role in the Lamb shift, we can regard eq. (2.115) as the bare

atomic Hamiltonian.

The coordinates and momenta relative to the center-of-mass ones are not

completely independent:

Y b= Z(pi - ﬁpat) =0 and (2.116a)
. . My
Y g =Y D, =0, (2.116b)
i i

which again manifests in the non-standard commutation relation ineq. (2.94c).
Still, atoms have N electrons bound to the Coulomb potential generated by a
nucleus with charge Ne, and a mass more than 103 times larger than that of
the electrons. Accordingly, the nuclear coordinate ry relative to the center
of mass will have a negligible dynamics. Furthermore, the center-of-mass co-

ordinate r,; will be much slower than the internal electronic timescales, and
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can be treated adiabatically. As for the electrons, due to the large mass mis-
match, the commutation relation in eq. (2.94c¢) is actually almost standard, up
to deviations of the order of 0.05%.

In any case, one can, in principle, diagonalize the Hamiltonian given in
eq. (2.115) to find its many-body eigenstates |a) and eigenenergies hiw,. It is
generally useful to find the matrix elements of relevant variables in terms of
these eigenstates, and we will do so in section 2.3.2. Still, we can already state

two useful properties that follow from [H,, ¥;] = —ihg—’; [204]:

> I (alpylb) = iway Y aitalib) = iwqdy, and (2.117a)
i i

i

2
q;
h ZA m_ll.l = Z‘ wCﬂ(dﬂCdCﬂ + dcudac)' (2.117]:))

Here, we have defined w,, = w, — wy, d,;, is the atomic transition dipole mo-
ment, and we note that eq. (2.117b) is usually known as the Thomas-Reiche-

Kuhn sum rule.

One last comment is that these eigenstates |1) would be the atomic station-
ary states if there were no other DOF for it to interact with. As the previous
sections show, atoms are not completely isolated, but instead interact with,
e.g., EM fields. However, it is still worth exploring the eigenvalue problem
of eq. (2.115), as in many cases one can use its solutions as building blocks
for the solutions of the full QED problem. To that end, we focus next on the
simplest of atoms, the hydrogen atom, and analyze important properties of its
spectrum and wave-functions.

2.3.2 THE HYDROGEN ATOM

A hydrogen atom is a bound system comprised of an electron of mass 1, posi-
tion r, and momentum p,, and a nucleus featuring a single proton with mass
my,, position r, and momentum p,. Such a simplified scenario allows one
to elegantly deal with the internal and center-of-mass DOF without any non-
standard commutation relation or mass polarization term in the Hamiltonian.
To that end, we chose the following center-of-mass and relative coordinates:
my,x, + M,T,
Ty = PP °° and r= I, — I, (2.118a)
Mt

Here, m,, = m, + m, and there is only one relative coordinate defined as the

distance between the charges themselves, rather than two coordinates relative
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to the center of mass. Their conjugate momenta are

mppe - mepp
N

™ (2.118b)

Pat = Mgl = Py T Pe and p=pi=

where p = m,my,/my ~ 0.9995m, is the so-called reduced mass. These vari-
ables satisfy the commutation relations

[r/ P] = [ratf Pat] =ikl and [l'at/P] = [Pat/ 1‘] =0. (2.118¢)

With this (canonical) coordinate change, the Hamiltonian of the hydrogen

atom becomes
2

2
- Pa P €
2my  2u  4eglt|’

(2.119)

The center-of-mass part describes a particle of mass m,; moving at constant
velocity, while the relative DOF represents a charged particle in a Coulomb
potential centered at r = 0. Since these center-of-mass and relative DOF are
decoupled, we may discuss here the solutions to the relative part only.

The bound-state solutions to the time-independent Schrédinger equation
for the relative coordinate are well known [226-228]:

(tnlmy) = Yy, (1) = Ry (i) Y] (9, 9), (2.120a)

where the wave-function is expressed in spherical coordinates (|t], ¢, ¢), and
the principal, angular and magnetic quantum numbers #, [ and m;, respec-

tively, are integers constrained by
n=123..., 0<I<n—-1 and —-I1<m<I. (2.120b)

Concretely, | and m specify the orbital angular momentum L = rx p of a given
wave-function according to

L2|nlm;) = (1 + 1V)|nlm;) and Ly |nlm;) = hmy|nlm;). (2.120¢)

For historical reasons, states are often named using their spectroscopic nota-
tion, whereby different values of | are assigned aletter: [ =0 -5,/ =1 - p,
l=2-4d,1=3-f,1=4—- g and so on. The radial and angular parts of

l/]nlm, are

3 I
2 (n—=1=1)! =5 (2 \" 5, (2l
Roui (iel) = \J<na6) 2n(n +1)! e (mz6> L”*lfl(na(‘;) and

(2.120d)
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[#100 [#200] [#210 214 [$300]

z (ag/n?)

[#310 [311] [#320 (1321 [322]

z (ag/n?)
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x (ag/n?) x (ag/n?) x (ag/n?) x (ag/n?) x (ag/n?)
Figure 2.4: Cuts along the x — z plane ofj the probability densities associated some

hydrogenic wave-functions in eq. (2.120a). For visual purposes, the axes are scaled
with n?.

— ! j
(I—m)! 2+ 1) p (cos B)e™?, (2.120e)

m; _
YO =Ny L

where Y] are the spherical harmonics. L% (x) and P} (x) denote the general-
ized Laguerre functions and associated Legendre polynomials, respectively,
defined in appendix A.1. The constant

. Amegh?

ay = —— ~053A =53-10"11m (2.121)
ecp

is the reduced Bohr radius. Since the above expressions are not particularly
revealing, we plot the wave-functions in fig. 2.4. Additionally, these atomic
states satisfy

4 2,2
ue a~pct 1 13.6 eV
Hinlm;) = —Wn—zlnlmﬂ =-— n—2|nlm,) l— Inlmy),
(2.122)
where & = L ~ -L_is the well-known “fine structure” constant. This
4reghc 137

implies that the eigenenergies only depend on the principal quantum number.
Nevertheless, we will see in the next subsection that this degeneracy is actually
not exact due to the so-called fine structure of the spectrum, an effect arising

from relativistic considerations.

As seen in sections 2.1 and 2.2, the interaction of atoms with the fields
depends crucially on the matrix elements of the dipole operator, in the long-
wavelength approximation. With the above wave-functions, these transition

dipole moments can be readily calculated. For the hydrogen atom, this es-
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sentially reduces to knowing the matrix elements of the relative coordinate

r = (x,Y,z). More conveniently, we have

3
0 _
Y3, 9) = 47_[2 and (2.123a)
_ |3 x+iy
+1 _ +
InYE (©8,9) = F\ - 5 (2.123b)

which allows us to write

_x+iy
+— 47
il 2 |n'z'm;)=<—1>mf\’T [, dr PRy, (DR (1)

z
Y
—my | Y7
x [ day; ,{ yo }Y,, g (2.124)
The angular integrals vanish except if
I-1'=41 and m; — m; =0 (forz) or m; — m; = +1 (forxandy). (2.125)

In the case that I’ = [ + 1, the angular integrals yield

47 _ (I+m+ 1A +m+2)
_1\m mpy,—14M;+1 - _ i !
=D I\J 3 fndﬂ Y Yy \I 221+ 121 +3) 7 (2-1262)

4 _ _ (I—my+1)I—-m; +2)
_1ymiL| 2= My 1y m=1 _ ! 1
(-1) /" . deQY] Yy \! T3 and

(2.126b)

47T _ +m+1)(I—m+1)
—_1\m My 0y
(=1)"My 3 fodnYl Y1Y1+1 \l ArDT3) . (2.126¢)

The radial integral is, unfortunately, not so simple, even if it admits a closed

expression in terms of the hypergeometric function [226, 229]. In any case,
the hydrogenic transition dipole moments can be calculated numerically. In
fig. 2.5, we select the states |721) and [921), for illustration purposes, and rep-
resent the square of their transition dipole moments to other states |a). Each
shaded region corresponds to a different principal quantum number of |a), 1,
as indicated with the numbers on top of the figure. An important feature is
that the magnitudes decrease as the difference in n increases, and that the max-
imum value is, by far, reached for intra-level transitions. This does not mean
that the intra-level transitions will be the most important ones in general, as
there are other elements to factor in, such as the EM density of states at the

transition frequencies. However, intra-level transitions will have noticeable
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nﬂj23 4 5 6 7 8 9 10 11 12 Figure 2.5:  Scaling of the
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dipole moment matrix ele-
ments with n. Black dots and
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the magnitude squared of the
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0 10 20 30 40 figure.

consequences in chapter 4.

In summary, we have written the eigenstates of eq. (2.119) in terms of three
quantum numbers 7, [ and m1;. We have also seen that the energy levels of the
bound states only depend on 1. Once the eigenvalue problem’s solution has
been revisited, we have found expressions for the allowed transition dipole
moments. This is, however, far from the complete picture, even without in-
cluding the interaction with the fields. Indeed, the above discussion only cap-
tures the “gross structure” of the hydrogen atom. Up to this point in the chap-
ter, we have emphasized several times that a non-relativistic treatment for the
atoms is enough. However, it turns out that there are spectroscopic features
known as the “fine structure” coming from relativistic corrections that will
play an important role in chapter 4. Therefore, we next focus on these rela-

tivistic effects to more accurately describe the physics.

2.3.3 RELATIVISTIC CORRECTIONS TO THE HYDROGEN ATOM

In 1928, [230, 231] Dirac derived a relativistic equation for the electron. In

the case of an electron under the effect of a central Coulomb potential, the
equation reads

2
e du
2 .

Mmec” + & - pc — ——— |u = ih— = Eu 2.127

prmec +a-p Iregh ot (2.127)

for stationary states u. Here, u is a Dirac spinor, a quantity with 4 components

that accommodates both the spin and the positron, and  and « are matrices
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Figure 2.6: Energy spec- 1/16 fios
tra of the non-relativistic 107ev
(Schrodinger) and relativistic é /9 1
(Dirac) descriptions of the =
hydrogen atom. Each Bohr I 1/4
level n splits in n fine-structure 2
spectral lines according to the iy
value of j, due to the relativistic 1 fros
effects included in the Dirac e : 10mey
. bCh I'Od 1 ﬂgL‘ r Dirac

equation, eq. (2.127).
in spinor space. They can be chosen as

I 0 0 o

p=|7? and w; = . (2.128)
0 —12 —0; 0

Here, I, is the 2 x 2 identity matrix and ¢ are the Pauli matrices defined as

0 1 0 —i 1 0
oy = , o0, = and o, = . 2.129a
(o) @=(0 3) memm(p 5) o

Note that the spin operator S acts on the spinor indices and is defined through

h 0; 0
Si_i[o UJ. (2.129b)

Due to the rotational symmetry of eq. (2.127), eigenstates of the Dirac Hamil-
tonian in eq. (2.127) can be classified according to its total angular momentum

J = L + S through j and m;, where
P|njm;) = hjj + D|njm;) and ] |njm;) = hmj|njm;). (2.130)

These quantum numbers take on the half-integer values j = 1/2,3/2... and
—j < m; < j. Interestingly, in the fully relativistic case, / is not a good quantum

number, but only very close to being one [226].

As it turns out, the eigenvalue problem of eq. (2.127) can be solved analyt-
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ically. Its eigenenergies are given by

ST

-
«
E,j = m,c*| 1+
2
.1 S

n—j-z+\(j+3) -4

a2m, e atmyc?| 1 3
~ m,c2 — < £ - —+.. 2.131
e 2712 2713 ]+% 4n ( )

The series expansion indicates that, besides the rest energy of the electron,
the energy spectrum consists of the gross structure O(a?m,c?), correspond-
ing to the non-relativistic result obtained above, plus a much smaller correc-
tion O(a*m,c?). This is the fine structure of the hydrogen atom that we men-
tioned earlier. Notably, the energies now depend on 7 and j, rather than on
n alone. Therefore, the hydrogenic energy degeneracies are partially lifted
by the Dirac equation, as shown in fig. 2.6. Compared to eq. (2.122), m, ap-
pears in eq. (2.131) rather than y, which assumes that the mass of the proton
is effectively infinite. Here, directly replacing m, with y is not strictly correct.
Instead, there are further “recoil corrections” even to O(a4mec2), as shown
in [232, 233]. In any case, these terms are negligible since they carry at least
additional p/m,; factors. For our purposes, directly replacing m, — pu will
provide accurate enough results.

The eigenfunctions are more complicated, so we restrict ourselves to Pauli’s
approximate treatment [226]. In it, one extracts from eq. (2.127) the approxi-

mate Hamiltonian

2 2 4 2 =
P e P 1 e L-S tp
Hpaui = 5 - [ i—=

- — + — , (2132
m, Admegltl  8m3c2  m2c? dmeglr? | 2] h] ( )

where t is the radial unit vector. Then, treating the entire second line as a
perturbation, one can find that
a2 «

S| 3
. ~ 2 .
Hpauh|nls]m]-> X —M,C [ﬁ + ﬁ(ﬁ_% — E)}|nls]m]> (2133)

to first order, which coincides with the exact spectrum of the Dirac equation
to O(a4mecz), save for the trivial and constant rest energy of the electron mec2.
Thus, the eigenfunctions are characterized by n, I, s, j and m;, although we
will generally omit s, as it always equals 1/2. The first two quantum numbers
n and [ obey the same constraints written in eq. (2.120b) and, following the
rules to combine angular momenta, either j = [+ 1/2 orj = [ — 1/2. Last, m;

can take the usual values: from —j to . In spectroscopic notation, the states are
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abbreviated as nL;. An important consequence of the L - S contribution, also
called the spin-orbit coupling term, is that neither L, nor S, commute with
the Hamiltonian. Accordingly, the quantum numbers m; and m, are not good
quantum numbers. Instead, they have been replaced by j and m;. This implies
that the angular part of the wave-functions has been modified to account for

spin:

‘ A femi+ s
<r|nl,] =1+ 1/2,m]> = Rnl WYI / 2|ms = +1/2>
I—mi+ 2 i1
+ \Jﬁﬂ" Him,=—12)|, (2134a)

I+ + 5 sl
+\ ﬁn’”l*ﬂms =—1/2)|. (2.134b)

The coefficients in front of the spherical harmonics are the well-konwn Clebsch-
Gordan coefficients [226, 234]. The radial functions R}, are, in principle, not
exactly equal to R,;. However, their modification is very small and quite in-
consequential compared to the new arrangement of orbital and spin angu-
lar momenta. Therefore, we will simply replace R;; with R,,;, such that the
transition dipole moments will be combinations of the ones discussed in the

previous non-relativistic account of the hydrogen atom.

To finish this part, we note that the hydrogen atom will be a main character
of the results shown in chapter 4. There, the fine structure spectrum will be
the starting point upon which we will study more effects arising from the in-
teraction with the medium-assisted fields. The theoretical details concerning
those radiative effects are given next, in section 2.4.

2.4 OPEN QUANTUM SYSTEMS: THE ATOM IN AN ENVI-
RONMENT

In the previous section, we have focused on the atomic charges and their mu-

tual interaction only, as if they formed an isolated system. However, real

atoms exist in constant interaction with external elements. Due to the inter-

action of atoms with external DOF, the eigenstates and eigenenergies of the
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isolated atom will no longer represent eigenstates or eigenenergies of the joint
Hamiltonian that describes the full system. Then, depending on the interac-
tion strength compared to the bare energies, different coupling regimes are
achieved. If the interaction is weak enough, it is to be expected that the atom
will keep some of its individuality. Then, we will be able to describe the effect
of the environment through further corrections to the atomic parameters. If
the coupling strength is increased by, e.g., placing atoms close to larger mate-
rial bodies, the perturbative description becomes not directly applicable.

The formalism of OQS provides us with a general tool to describe systems
coupled to larger environments. As such, it will prove very useful for our
purposes here to explore its theoretical foundations. We begin this section
with a first calculation of the perturbative energy shift due to medium-assisted
fields within MQED. Then, we adopt a more general approach to OQS and
adapt it to the EM field as an environment. Last, we discuss some more recent
ideas that have been built on the foundations of OQS.

24.1 ATOMS SURROUNDED BY MEDIA

Before turning our attention to the case in which there are macroscopic bodies
near the atom, let us consider an atom in free space. According to section 2.1,
such an atom is in constant interaction with the EM field through eq. (2.97a)
(minimal coupling) or eq. (2.99) (multipolar coupling). From this interaction,
a free space energy shift, now referred to as the Lamb shift, is expected. This
was known in the early days of quantum mechanics, but the result of the cal-
culation of these radiative corrections diverged [235]. However, during the 1930s,
some measurements seemed to indicate that the fine structure described in
the previous section was not completely accurate [236-238]. In particular, the
254 5 and 2P, , states appeared to be non-degenerate, contrary to Dirac’s spec-
trumineq. (2.131). These results were not yet precise enough to raise anything
more than mild suspicions about the theory. The situation drastically changed
in 1947 when the experiment of Lamb and Retherford measured the alleged
shift with unprecedented clarity and precision [17]. The shift became known
as the Lamb shift, and was about 10% of the fine structure splitting between

2P; 5 and 2P3 ; according to eq. (2.131).

The experiment, together with Kramers’ mass-renormalization ideas [11],
prompted Bethe to attempt a non-relativistic calculation of the Lamb shift that,
remarkably, was only about 5% off the measured value. Schematically, the
argument is as follows [13, 239]. On one hand, an unbound electron has its

energy shifted due to its p - At interaction with the field by an amount equal
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to

Afree — _2hu¢< 1

2
il 2
3m meC) (P*)a jo de, (2.135)

which is a linearly divergent expression. However, measured unbound elec-
trons do not display such an energetic divergence. Such an observation led to
the proposal that the infinite shift could be canceled by the bare parameters of
the theory, in this case, by the bare (unobserved) mass of the electron m,. In
practice, the measured mass should be equal to the bare mass plus some cor-
rection ém known as electromagnetic mass, that is, the additional inertia that
the motion of a charged point particle exhibits due to the radiation reaction
field [13]:

dha o
om= s fo dw. (2.136)

Then, somewhat informally,

2 2 2

om

P P p 2 7
2 gp ( )

%:Z(me—ém) :Z_me

When accounting additionally for the energy shift Afree, it turns out that only
2

the observed kinetic energy ET remains. In other words, when we start with
2
P as the electron’s kinetic energy, we are already implicitly accounting for

Af,ree. If we were to calculate and add this shift, we would be unawarely in-

cluding it twice.

The energy shift in the case of a bound electron follows a different expres-

sion: .
2ha (1 o [ w
bound _ -
Apound = — ( ) §b Ipasl” [ dew T (2.138)

M,C

where d,;, = (a|d|b) and hw,, = E, — E, are the transition dipole moments
and energies, respectively, and which still diverges linearly. However, if we
write its kinetic energy with the measured mass m,, we have to subtract the
free-electron, mass renormalization term Aff®® from AR°U"d. Subtracting two
linearly divergent integrals yields a logarithmically divergent one, and Bethe

reached thus his logarithmic formula:

Y J— Y ldplad, 1o (’”602 ) (2.139)
P Temred g B Tl ) '

where the superscript 0 denotes that this shift comes from the interaction be-
tween the atom and the free-space fields. The rest energy of the electron in
the logarithm comes from a high-energy cutoff, “stupidly or boldly” assumed

by Bethe [13, 240], which meant that only photons with energies below 1,c?
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(a) macroscopic

(b) macroscopic

Figure 2.7: Schematic illustra-
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ture, respectively.

should significantly contribute to the Lamb shift. This result would be later
cemented by fully relativistic treatments that complemented eq. (2.139) with
the contribution of high-energy photons [11, 226, 241], and eventually lead to
the formalization of QED and the renormalization procedure.

In chapter 4, we will occupy ourselves with the modification of the free-
space Lamb shift when the atom is placed next to a macroscopic body. In
that situation, MQED allows us to find an expression for the energy shift
that depends on the new EM properties of the environment, summarized in
the Green tensor G, and commonly referred to as the Casimir-Polder (CP)
shift [16, 204 ]. The CP shift was first calculated in [16], and was subsequently
given two alternative interpretations. The more “exotic” one alludes to the
modification of the EM vacuum due to the macroscopic medium, while the
more “mundane” explanation relies on quantum-mechanical fluctuations in
the charges of both the atom and the larger structure that induce dipole mo-
ments [13] (see fig. 2.7 for a visual interpretation of these words). It can be
hardly overstated how important these dispersive interactions are across sci-
ence; as S. Y. Buhmann puts it, “[t]hey are the weakest and at the same time

the most persistent of all electromagnetic interactions” [204].

Here, we perform a first calculation of the CP shift in MQED, in the multi-
polar coupling picture. Nevertheless, the calculation can be done in the mini-
mal coupling scheme and gives rise to the same result [204]. The reasons for
this choice are that (i) the actual procedure is somewhat simpler than start-
ing from the minimal coupling Hamiltonian, and (ii) it allows us to discuss
the role of the polarization self-energy (PSE), which has been mentioned in
passing earlier, and which will be needed to support part of the discussion in
chapter 5. The terms in eq. (2.102) whose contribution we need to obtain are
the PSE and the —d - D, (1) /€ interaction. The first one provides a shift
O(e?) to first order in perturbation theory, while the second requires us to go
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to second order in perturbation theory:

1 2 1 i
1) _ 3 L — 2 2
AP = Efd r(al(PL) a) = W;ld’”' jo dww? and (2.140)
1 oo
A(2> = — d3r dw
RNl
§ (a,00d - Dyg(ra)|b, 15,4 (x, @) ) (b, 1 4 (x, @)|d - Dy (1) g, 0)
Wyp — W
1 S 2d,, - I Gty Ty, w) - d
_ . ZJ’ dw W dgp - 1M (rat Tat CU) bu, (2.141)
Tteges Y0 Wy — W

where i is a spatial index that indicates the polarization of the light-matter
excitation, and we have made use of egs. (2.84) and (2.86) for AP Ttis quite
apparent that eq. (2.140) diverges in a dramatic way. In the following, we
discuss its role and how to turn it into a divergence that we can tolerate.

We can decompose eq. (2.141) into its free-space and scattering parts A{>°

and A®®, respectively. Let us deal with the free-space part first. Using
eq. (C.1), we have

1

A@O _
i 6712¢(c3

3
2 (% w
b a

Adding the above equation to A{" yields

1 w?

A@D L AD = Zldgb|2%b fo dew ey (2.142b)
b a

6712¢(c3

in which the degree of divergence has been lowered by one. Next, using the
Thomas-Reiche-Kuhn sum rule in eq. (2.117b) we extract a state-independent
contribution that will play no role and may be discarded. Then, only

1
6712¢(c3

2 (° w
;'d”bm}ah jo dw e (2.142¢)

AP+ AN =

remains, where the degree of divergence has again been lowered by one, but
it is still linearly divergent. From this point on we can directly follow Bethe’s
mass-renormalization argument and thus recover eq. (2.139), as was to be
expected. We take a moment here to highlight the role of the PSE in this per-
turbative calculation: it merely lowers the degree of divergence and, in doing

s0, allows us to retrieve Bethe’s logarithm.

With the free-space contribution under control, we can now study the left-
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over scattering part. Unless more is said about the macroscopic media that

surround the atom, we can only write

Azg2> - % Z foo dw w2dﬂb -Im Gs(ratr Tats C(J) : dba , (2143)

Tege S Jo Wap — W
where the total Green tensor has been simply replaced by the scattering com-
ponent. This part alone is the CP shift, and its spatial dependence gives rise to
the CP forces. These shifts will play a key role in chapter 4; however, the EM
environment will affect individual atoms in other ways as well. To tackle this

issue, we develop a more systematic OQS approach in the following section.

2.4.2 MATHEMATICAL FOUNDATIONS AND PHYSICAL INTERPRETATION

The theory of OQS is a framework whose goal is to treat manageable and inter-
esting quantum systems that are coupled to typically unmanageable and un-
interesting quantum environments. The idea is to try to find a new equation
of motion for the interesting, and usually small, component that effectively
includes the effects of the environment, without keeping track of its dispro-
portionately large number of DOF. Such an equation is generally known as
master equation, and the most widespread one is, by far, the Lindblad master
equation (LME). Let us start by elucidating the mathematical properties that
make the LME so well-regarded among physicists. Accordingly, we momen-

tarily change the tone to a more mathematical register.

MATHEMATICAL BASIS

Consider a generic finite quantum system with Hilbert space H, (dim M, =
N), whose state is specified by the density matrix p;. In H;, we may call
a dynamical map a one parameter family of transformations M, that act on
a density matrix and evolve it in time according to some rule: pg(ty + t) =
M ps(tg)] [244]. There are three conditions that we demand of our dynami-
cal maps on physical grounds:

(@) Tr{M;[ps(to)]} = Tr{ps(to)}. (2.144a)
(I) IfA e H, suchthat A >0, Be H' and dimH’' = D,

then {M, ® I'}(A® B) = M,[A]® B> 0VD € N. (2.144b)

() My, o My, = My, 14,, wheret; >0, and t, > 0. (2.144¢)
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Condition (I) states that M, is trace preserving. Next, condition (II) indicates
that the map should be completely positive. It can be surprising that simple pos-
itivity (if A > 0, then M[A] > 0) is not enough to ensure physicality of the
map M, even if it guarantees that the populations remain non-negative. In-
stead, we must imagine that there is an auxiliary system with Hilbert space
H' (dim H' = D) that undergoes independent Hamiltonian evolution accord-
—iH't/h

ing to N;[p'(tg)] = e o' (tg)e't/" for simplicity. Then, we expect from

physics that the composite dynamical map should be positive:
{M; ® N}y () ® ' (1)1 = Milps(t)] ® Nilp'(Fg)] 2 0. (2.145)

Using the identities I and I' of H and H’, respectively, we can decompose
the total map into {M; ® I'} o {I ® N,}, where the second term is positive. Be-
cause positivity is closed under composition, to guarantee eq. (2.145) we must
demand M, ® I' to be positive VD = dim /' or, equivalently, M, to be com-
pletely positive. The distinction between positivity and complete positivity
stems from the fact that positivity of M; alone does not imply its complete
positivity, that is, positivity of M; ® I' [245, 246]. Any map that fulfills (I) and
(II) is called completely positive and trace preserving (CPTP).

As for condition (III), due to the lack of negative values for the time pa-
rameter, it states that the dynamics is irreversible, and there is no inverse M_;.
The precise mathematical term that describes the algebraic relation of differ-
ent elements of the family M, is semigroup. It also implies that the instantaneous
evolution of p,(t) only depends on p4(t), and not on its previous history:

po(t + 61 = My [ps(D)] (2.146)

for arbitrarily small 6t. The dynamical map M, is then said to describe a
Markovian process. From the semigroup structure and some continuity require-
ments [245, 247, 248], it follows the existence of a linear (super)operator .L
such that

d
3 Milos O]} = LM [os O ]} = ps(t) = L[ps(B)], (2.147)

whose formal solution is M, = e*t. Accordingly, .L is the so-called generator
of the dynamical map M,.

After physically motivating the three conditions in eq. (2.144) and fixing
some mathematical terminology, we are ready to tackle Lindblad’s theorem:

the generator .L of the most general Markovian and CPTP map always acts on
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density matrices as

i N2 N2 1
ps = Lps) = =3 ) hylofo o] + Z%j(ffjpstf? - g{fff%ps}), (2.148)
ij

7

where the coefficient matrix Vijs commonly known as Kossakowski matrix,
must be symmetric and positive semi-definite, and Hy, = Zij hija';r o; is Her-
mitian. Here, the dynamical map is unequivocally determined by the Hamil-
tonian Hj, the matrix 7ij, and the operators ¢;, which are a complete basis of
operators in #,, orthonormal according to the inner product

(0:,07) = Tr{ofo;} = 6. (2.149)
For compactness, let us define the dissipator D4 g[C] = BCAt — %{A‘LB, C}, such
that eq. (2.148) becomes

. i
Ps = _E[HS/‘OS] + Z’)/i/ﬂcr,-,aj [os]- (2.150)
ij

This is the general form of the so-called LME. Note that the properties of the
Kossakowski matrix imply that it is diagonalizable, which allows us to write
eq. (2.148) in its standard form

. N2
. , 1
Ps = ’C[Ps] = _E[Hs/ps] + Zrki)ﬁk,zk [ps]r (2.151)
k

where I'; are the non-negative eigenvalues of 7;;, Xy = 3. j Uyj0j, and the diag-
onalization matrix U fulfills 3, Uy T Uy; = ;-

We make now one last interesting mathematical remark. In the usual ma-
trix representation of quantum mechanics states are vectors and operators are
matrices. This, of course, very neatly captures the essence of linear algebra
present in quantum mechanics. We have now found a new kind of object that
acts linearly on operators and, more interestingly, on density matrices. These
objects are known as superoperators, and include the dynamical maps or their
generators L. Due to their linear action, we can find a new enlarged “matrix”,
or rather tensor representation, whereby they are assigned a four index tensor.

Thus, eq. (2.148) transforms into

Psab = Y Lapeabs,car (2.152)
cd
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where, if 0; 4, = (aloy|b), hw,y, = E; — Ep and Lypeq = |a)(b|L[|c)(d|], then

N2 Fy )
) o + bd _+ ac _+
OCabcd - _lwab5uc5bd + § 7ij|:gj,uca—i,db - § ( 2 Ui,aeaj,ec + 2 ai,dgo'j,eh>]
ij €

PHYSICAL INTUITION

After reviewing the desirable mathematical properties of the LME above, we
should discuss what each term physically represents. For now, we assume
that an equation like eq. (2.148) can actually describe the dynamics of a sys-
tem including the effects of a larger environment. We will later see how and
when this is true. The commutator term then corresponds to the usual uni-
tary evolution generated by a Hamiltonian H,. In general, as anticipated by
our previous calculation of the CP shifts in eq. (2.143), H will contain the
free-evolution Hamiltonian of the system Hg plus some contribution A due
to the environment, thus Hy, = Hy + A. The second term corresponds to the
dissipation of the system’s initial excitations (decay) and coherence (dephas-
ing) into the environment. The precise way in which these effects are encoded
can be far from intuitive, except for relatively simple systems. Nevertheless,
we can leave the complications for later and see how decay and dephasing
are included in two elementary models. For these examples, we consider our
system to be a two-level atom (2LA) with basis vectors |0) and [1). The o;
operators can be chosen as

I oy +ic oy — 10, o,
to= = 01=—5— =0, 0=—"F"=1)00, 05=-=.
V2 V2
(2.153a)
Here, 0y,,,, are the Pauli matrices as defined in eq. (2.129a). For simplicity,

we take here A = 0 such that

N h
A, =H, = 7“’(1 —0.) = holl)(1], (2.153b)

and denote the states by Hy|0) = 0 and Hy|0) = Aw|1). With that, the most
general density matrix is pg = D" ;) 0s 4512)(b]-

ExamrLE 1: DEcAY IN A TLA  To analyze this phenomenon, we consider that
only y1; = 7y # 0. Then, eq. (2.148) becomes

, 410/1(0] + Hec.
ps = —iw(ps 10101 — Hoe.) + 7(p5,11(|0><0| — L)1) — p'lo—)

2
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or, for each matrix element individually,

05,00 = YPs,11 = 05,00 = PL00(0) + ps11(0) (1 —e™7),
Ps,11 = —VPs,11 = 0511 = Ps,11(0)e”?"  and (2.154)

Ps,10 = (—iw - %)Ps,lo = P10 = Ps,10(0)e 2,

From the above equations, it is clear that the dissipative timescale is given by
7~1, and 1 is thus the decay rate. More specifically, we see that the Tips of term
takes care of the population that flows into the ground state. For this reason,
it is sometimes known as the “refilling” term; another common name is the
“quantum jump” term. As for the anticommutator, it makes sure of (i) the dis-
sipation of the excited state population and (ii) the decay of the off-diagonal
elements of p (coherences) at the same rate. Among other things, the decay of
the coherence takes care of preserving the positivity of pg through time. For il-
lustration purposes, the solution is graphically presented in figs. 2.8a and 2.8¢,
fory = w/10 and [p(0)) = &‘gl) as initial state. Note that the coherence de-
cays at half the rate of the populations, /2, as seen in eq. (2.154).

ExAMPLE 2: PURE DEPHASING IN A TLA  In this case, we take only 33 = v # 0.
With this choice, eq. (2.148) turns into

ps = —iw(ps 101001 — H.c.) = 7(ps 10101 + H.c.).

Again, one element at a time:

Ps,00 =0 = 05,00(t) = Ps,00(0),

ps11 =0 = ps11(t) = ps11(0) and (2.155)
Ps10 = (—iw — )P 10 = Ps10(t) = s 10(0)e =71,

Now the populations do not change, while the coherence’s decay comes from
both the refilling term and the anticommutator in equal measure. Indeed, for
long enough times, the TLA's state becomes a classical mixture of states |0) and |1)
with the original probabilities. Again, we illustrate the decoherence behavior
with figs. 2.8b and 2.8d, with the same parameters as before. In this case, the
populations do not change with time, while the coherences decay with rate 1.
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Example 1 (decay) Example 2 (pure dephasing)
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Figure 2.8: Temporal evolution of populatjons (top) and coherences (bottom) for ex-
amples 1 (left) and 2 (right). In both cases the initial state is [(0)) = %.

2.4.3 (GENERAL SYSTEMS IN GENERAL ENVIRONMENTS

In section 2.4.2, we have developed a formalism and assumed that it will be
useful to describe some aspects of the quantum world. We just saw with two
examples that this at least seems plausible. Indeed, most uses of LMEs in
the literature take a rather phenomenological approach, in the sense that the
system in question is assumed to have some sensible decay channels and decay
rates and then an adequate LME is “postulated”, rather than actually derived.
In this section we do not assume anymore, and dive into the precise arguments
that can be used to extract a LME from a microscopic model of the system, the
environment and their interaction. Following [249], our starting point will be
the Hamiltonian

H = Hy + Hy + Hypy, (2.156a)

where, generally,
Hipe = ) S,B,. (2.156b)
r

Here, S; and B; are Hermitian system and bath operators. In the interaction
picture, the dynamics of the full system are

P10 = — 2 [Hi (1,01 (1), (2.156¢)

—i(Hy+Hy )t/ o i(H+Hy )t/

with the density matrix of the full system p! = e e and
the interaction Hamiltonian Hy, (t) = e!(s+Ho)t/hp,  e=i(Hs+Hy)t/h We can for-

mally integrate eq. (2.156¢), substitute the result back in, and take the partial
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trace over the environment to obtain

i

h
1 t
— 3 [ 47 T {[Hine ), [Hin(0), 0" (0]} (2.157)

pe(t) = == Trp{[Hine (D), 0" (0) ]}

So far, we have merely rewritten the von Neumann equation. Next, we make
a physical assumption known as the Born approximation. Taken at face value, it
amounts to stating that pI (t) =~ pé ) ® p{J, i.e., the environment does not “feel”
the system and, therefore, does not evolve in the interaction picture. Further-
more, the Born approximation neglects any system-bath correlation build-up
through time, as the total state is always separable. As stated, this approxima-
tion seems to be somewhat crude and not necessarily realistic. For instance,
consider an excited atom that, through its interaction with the EM continuum,
releases a photon and relaxes to its ground state. The field’s state changes
significantly; there is a new photon in it. However, the photon propagates
away from the atom and, crucially, never comes back. Thus, from the atom’s
perspective, it can be reasonable to approximate the environment’s state as
unchanged. This example illustrates the real physical condition that our per-
turbative OQS approach requires. The Born approximation is a simple way
to remove any back-action from the environment, although, strictly speaking,
it does more than that. An immediate consequence of the Born approxima-
tion is that we can straightforwardly eliminate the first commutator: it either

vanishes or can be “reabsorbed” elsewhere by replacing

H, - H,=H, + ZTrb{Brpb}S, and B, — B; = B, — Trp{ppB,}. (2.158)
r
Thus, we have

1 ot
A == jo dr ) Try{[S, (B, (1), [S(T)B(T), pl(T) ® p} ]]}.  (2.159)
rt

The validity of the Born approximation can be intuitively understood on
the basis that the environment is much larger than the system, and is thus
expected to remain relatively unaffected by the system. However, this ex-
planation is not completely satisfactory if not complemented by another key
assumption: the Markov approximation. Consider the minimum timescale of
environment-induced effects in the system 7,. If the environment typically
dissipates excitations and correlations among its many DOF in times 7;, «
Ts, then the system cannot keep up and will not notice the relatively fast
changes in the environment’s state. Intuitively, this hierarchy of timescales
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induces an irreversible flow of excitations from the system into the environ-
ment, and allows us to find a “coarse-grained” description of the system’s
dynamics. A schematic view is presented in fig. 2.9, where the red curve in-
dicates the system’s environment-induced evolution, with timescale 7, while
the blue exponential tails represent the bath’s memory, t;,, over which the
integrand in eq. (2.159) is non-negligible. There are two mathematical im-
plications of the Markov approximation. The first one is that we can replace
pL(t) = pk(t), because pl(7) will be multiplied in the integrals by terms of the
form Tr,{B, (t)B;(7)p} }, which quickly decay for T < t — 73,. For the same rea-
son, we can take the lower integration limit to —co and change the integration

variable to arrive at

1 oo
Pl =~ fO dr ZtTrb{[sr(t)Br(n, [S:(t — DBy (t — 1), 0L() ® pL]]}

RI[pL]. (2.160)

The above equation is known as the Bloch-Redfield equation (BRE), and
we have defined the interaction-picture Redfield superoperator R!. It is sim-
ple to verify that R! generates Markovian and trace-preserving maps. Unfor-
tunately, as we will see later explicitly, it does not respect the complete posi-
tivity of the map. As we argued in section 2.4.2, complete positivity is a phys-
ically meaningful requirement. There is a systematic procedure, known as sec-
ularization Or secular approximation, that restores complete positivity in eq. (2.160),
turning R/ into the generator of a CPTP map. The secular approximation is a
key step in standard LME derivations in OQS textbooks, and we will review
it in the next part. However, we note at this point that it has some important
limitations, which are addressed in chapter 3, where we find an alternative
procedure that involves less crude approximations. In the following, we will
manipulate eq. (2.160) to write it in a form where the idea behind the secu-
lar approximation becomes transparent. Then, we will finally retrieve a LME
after secularization, and briefly comment on its shortcomings. Last, we will
particularize the equations for the case of an atom interacting with medium-

assisted fields.

MassacING THE BRE

The goal of this part is to derive a more explicit expression for R[ps]. To
that end, we start by introducing the eigenstates of the system’s Hamiltonian
Hgla) = hw,la) and defining its transition operators ¢; = |a;)(b;|, with tran-

sition frequencies §; = wj, — w, . With this convention, lowering (raising)

76



2.4 OPEN QUANTUM SYSTEMS:. THE ATOM IN AN ENVIRONMENT

Ts

Figure 2.9: Graphical justifica-
I T ! oty  tion of the Markov approxi-
mation. The light red curve
T represents the evolution of the
system due to environment-
induced effects. The blue ex-
ponential tails correspond to
the bath correlation functions,
whose temporal extension indi-
cates the bath’s “memory”.

transition operators have positive (negative) frequency. We can use the o; to
expand S, as

S, —ZS“UI—ZS” ot (2.161)

where S, ; = Tr,{¢]S,}. Because the transitions are between eigenstates of the

unperturbed Hamiltonian, the interaction picture operators S, (t) are

S,(t)=)_S, e, = Zs*, editgt, (2.162)
i
Then, separating the terms in the nested commutator of eq. (2.160), we have

Zf dT rt(T)St]ef olojple (00t

rt,ij
+57,Cpp (—T)S, ;00T plata; )t
_S;,ictr(_T)Sr -e_i‘siT ],0£0'+ 81(5 _5; )

£ Cr(DS,e T gkt SO 2163)
where
Cpi(T) = Trp{B,(1)B;(t — T)p{ } = (B, (1)B;(t — 7)) = (B,(T)B;(0)) (2.164)

are the environment correlation functions. We have assumed that these func-
tions are homogeneous in time such that they only depend on the time differ-
ence T, which is the case for stationary environment states. Now, we isolate
the 7 integrals and define two frequency-dependent Hermitian matrices v,;
and A,; through

1r(0) . L= ;
S+ il (0) = = fo dt C,,(1)eT. (2.165)

77



2 THEORETICAL PREREQUISITES

Specifically,
"r(0) = U d7 G,y (1)eT + f dr C; (T)e—l&]
= “o dt C,(1)eidT JLOO dr Crt(T)ei5T:|
- ;% f_o; dt Cpy (DT, (2.166)

where we have used that Cj, (1) = C,;(—7), which follows from the definition
of the correlation functions and their homogeneity in time. Note that, as we
show in appendix A.2, 7,; and A, satisfy a Kramers-Kronig-like relation, i.e.,

Pf 7”(“)) (2.167)

With these functions, we perform the r and t summations by introducing

Z S: 1()S;; and (2.168a)
= St Au(6)S,), (2.168b)
rt

and finally write eq. (2.163) in the Schrodinger picture:

. i )
Ps = _E[Hsuos] + Z { - Z(Al]<5])az UiPs — psAij((si)a;U}')

+ i(Az‘j(5j) - Aij(fsi))”jpsa;r

+ 5 (L(67) + rz‘j(fsi))‘Tsz";}- (2.169)

This is the final form of the BRE, a master equation that connects the effective
description with the underlying microscopic model through its parameters A;;
and I';.

To some extent, one can recognize elements that look almost like they
could be cast into a LME. Indeed, the first, third and fourth lines are close to
being a commutator, an anticommutator and the refilling term, respectively.
The resemblance is further evidenced by noticing that eq. (2.169) can also be

expressed as

by = —L1H, 0] +Z{ )—(5)

ety
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+KG )+ K50 D], 2170
where K% (6) =T;(6)/2 £ iA;;(8), and the identity

a+

(10102 + bOzOl = 5

b a—b
{01,0,} + T[Olfoz] (2.171)

has been used. Still, the Kossakowski matrix of this master equation is not
positive semi-definite in general, which is why the BRE fails to be a genuine
LME. Regardless, the BRE has proven very useful and accurate, as long as the
underlying assumptions are respected [250, 251]. Still, one would naturally
prefer if the requirement of complete positivity could be fulfilled.

SECULARIZING THE BRE

As mentioned before, there exists a general procedure to turn the BRE into
a LME: the secular approximation. The secularization procedure amounts to
removing terms in eq. (2.169) where §; # §;. Therefore, only terms where
Ny (6;) = Ny;(6;) are kept, which removes the asymmetry in each line of
eq. (2.169). The rationale behind the approximation is that terms with large
values of |6; — ¢;|, which oscillate quickly in the interaction picture, average
out. In this regard, the secular approximation is very similar conceptually to
the well-known RWA. When applied to the BRE, we straightforwardly obtain

; (6:=¢)
. 1 .
po =~ [H o] + Z] (=it (@[ of ey 04) +T(6) Doy o [ps]). - (2172)
The positive semi-definiteness of I';;(§;) is directly related to that of ,,(é;),
which follows from a theorem by Bochner [249]. See [252] for a short proof
of v > 0. The way in which A;;(;) and I';;(6;) appear in eq. (2.172) cements
their interpretation as shifts to the Hamiltonian and decay rates, respectively.

Since we have just derived a LME whose parameters are connected to the
microscopic model of the environment, it would appear as though we had
reached the pinnacle of OQS. This is not true for several reasons. First, we
can consider situations where one or more of the underlying assumptions in
our derivation stop being valid. This is true in, for example, highly structured
environments or in the strong coupling regime. In such cases, the master equa-
tions derived in the last few pages, eqs. (2.169) and (2.172), have no chance of
properly describing the dynamics. Yet, there are extensions to the “traditional”
OQS theory that make an OQS approach work even in those situations, which
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will be discussed briefly in section 2.4.4.

The second reason why there is more to OQS is that the secular approxima-
tion has been shown to be inaccurate in many situations, e.g., when there are
some pairs of transition frequencies where §; # (5]-, but which are close enough
compared with the environment-induced frequency scales. The failure of the
secular approximation is succinctly summarized in that populations and co-
herences of non-degenerate states become completely decoupled. A more in-
tuitive picture can be provided with the following argument (see fig. 2.10 for
a graphical illustration): if the system is in state |a), the second-order effects
due to the environment will induce virtual transitions to some other state |b)
and back. If there is no state |c) such that w, = w,, then these virtual transi-
tions cannot (meaningfully) happen any other way. However, if there is some
state |c1) close enough to |a), then the excitation might reach |c; ) instead of |a)
on its way back from |b). This way, the environment-induced virtual transi-
tions give rise to an indirect, second order coupling between |a) and |c; ). The
secular approximation accurately discards it for states that lie far apart in the
energy spectrum, like |a) and |c,). However, it also neglects this coupling be-
tween non-degenerate states that are, nevertheless, close to each other, like |a)
and |cq ). There is a whole line of research dedicated to finding alternative pre-
scriptions that transform the BRE into a LME, and this is the topic of chapter 3.

ParTicULARIZING THE BRE

For the purposes of chapter 4, it is convenient to find the environment correla-
tion functions ,;(4) when the environment is given by the medium-assisted
fields of MQED. For that, we start from the multipolar coupling Hamiltonian
in the long-wavelength approximation in eq. (2.102). There, the interaction is

d- D(at) (rat)

€0

int =
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=-d- ; j d3r fo dw Gy (1,1, w) - £ (1, w) + Hee. (2.173)

With the general notation above, the operators S, and B, are the components
of d and D, (1,) /9. The — sign does not matter, as the effects discussed

arise from terms quadratic in Hj ;. In the interaction picture, we have

D(at) (rat/ t) _

Y [@r [ dw Gy (e r,w) -1 w)e™™ + He  (2174)
) i 0

Next, we may assume that the environment is approximately in a thermal
state with sufficiently low temperature that we can, for all purposes, set it
to zero: kgT « hé;. This is easily satisfied if the transitions have optical fre-
quencies, whose associated temperatures are O(10* K). Consequently, p,, is
the medium-assisted ground state and the fundamental expectation values
become

{2 @y (@) = (i 0f, (Y, @) = (i (1 @)y (1, @) =0
(2.175a)
<f,\(r,cu)f+, (v, w’)) =0 —1)o(w—u"). (2.175b)

Then, the time correlator that defines 7,,(9) is

Im G(1y, oy, w)e ™7, (2.176)

<D(at) (Tat, T)D apy (rat10)> B j""d hw?
2 =)o 7Y

2
2 TTEQC

where again eq. (2.86) has proven useful. Now, according to eq. (2.166), we

have
o o w? ,
Vet (6) = f dt fo dw p— Im G, (ty, Top, w)e! =T
o 0
= 27],+(9), (2.177)
where
W
J(CU) = mlm G(I‘at, ) P C(]) (2178)
0

is the spectral density of a general electromagnetic environment. Recall that
we already encountered its free-space limit at the end of section 2.1.3. Finally,
the functions I';; that appear in eq. (2.169) are, in this particular case,

;. (2.179)
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As for the A,; and A;; functions, eq. (2.167) straightforwardly relates them to
Yre and Ty

From the expressions above, it seems like the CP shift from eq. (2.143)
will also appear here. Indeed, if we look at the secularized Lindblad master
equation in eq. (2.172) and focus on transitions where cr;r o = la)(al, for some
atomic state |2), we see that the environment-induced energy shift is

1 Wdy - Im Gty Ty, @) - dyy

A, = — Xb: fo dw o ) (2.180)

which is exactly eq. (2.141). As explained in section 2.4.1, only the scattering
part will be considered here, as GY, in combination with the polarization self-
energy (PSE), gives rise to free-space Lamb shifts that are significantly smaller
than the effects studied here. Therefore, we will replace G with G® in A, and
Ai]-, and discard the PSE from the atomic Hamiltonian. Nevertheless, the first
line of eq. (2.169) contains more terms where (T;ra]- = |a){c| for some |a) # |c).
Those additional contributions, which the secular approximation neglects ex-
cept when w,, = 0, provide coherent couplings between |a) and |c) that were
missing from our initial calculation of the CP shift. Notably, the Purcell en-
hancement of the atomic decay rates v, of each state |a), which is captured
by the appearance of G = G° + G® in 7,,(6), is also supplemented by corre-
sponding incoherent couplings between different states. The impact of these

off-diagonal terms on the atom’s dynamics will be studied in chapter 4.

2.4.4 RecenNT ADDITIONS TO THE OQS TOOLBOX

Consider an environment whose spectral density is characterized by a very
sharp peak around some atomic transition (see fig. 2.11a). The sharp peak
may be identified as an EM resonance of the macroscopic body surrounding
the atom, like the plasmonic dipolar resonance of a metallic sphere. Because
J(w) is proportional to the Fourier transform of the field correlators, it is ev-
ident that very sharp frequency features will correspond to very long-lived
correlations. This directly confronts the Markovian approximation made in
the derivation of the BRE. Indeed, the phenomenology associated with such a
spectral density includes the coherent energy exchange between the atom and
the EM resonance, a primary signature of the SC regime.

The inadequacy of the OQS formalism to straightforwardly account for
these issues can be remedied by simply redefining what is meant by the system.
The simplest way is to assign a single bosonic mode a for the EM resonance
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1.00 Figure 2.11: Examples of
spectral densities.
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= 050 L ment characterized by a single
2 sharp resonance
&
~0.25 - (b) A complex, highly-
structured environment with
0.00 ! ! ! five resonances.
25 50 75 25 50 75
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1

at w,, with some finite decay rate «, associated to the width of the resonance
and a coupling strength parameter g, between the system and the resonance.
Then, the system’s Hilbert space is H, = H,,® H, and one can tentatively write
down the following LME

, i
ps = = [Hae + hewra'a + dhg, (a" +a), p,] + 5. Dy al0s], (2.181)

where d is the atom’s interaction operator. The use of this kind of phenomeno-
logical LME has been widely extended in cavity QED and QO, and is sup-
ported on the formal equivalence between a Lorentzian spectral density and
a model of a single bosonic mode coupled to a set of perfectly Markovian en-
vironment oscillators [253]. More explicitly, the atom’s dynamics generated

by
H=H, + Idw [hwa*(w)u(w) + dhJ (w) (at(w) + u(w))], (2.182a)

where 5
_& /2
JL(w) = T @ w2t (k22 (2.182b)

and
Hpodel = Hyt + hwata + dhg (at +a)

Kr
+ fdQ [th*(Q)b(Q) +h"5(a+b(0) +ab’(QY))|,  (2.182c)

are identical and, since the Markov approximation is exact for flat environment-
system couplings, eq. (2.181) is the exact equation of motion of the atom-mode

system.

In spite of such a convenient relation between a Lorentzian bath and a sin-
gle bosonic mode, it has been known for some time that the simple LME in

eq. (2.181) brings with it a number of unphysical effects, such as production

83



2 THEORETICAL PREREQUISITES

of excitations in the system at zero temperature or incorrect photon correla-
tions [165, 254] for large values of g,. The origin of these issues lies in the neg-
ative frequency tail of the Lorentzian line shape, which is effectively a source
of incoherent pumping. There are several ways to go about this problem. The
way that is most in line with a “traditional” OQS approach is to turn back to the
microscopic derivations, which require the knowledge of the system’s eigen-
states and eigenenergies. If the atom and resonance are ultrastrongly coupled,
then the coupled eigenstates will necessarily be very different from the un-
coupled bare ones. It is then clear that a more consistent derivation needs to
account for the fact that the atom and the mode interact with each other. The
first solution, derived in [165], is the so-called “dressed” master equation, be-
cause it uses the coupled (or dressed) excitations of the system. Subsequent
generalizations have been proposed since then [166], to overcome some re-
maining limitations, but the underlying idea has always been to extend the
system to astutely include the non-Markovian part of the environment. Still,
these models are generally not well suited to describe environments with a
very complex mode structure (see fig. 2.11b), where resonances might not
even look like Lorentzian functions.

We next describe another powerful solution to attack this issue that has a
number of advantages: the few-mode quantization approach [201]. It works
for arbitrary coupling strengths, in any general EM setup, and it is exact up to
the numerical convergence of one step. The idea is something that has been
mentioned before (at the end of section 2.1.3) and that generalizes the equiv-
alence mentioned in the single mode picture from above, namely, that any set
of modes that reproduces a given spectral density induces the same dynam-
ics in the emitter. Specifically, one replaces the whole MQED continuum of
modes with a set of N coupled discrete modes a,, with frequencies and cou-
plings summarized in w,g, and N continua b, (€2). The discrete modes are ad-
ditionally coupled to independent continua (one per mode) with a frequency-
independent parameter \/g . Then, the atom is coupled to the discrete modes
with some coupling strengths g,, through the operator d. Accordingly, the to-
tal Hamiltonian of the model is

H=H,+ Zhwaﬁa:;aﬁ +d Zhg,x (al +a,)
af &
+Y a0 [thL(Q)bi(Q) + h,, %T (ahbe () +a bt )| (2.183)
o

With these conditions, there are two key realizations that give the method its

power. The first is that the parameters w,, w,g, k, and g, can be chosen to fit
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any realistic spectral density. If the spectral density for the single-mode model

was a Lorentzian function, in this generalized framework it is

Jm(w) = %g ‘Im [(h—wly)7t] - g, (2.184)

where g = (g1, ...,8n) and hyg = W, — i6,5%, /2 contain the model’s parame-
ters. By choosing them judiciously, one can make ], fit any arbitrary spectral
density. The second realization is that it can be proven that the dynamics of
the atom plus the discrete modes are exactly given by the LME

. i
Ps = “h Hye + Zhwaﬁalaﬁ + dzhga (ﬂl + aa)/ps + Z Ka"(Daa,a,X [os]-
af 3 o

(2.185)
Thus, we have a LME that represents the dynamics of the system exactly. To
obtain the atom’s evolution, one simply takes the partial trace over the discrete
modes. The only step where any approximation is made is the choice of the
parameter values to fit the target spectral density, but even here one can always
reach a sufficiently converged spectral density ], by adding enough modes.
Nevertheless, actual implementations of the method show that a moderate
amount of modes is usually enough [167, 255], and additional work has been
made to reduce it even further [256].

In the work presented in chapters 3 and 4, we use either the few-mode
quantization approach or the single-mode model from above as a fast and af-
fordable way to compute the exact dynamics against which other methods
are compared. In particular, in chapter 3 the parameters of the few-mode
model are given random values to sample the space of physically consistent
atom-environment interactions, and from there extract further statistical con-

clusions.
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Chapter ‘ TAMING THE
EQUATION

Where there’s a whip, there’s a

way!

Orcs marching song in the 1980 animated
movie The Return of the King, by
Glenn Yarbrough

CHAPTER sSUMMARY In the last section of chapter 2, we described the ideal
kind of master equation that, in principle, everyone would like to have: the
LME. We also saw that, unfortunately, direct derivations of master equations
from microscopic models fail to yield a LME, instead resulting in the BRE.
In this chapter, we delve deeper into the reasons why an LME is preferable
over the BRE, and discuss the inadequacy of the standard procedure to turn
the BRE into a LME: the secular approximation. Next, we describe a recent
and simple approach that aims to retrieve a LME from the BRE, referred to as
gA —gT'. After that, we identify two flaws of that procedure that preclude the
final equation from being a genuine LME in arbitrary scenarios. Finally, we
present a minimal modification of the gA — gI' method that guarantees that
the resulting master equation is an accurate and true LME. The results shown

in this chapter have been published in [257].

3.1 NOTATION AND PRELIMINARY CONSIDERATIONS

Let us start by refreshing the notation. We consider a system interacting with

its environment through

Hipe =Y _S,B,, (3.1)
r

where S, and B, are Hermitian system and environment operators, respec-

tively. For concreteness, we will take an atom as the system such that its den-
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sity matrix is p,;. Note, however, that this is done only to set a notation that is
convenient throughout the chapter, and choosing an atom is not a real impo-
sition. We denote the atom’s eigenstates and eigenfrequencies as |a) and w,,
where the state index a = 1,...,dim /. In order to retrieve a simpler index
structure in the equations, we switch from state indices a to transition indices
i defining ; = |a;)(b;|, where i = 1,..., (dim },;)2. To any given transition ¢,
we associate the transition frequency ¢; = wy,, — w,,, which is positive (neg-
ative) when o; is a lowering (raising) operator. With this notation, the BRE,
also in eq. (2.169), can be written as

Pat = Hay, pat] + Z { — (A (9 ajpat - PatAij(‘Si)‘T;r‘Tj)

(
+i(a

~.

1] AI](5 )) ]‘Patﬂ';r
(rij(éj)cr;fojpat + ol (80t ;)

(Ty(6)) +T5(61) ) oyparcr} } (3.2)

+

NIl = N =

In this equation, A;; and I';; are related to the atomic coupling operators (S,)

and bath correlation functions A,; and 7,; through

Ty0) = Y (S ) 1@ {aS ) and (3:3a)
Ny (0) = Z(ai|sr|bi>*)Lrt(5)<aj|5t|bj>: (3.3b)

where -
D (@ = 5 [ AT (B (DB ) (3:3¢)

As we have done in other places throughout the thesis, we introduce here the
spectral density J,;(0) = 7,;(6)/27. Finally, as we mentioned in section 2.4.3,
the secular approximation consists in eliminating from the BRE every single

term where §; # 5]’/ which yields

0;=0; 85:=6;
. i o <
Pat = — 7 [Hat, Par] — 1 Z Aij(‘si)[U;Uj/Pat] + Z L (6) Dy, o [0at],  (3:4)
if ij

that is, a genuine LME.
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ho,=135eV - Figure 3.1: V-type three-level
atom coupled to its envi-
ronment, characterized by a
Lorentzian spectral function

7(6). Adapted from [257].
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3.1.1 BrocH-REDFIELD EQUATION: NON-POSITIVE EVOLUTION

Traditionally, the attitude of physicists towards the BRE has leaned to the side
of wariness, due to its failure to generate a completely positive map. This can
be traced back to the fact that the Kossakowski matrix of the BRE, as read
from eq. (2.170), is not positive semidefinite. In fact, the BRE generally fails to
preserve the positivity of the populations, meaning that it does not just miss
complete positivity, but simple positivity as well. We next show that this is
the case by solving the BRE in a particular example. Consider a three-level
atom (3LA) like the one depicted in fig. 3.1, where the allowed transitions
make it a V-type system. Thus, a transition index i = 1,2, 3,4 is enough, where

oy = 10)(1] 03 =10)(2| o3 = 11)(0| oy = 12)01, (3.5)

such that 6; and 0, are positive, while 63 = —J; and 6, = —J, are negative.
The 3LA interacts with a reservoir of harmonic oscillators through

Hipe = Z o J:o dw {J(w) (b* (@) + b(w)). (3.6a)

We take the environment’s spectral density J(w) to be characterized by a
Lorentzian line shape, such that the correlation functions () = 27t/(6) and
A(6) are given by

Kr
Y(0) = g? TR and (3.6b)
A(O) = g2 0~ wr (3.6¢)

(6 —w)® + (x,/2)°

Here, w, and «, are the resonant frequency and width (FWHM) of the peak,
and g, controls its maximum value via max; y(6) = 4g2 /x,. For concreteness,
we now set hiw, = 1€V, hix, = 0.1 eV, hd; = 0.75 €V, hd, = 1.35 €V, and the
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initial state to [(0)) = (11) — |2))/ \/E, and solve the temporal evolution as a
function of g, /x, using the BRE. The dynamics of the populations o, 00, Oat,11
and p,; 2, are shown in fig. 3.2, as a function of g,/x, in the top panels, and
for a fixed value of g, = «, in the lower panels. In the color maps, blue and
red denote negative and positive values, respectively, and, in the line plots,
the shaded blue regions indicate negative populations. In the first column, be-
sides some oscillatory behavior, figs. 3.2a and 3.2d feature a very noticeable
negative population of the ground state |0). Since the BRE does preserve the
trace of the density matrix, this negative ground state population also mani-
fests itself in the small initial bumps observed in figs. 3.2e and 3.2f: the horizon-
tal dashed lines highlight the fact that p,; 11 and p,; 5, simultaneously surpass
the 0.5 mark.
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Figure 3.2: Populations of a three-level atogn according to the BRE. Top row: as a func-
tion of time and the coupling strength g,. From left to right, populations of |0), |1) and
|2). Bottom row: Cuts of the color maps at g, = «,. The shaded blue region indicates
negative values. Adapted from [257].

With fig. 3.2, we have seen that the BRE can return unphysical predictions.
In all fairness, however, as long as the underlying physical approximations
(see section 2.4.3 for the details) hold to a high enough degree, the BRE should
produce physically accurate results. In that sense, it has been proposed that
the lack of positivity of the BRE can be used to identify regimes in which, e.g.,
the Markov approximation fails [251]. As a matter of fact, over the last few
years, the BRE has been vindicated by some studies that shed light on different
misconceptions about it [250, 251].

Nevertheless, it can be argued that a true Lindblad equation is still prefer-
able, as not only does it always give physically sensible evolution, but it also
presents some computational advantages. For example, the LME can be simu-
lated with quantum Monte Carlo methods, as it admits a quantum trajectory
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unraveling, whereas this is not the case for the BRE. The “text book” way to
turn the BRE into a LME is the secular approximation. We already mentioned
in section 2.4.3 that it can be inadequate, as it can miss relevant effects, and the
next section is devoted to clarifying why and how the secular approximation
works.

3.2 FAILURE OF THE SECULAR APPROXIMATION

The reason why the secular approximation generally fails to capture the dy-
namics can be succinctly summarized as follows: the couplings between pop-
ulations and coherences from different degenerate subspaces are discarded.
As concise as this statement is, it surely requires some further discussion to
clarify its implications. We first make more explicit what this assertion means
in the secularized master equation by taking a look at the terms that are in-
cluded in it. However, the secular condition as expressed above is not the
most adequate to this end. To express everything in the most convenient way,
we first write everything in state indices again. Then, eq. (3.4) is equivalent to
Wap=Wed
Patab = Zd [—iWapbacOpa + RavealPat,cds (3.7)
C

where p,; . = (a|o,|b) and the Bloch-Redfield tensor is

o | V(W) + v (way)
Rabcd = Z {Sr,hd[ E— b + Z(/\rt<wca) _Art(wdb))]st,ac

rt 2
YVrt (Wep)
_5bdZSr,mz( & + /\rt(wcn)>stnc
(Wan) | .
_5MZS,M(7” Wn +z/\,t(wd,,)>5t,nb}. (3.8)

The condition over the summation symbol in eq. (3.7) means that only terms
with w,, = w,; are kept. Technically speaking, this is not exactly the same
condition from before, §; = (5]-, where §; is the oscillation frequency of ¢; in
the interaction picture, not even when translating the transition indices i and
j to pairs of eigenstate indices ab and cd. This is a subtle matter that could
potentially cause index mismatches. Fortunatelly, the §; = ¢; and w,, = wey
conditions can actually be shown to be equivalent, as we explicitly do line by
line below. To that end, we simply read the states that correspond to the o;
and o} transitions from the matrix elements of S, according to eq. (3.3):

1st: Here, 6; = wyp and 6; = w,,. Therefore, 0 = 6; — 6; = wgp — weq =
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3 TAMING THE BLOCH-REDFIELD EQUATION

Wap — Weg-

2nd: Now, 6; = wyy, ;
o — 5]‘ = Way — Wep — Wpg = Wyp — Weg-

= w,,, and the Kronecker delta ensures that 0 =

3rd: Last, 6; = wyy, §;
J; _‘Sj = Wip — Wy — Wye = Wyp — Weg-

= wy,, and the Kronecker delta implies that 0 =

We can now revert to transition indices through ab — k and cd — I. We change
the names of the transition indices compared to earlier (i and j) to emphasize
that these transition indices are not directly the same as those appearing in
eq. (3.2) or eq. (3.4). There, as we have discussed above, i and j refer to the
transition frequency of the operators sigima; and o; through which the action of
the corresponding superoperator is defined. Here, they come from expanding
p in terms of the same basis of transition operators {c}}. Regardless of these

subtleties, we can compactly write the secularized BRE as

Op=9;

Park = Y, [—iwidy + Rig)oatss (39)
7

Even if the secular condition has the same formal expression, the renewed
interpretation of its elements §; and J; allows us to mathematically under-
stand which terms are kept and discarded in the secularized LME. Let us first
focus on a matrix element of p,; where both states belong to the same degener-
ate subspace: p,; , with &, = 0. Then, these matrix elements are only coupled
to similarly degenerate matrix elements because 4, = 0. In the other possi-
ble case, 6 # 0, the coherence p,  is only affected by coherences with the
same transition energy d;. The couplings included in the secularized LME are
visually represented in the schematic figures in fig. 2.10. Not much more in-
sight can be drawn from the most general considerations, so we assume next
that there are no degeneracies in the spectrum of H,;. The discussion in the
preceding lines implies that populations (coherences) are only influenced by
populations (coherences), which circles back to the opening statement of this

section.

The above considerations show that only the terms in the BRE satisfying
strict frequency conditions are kept after the secular approximation, which has
unfortunate effects. However, the generality of the presentation so far makes
it hard to grasp the real consequences of the secular approximation on the
dynamics, a difficulty directly inherited from the intricacies of the BRE. To
provide a more tangible demonstration, we first devote our attention to the

atomic Hamiltonian and, afterwards, to the Kossakowski matrix.
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3.2 FAILURE OF THE SECULAR APPROXIMATION

ENVIRONMENT-INDUCED HAMILTONIAN CORRECTION  After the secular approx-
imation, part of the dynamics included in the secularized Bloch-Redfield ten-

sor (R is unitary and generated by the following shift Hamiltonian:
5;=6
ij

Due to the secular approximation, the matrix representation of this operator
will be structured in blocks that correspond to each degenerate subspace, and
with no couplings between them:

A= . (3.11)

For concreteness, imagine that our system of interest is a three-level atom with
a V-type energy spectrum as the one in fig. 3.1. Depending on whether |1) and
|2) are degenerate or not, we have

Ngo 0
A= Au Ap (3.12)
Ny Ao
or
Ay O O
A=hl 0 Ay 0 |, (3.13)
0 0 Am

respectively. The difference between these corrections to the Hamiltonian
highlights the problems of the secular approximation: when [1) and |2) are
degenerate, there is an environment-induced coupling between them, which
disappears abruptly due to the secular approximation. Physically, the off-
diagonal coupling A1, will induce Rabi-like oscillations between [1) and |2) in

the degenerate case, with a frequency equal to Qg = \/ (Aq — A22)2 +4A2,.
Meanwhile, there are no oscillations at all as soon as one breaks the degen-
eracy. However, the timescale of the Rabi oscillations is ~ |Al-j|_1 and the
timescale at which the non-degeneracy becomes noticeable is |,/ ™. Hence,
whenever |wq;| K \Aijl, the system will undergo many Rabi cycles before “re-

alizing” that the states were not quite degenerate.
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3 TAMING THE BLOCH-REDFIELD EQUATION

ENVIRONMENT-INDUCED DIssIPATION The dissipative part of the secularized
LME suffers from similar disappearances, which strongly affect the decay
channels present in the atom, encoded in the eigenvectors and eigenvalues
of the Kossakowski matrix K. For the present V-type 3LA, K is a 9 x 9 ma-
trix. However, if we assume that y(w) = 0 for w < 0 (we only have decay,
and no thermal pumping) and V-type non-zero transition matrix elements, al-
most all entries of the Kossakowski matrix are zero except for a few elements.
Thus, we only write here the non-vanishing block of K. In the degenerate case
(w10 = wyp), we have

oy = ((0|S|1)*'y(w10)(0|5|1) <0|S|1)*7(w10)(0|5|2>) (3.14)
= (01812) 7 (wa){OISIT)  (0[SI2) ™y (wnp)(0]SI2)
while the same block becomes
Ky = (<0|S|1> 7 (wi)(0[S|1) 0 ) (315)
0 (0[S]2) " ¥ (cwpq){0]S[2)

in the non-degenerate case (wyq # wyg). In the first case, because det K = 0,
we have only one non-zero eigenvalue equal to Tr K. The eigenvector associ-
ated to the vanishing decay rate corresponds to a combination of [1) and |2)
that does not decay at all, i.e., it is decoupled from the environment, while
the orthogonal combination decays with the sum of the “individual decay
rates” of |1) and [2) if they were independent. However, when the states are
non-degenerate, the off-diagonal terms again vanish abruptly, and no smooth

transition between the degenerate and non-degenerate regimes is recovered.

We end this section with a more graphic and suggestive description of
the physical processes described above. For a V-type atom initially in |1), vir-
tual excitations will be emitted into the environment, and subsequently reab-
sorbed. If 1) and |2) are very far from each other in energy, the excitation
will only be able to take the atom back into [1). This translates into the shift
and decay rate of [1). If, instead, |1) and |2) are completely degenerate, the
excitation will see both states on its way back, and the atom will end up in ei-
ther one, which in turn induces Rabi-like oscillations and is responsible for the
combined dissipation channels. Last, in the quasidegenerate case, the virtual
excitation from the environment is again able to drive Rabi-like oscillations,
although not as efficiently as in the degenerate case. As for the decay, the indi-
vidual decay rates give us the bandwidth of environmental modes that the lev-
els directly interact with. If the levels are not quite degenerate, but there is still
a noticeable overlap between the affected environmental modes, then some-
thing like the combined dissipative channels will still play a role in describ-
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ing the atom’s dissipative behavior. The clear implication is that we expect a
smoother transition between the degenerate and completely non-degenerate
regimes, in which the secular approximation does provide accurate results.
Going beyond the secular approximation means finding a prescription that
interpolates between both extremes and accurately describes the quasidegen-
erate case. The rest of the chapter deals with ways to include these additional
effects, which do not straightforwardly conform to a genuine Lindblad form.

3.3 CURRENT STATUS OF THE ISSUE

We have seen already that the secular approximation, the simplest way to
turn the BRE into a LME, is expected to fail when there are quasidegenerate
subspaces in the energy spectrum. Indeed, it has been questioned in several
works [250, 259, 260]. Since the LME has advantages over the BRE, a surge
of research activity trying to find alternatives has been going on for some
time [259, 261-265]. In these articles, positivity is restored through various
approaches, such as temporal coarse graining or frequency clustering. Such
procedures can, occasionally, require detailed knowledge of the system’s en-
ergy spectrum and, perhaps, a different implementation for different systems.
Here, we highlight the approach proposed by McCauley and coworkers [266],
whose method cleanly avoids the secular approximation and can be imple-
mented in a simple manner. Unfortunately, their idea potentially runs into
two problems when one considers relatively complex and general systems and
environments, failing to retrieve a LME in those scenarios. We will explain in
section 3.4 what these problems are, the conditions under which they arise,
and then provide a minimal solution to both that guarantees a final LME. To
that end, we begin by describing the method devised in [266].

3.3.1 A smmpLE (BUT FLAWED) LME PRESCRIPTION

We adapt the procedure of [266] to the notation introduced in sections 2.4.3
and 3.1. In doing so, we already slightly generalize the method of [266]. There,
the authors consider a system (here, an atom) interacting with its environ-
ment through

H = Hy + 8 [ dw JJ@)[b" (@) + b(@)] + [ dew hw bt (@)b(w),  (3.16)

and applied the RWA approximation to the system-bath coupling to derive

the master equation. Our present exposition does not rely on the RWA at all,
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and includes the case where there are several interaction terms:
Hup =Y 5B,=) 5, f dw T, (@[ bt w) + by ()], (3.17)
r r

which allows for cross-correlations in the environment’s B, operators. At
the end of section 2.4.3, we showed that in arbitrary EM environments ¢ o
J o« Im G, which has non-diagonal elements except in sufficiently symmetric
configurations. In this interaction Hamiltonian, the off-diagonal elements J,;
would be encoded in [b,(w), b} (w')] = f46(w — '), where f,; = ]/ T, ]
(see section 2.4 of [180] for a more detailed discussion).

From this somewhat generalized interaction, the prescription proposed
in [266] is to take the BRE (eq. (3.2)) and replace

A,](é)andA ,[Al](é YA ii(6;) and (3.18a)
T;;(6;) and I'y;( =TI i ( ,/ i ( (3.18b)

that is, replace the coefficients of the BRE with suitable geometric averages.
For concreteness, we will refer to this method as gA — gT, as a geometric aver-
age appears for both A and I'. The immediate effect of this substitution is that
we eliminate the asymmetry in the i and j indices in eq. (3.2) that prevents
us from (i) writing the first line as a commutator, (ii) eliminating the second
line, (iii) expressing the third line as an anticommutator, and (iv) finding a

refilling term with the appropriate coefficient:
pat == at/pat IZAU [Uz ]/pat] Zfijﬂai,oj [pat]' (3'19)
ij

This “recipe” seemingly eliminates all the mathematical problems of the BRE
at once, in a very simple and elegant way, although we discuss in section 3.4

that this is not actually the case in general environments.

Still, a question remains: Why is this geometric mean replacement sup-
posed to accurately describe the actual dynamics of the atom? We can answer
it by analyzing possible scenarios:

1st: In the degenerate transition case, §; = §; so f\ij = Njj(6;) = Nj(5;) and
Ty =Ty(8) = T;(5)).

2nd: In the quasidegenerate transition case, we have that
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Accordingly, it is important to keep these terms, as the premise for the
secular approximation is not fulfilled. If the correlation functions are
“flat” enough, that is, the environment is sufficiently Markovian, then

N (6;) = Nij(9)) = /N\l-j, and likewise for fij.

3rd: As the difference |<5i - 5j| grows and surpasses the scale of environment-
induced effects given by MaXse s, ) (Aij(é), l",»]-(é)), the effect of these
terms in the BRE becomes less relevant, until the secular approxima-
tion is indeed accurate. In such cases, /N\i]- and fij can be very different
from the original values, but the accuracy of the equation does not suf-
fer from it since we are replacing a term that does not influence the
dynamics with another that does not do so either. Indeed, we could
simply eliminate these terms through a “partial” secular approxima-
tion. However, keeping them makes the procedure more direct and

provides neater final expressions in certain cases.

Therefore, the replacement is indeed accurate when it is relevant. Another
advantage of this prescription is that, if no cross-correlations between different
environment operators B, exist, i.e., A,; = 0 for r # t, and H;,; can be written
in a way where every transition operator o; is contained in only one S,, then
the LME can be written as

. i .
Pat = _E [Hatl pat] —1 Z[AIAW pat] + Z ‘DZ,,Z, [pat]' (3'20a)
r r
In this equation, we have defined collective operators

A, =Y A, (8)S, 0, and =, =3 [1,(6)S,,0;, (3.20b)
j j

which accurately reflect the ways in which the atom develops energy shifts
and its decay channels.

3.4 FIXING THE FLAWS

In this section, we reveal the problems which can arise with the geometric
mean prescription for complex environments and systems. In short, it can hap-
pen that the energy shift Hamiltonian is non-Hermitian, that the Kossakowski
matrix is non-positive semidefinite, or both. We point out the origin of each prob-

lem and describe simple fixes that solve both issues separately.
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3.4.1 NoN-HERMITIAN ENERGY SHIFT

One of the hypotheses in Lindblad’s theorem (eq. (2.148)) is that the commu-
tator term generates unitary dynamics, i.e.,

1107 05 (3.21)

Hy=Hy+A=Hy+h) A

ij
must be Hermitian. Hence, whatever procedure we follow starting at the BRE,
the corresponding energy shift A should be Hermitian. In this case, A is triv-
ially a Hermitian operator when the matrix Aij is Hermitian as well. While A
can in principle be Hermitian even if A is not, this would require very fortu-
itous cancellations involving system and environment properties. Hence, for

all practical purposes, we can gauge the Hermiticity of A through that of /N\l-]».

As can probably be guessed, the geometric mean procedure does not guar-
antee that f\ij,
non-Hermiticity with the same 3LA and environment used in section 3.1.1

and therefore A, is Hermitian. We illustrate the origin of the

to show negative populations predicted by the BRE. First, we note that the

Hamiltonian correction is

Az +Ay O 0
A=h 0 Ay A (3.22)
0 Ay Ay

Consider now a situation such as the one depicted in fig. 3.1, where the func-
tion A takes different signs when evaluated at §; or d,: A(5;)A(J,) < 0. Then,
following the geometric mean prescription, A, = JA(8;)yA(6,) = i|A;,| =
Ay, such that IN\Z-]- is not Hermitian due to its off-diagonal elements. Hence, A

becomes 5 5
A = h 0 All 1.|/N\12 ’ (3.23)
0 Z'|/~\12| Ay

where the off-diagonal terms fail to be complex conjugates of each other, and

thus A is not Hermitian.

An important point here is that, because 4,, typically has resonances and
A, is essentially its conjugate via a Hilbert transform, A,; is generally expected
to have sign changes around the resonances. If the system and environment
are tuned so that their spectral features overlap, it follows that this situa-
tion should happen frequently, such that non-Hermitian Hamiltonians would
not be uncommon. A significant remark at this point is that effective non-
Hermitian Hamiltonians can be useful to perform certain kinds of analysis, as
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i 3 [@) arg(0ae11) T Figure 3.3: Breakdown of the
A ) gA — gTI' prescription of [266]
3 0 due to the non-Hermiticity of A.
Lo ( Adapted from [257].
<
- 0 - _,. (a) Non-trivial complex phase
3 [®) Re (P aa) of 0,11 owing to the loss of
3 0.2 Hermiticity of eq. (3.23).
£ (b) Real part of g, ,,, as ob-
£) 01 tained with eq. (3.19). Blue
. 1 - . and red regions represent pos-
< 0.0 itive and negative values, re-
spectively.
0 |
T 0l (c) Horizontal cut of (b) at Pop-
i ulation of 2) at 6, —w, = k,. As
] 01 b1 i in the previous plots, the blue

10-1 100 10! shaded region indicates nega-
tre, tive populations.

1
done in chapter 4, with an evolution given by

. i
Pat = _E (Heffpat - patHgff)' (3'24)

Indeed, it is an economical way to include dissipation, without worrying about
the lower levels being filled. This is not the case for the non-Hermitian Hamil-
tonians discussed here because (i) the would-be decay rates can be negative,
while dissipation requires positive rates, and (ii) the effective equation of mo-
tion is a pure commutator, not the modified commutator that takes the Her-
mitian conjugate of Hy¢ when it acts from the right in eq. (3.24). Instead, the
effect of these non-Hermitian Hamiltonians is showcased in fig. 3.3. To obtain
it, we have simulated the same 3LA setting hw, = 1 €V, ix, = 0.1 eV and
hg. = 0.1 eV. The transition frequencies have been chosen to be symmetrically
located around w;,, such that §; + d, = 2w,, and then swept over. Last, the ini-
tial state is taken to be [(0)) = |1). The top panel shows the complex phase of
Pat,11- Since it is a population, it must be a real number (a positive one, in fact);
however, we see that it undergoes complete oscillations in the complex plane.
Hence, these non-Hermitian Hamiltonians do not preserve the Hermiticity of
©Oa itself. In fig. 3.3b, we plot Re (o, 22), and see large negative regions, fur-
ther evidenced by the cut at §, — w, = «, in fig. 3.3c. Incidentally, Im p,; 55 is
also different from zero, but it is much smaller than the real part.

With fig. 3.3, we have showed that the cure can be worse than the disease
in some ways: at least the BRE preserves the Hermiticity of p,;. Nevertheless,

this deficiency of the gA —g¢T does not automatically imply that eq. (3.19) with
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anon-Hermitian A is never going to accurately describe the system’s dynamics.
Justlike the BRE, this LME can be precise if the underlying approximations are
valid. Still, it would be desirable to find a way to restore the Hermiticity of A
and p,; in all cases.

3.4.2 RestoriNG HERMITICITY

After describing the non-Hermiticity problem, we propose two possible solu-
tions in the following. We illustrate them using again the V-type atom and
environment of fig. 3.1, as only the non-Hermiticity issue can occur in this
setup.

SoLUTION 1: FREQUENCY CLUSTERING  As has been proposed in other studies
mentioned in section 3.3, the first possible approach is to group all states that
are sufficiently close to each other (quasidegenerate). Then, we may treat each
cluster as though its states were degenerate in deriving the master equation.
For that reason, we will refer to this method as dA — dI'. With this approach,
the correlation functions are evaluated at the average frequency of each clus-
ter, and the cross-cluster interactions can be safely discarded. In practice, this

solution amounts to replacing

- 0+ 9
Ay (6;) and Ay (6;) = Ay = Aij(T) and (3.25a)
- 0 +9;

within the quasidegenerate clusters. In particular, for our 3LA here, this so-
lution takes |1) and |2) to be degenerate as far as the correlation functions are
concerned. Thus, the energy shift is

A (g2 ) 0 0
A= 0 A(252) A(252)), (3.26)
o (e (%)

which is obviously Hermitian. Also, since the correlation functions are eval-
uated as though |1) and |2) were degenerate, the Kossakowski matrix is posi-
tive semidefinite, just like in the secularized LME for degenerate levels. This
replacement is expected to work well when §; = §,, that is, when [1) and |2)
are indeed quasidegenerate. However, it can fail when 4, and §, are very dif-
ferent, since |1) and |2) should in reality decay independently with rates given
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by 7(d1) and y(d,), which are in general different from each other and from

@ ) Also, one can foresee that this solution will be harder to implement
than gA — gI' when the system’s size grows and its energy spectrum becomes
more intricate, as separating clusters of energy levels can be a less clear-cut

task.

SOLUTION 2: ARITHMETIC MEAN By observing that the problem arises from
taking the square root of negative numbers, we propose in the second ap-
proach to replace the geometric mean with the arithmetic one for A;;. At the
same time, we leave l",»]- untouched, as it has no relation to the issue we are
trying to fix right now. Put more concisely, we now have

< Ny (6;) + Ny (6;)

Aij(5i) and Az‘j(5j) - Ay

;= > (3.27a)

while still keeping

() and T;(8;) —» Ty = ,/rij((s,-),/rij((sj). (3.27b)

With these replacements, our 3LA Hamiltonian becomes shifted by

A(=87) + A(=8,) 0 0
A =h 0 Ay AR (3.28)
O )\(51);/\(02) /\(52)

which is, by construction, Hermitian. Note that, while the arithmetic mean
works well for the energy shifts A, meaning that A becomes Hermitian, it
would not help in restoring the positivity of the master equation. Indeed, the
arithmetic mean replacement in the dissipative rates I' would not yield a pos-

itive semidefinite Kossakowski matrix K%, because

5 YOD+Y8)  y(61)+y(63) Y (5)+7(8y)
7(01) 5 7 2
7(62)+7(31) 5 Y(62)+7(83)  (S2)+7(d4)
K = : SE 2 )2 (329)
T ) +r61)  y(d3)+r(dy) 5 Y(63)+7(64) |7 b
2 2 703
YB)+7(01)  v(64)+y(63) ¥ (6 +7(d3) 5
2 2 2 7(04)

belongs to a family of matrices that can be shown to always have a negative

> 7)) - % ny 72(5) <0. (3.30)
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Figure 3.4: Temporal evolution of p,; ,, accprding to (a) the exact solution, and the (b)
aA—gT and (c) AA—dI methods. The dashed line follows 1/] (8, ), which corresponds to
the local dissipation timescale of [2). (d) “Manual” correction of dA —dT to include the
information about the detuning between §; and §, in the dissipative part by reverting
to the geometric mean of [266]. Adapted from [257].

See appendix A.5 for an elementary proof of this fact. Hence, we call this
method aA — gI, reflecting which mathematical mean is used in each term.
Unlike the previous one, this solution does retain the information about the
fine details of H,,’s energy spectrum.

ComrarisoN These approaches eliminate the issue of the non-Hermitian
Hamiltonian corrections by avoiding taking the square root of negative num-
bers. We benchmark here the performance of each solution by numerically
solving the LME in eq. (3.19) using egs. (3.25) and (3.27) for the 3LA and

environment of fig. 3.1, and compare with the exact result given by

. i
O = _E[Hat +hwata + dhg, (at +a), ps] + 1D, 4[0s] (3.31a)
and
4 2
d=Y o= (0;+0a}). (3.31b)
=1 =1

To obtain the exact atomic density matrix, we take the partial trace with re-
spect to the single bosonic mode a: p,; = Tr,p,. For concreteness, we choose
the following parameters: fw, = 1€V, ix, = 0.1 €V, g, = 0.05x,, and again
the symmetric configuration where é; + 6, = 2w,. The initial state is now
set to [p(0)) = (I11) —12))/ \/E, for the approximate methods being discussed,
and [(0)) ® |0) for the exact approach. In figs. 3.4a to 3.4c, we show the dy-
namics of p, 2, as calculated with the exact, aA — ¢TI and dA — dI" methods.
We notice a prominent feature in all plots at 6, = w,, where the population
does not decay. This happens because |1) and |2) are degenerate, and [(0))
is precisely the superposition of |1) and |2) that is decoupled from the envi-
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ronment. In the exact and aA — gI" approaches, when the detuning between [1)
and |2) increases, o, > decays on a timescale approximately equal to 1/](d,),
marked by the dashed line. This is in stark contrast to dA — dI', where the
dissipation timescale quickly converges to 1/](w,). Of course, this disparity
can be traced back to the frequency clustering in fij. Accordingly, we can
retrieve an accurate description of the dissipation by retaining the geometric

mean replacement for [';;, and clustering frequencies for /N\]-j only. In our nam-

ijs
ing convention, we would call this method dA — gI'. In fig. 3.4d, we see that
the dissipative behavior of dA — gT" indeed converges to the exact and aA — gT’

cases.

From fig. 3.4, we conclude that both aA — gI" and dA — gT" work well to de-
scribe the dissipation, with only minimal performance differences. Still, there
are two deciding factors that incline us to select aA — gT" over dA — gT’

1. The energy shift part in dA — gI' assumes no natural detuning between
the excited states, while in reality there is a non-zero difference. It is,
therefore, natural to envision some specific setups where the accuracy
of dA — gI' might be compromised compared to aA —gI', which includes
the finer details of the atom’s energy spectrum without further consider-
ations. Hence, in the wide landscape of possible systems susceptible to
a description like the one discussed here, it is to be expected that aA —gI'
should outperform dA — gT, even if only slightly.

2. From the point of view of the practical implementation, the need for
a classification of the transition frequencies in particular clusters is an
additional step of dA — gI', not required by aA — gI'. Additionally, for
large systems without a clear “gross” structure, this step can become
quite unclear. In this regard, aA — gI" avoids dealing with such contem-
plations, as it accepts the transition frequencies for what they are, not
trying to mold them into something they are not.

With that in mind, we conclude that the aA — gI' approach provides the
best solution. It (i) successfully reproduces the exact solution for weakly
coupled Markovian environments, (ii) straightforwardly addresses the non-
Hermiticity issue associated with the geometric mean prescription, and (iii)
seamlessly incorporates the finer energetic features of the system without ad-
ditional supervision. This makes the aA — gI' method robust and effective at
describing the energy shift of complex quantum systems.
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3.4.3 NON-POSITIVE SEMIDEFINITE KOSSAKOWSKI MATRIX

We next turn our focus to the other problem that can arise from the geomet-
ric mean prescription: the Kossakowski matrix can come out non-positive
semidefinite. A notable situation is that of a single system-environment inter-
action term, the case treated in [266]. There, the authors show that the final
Kossakowski matrix is positive semidefinite by construction. In the more gen-
eral case of Hy; = Y, 5,B,, we can consider two scenarios. If there are no
cross-correlations, one can simply treat the baths independently and repeat
the procedure of [266] for the dissipative part due to each environment op-
erator. We considered such an example in [267], which is presented in more
detail in chapter 4. The opposite scenario, which is certain to occur in EM en-
vironments lacking a high enough degree of symmetry, requires some more
work. We anticipate already that this section has less analytical insight, instead
making heavier use of numerical simulations to both present and substantiate
the claims. Therefore, let us first clarify the key methodological tools to be
employed.

MetHopOLOGY In this part, we are going to randomly generate an atom and
environment pair, and then calculate the associated Kossakowski matrix for
several approximate master equations. For later reference, we explain the pro-
cedure to generate random systems and environments in some generality, as it
will be useful in section 3.4.4 too. We work with a generic L-level atom coupled
to its environment through M interaction terms H;,,; = Zi\il d,B,. The envi-
ronment is, thus, characterized by an MxM spectral density. To make sure that
the environment is physically plausible, we profit from the few-mode quanti-
zation technique developed in [201], and described at the end of section 2.4.4.
Accordingly, we take N lossy coupled bosonic modes a, with frequencies and
couplings w,z and loss rates «,. The few-mode spectral density is

1 _
Jm(@) = —g-Im[(h—wly) " | -8, (3.32)

where g is an M x N matrix and h is an N x N matrix that contains the model’s
parameters through h,5 = w,pg — 16,p%, /2. A convenient feature of J, as the
spectral density is that A, can also be written down analytically as

Am(@) = —g-Re[(h—wly)™'| g, (3.33)

and that provides us with all the information that we need regarding the en-
vironment. The conceptual shift with respect to [167, 201, 255, 256] is that
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instead of choosing the parameters to fit some existing spectral density, we
choose here both the environment and system parameters randomly, sam-
pled using the Python library NumPy (version 1.26.2). The initial state is ini-
tialized through random phases and amplitudes for each coefficient c,(0) in
[p(0)) = Zi:l c;(0)la). Next, we ensure that the system’s and environments
energy scales overlap by confining #iw, to [0.1 eV,5.0 eV] and the discrete
mode energies hiw,, to [0.3 eV, 2.0 eV], while the mode couplings fiw, B form
a symmetric matrix whose elements belong to [0.0 eV, 1.0 eV], and the decay
rates fix, to [0.2 eV,0.5 eV]. The atom’s transition operators are constructed
as Hermitian matrices with vanishing diagonal elements and values in [0, 1]
off the diagonal. The dimensions of these operators have been absorbed in
the atom’s environment coupling strengths, #g,, which have been sampled
uniformly within [0.0 meV, 1.5 meV]. These parametrization ranges ensured

a diverse set of systems for our analysis.

Once we have the system-environment pairs, we simulate them through
several dynamical equations in order to test and compare them. In particular,
we implement the following methods: BRE and aA — gI', which simply corre-
spond to the BRE and the master equation that we ended up with at the end
of the last part. Neither one of these master equations is generally a LME at
this point, because of the possible negative eigenvalues of their Kossakowski
matrices. For that reason, we also modify them by directly removing these neg-
ative eigenvalues. These new methods are labeled as BRE(+) and aA — gT'(+),
reflecting their forced positivity. In a way, discarding the negative eigenval-
ues amounts to replacing the method’s corresponding Kossakowski matrix
K, with its unique positive approximant K" with respect to the Frobenius norm,
i.e., the positive semidefinite matrix such that ||Km - Kf: ) ||F is minimized, as
shown in [268]. Concretely, the Hermiticity of K, allows us to concisely write

K., + VK3

K = 5

(3.34)
As a consequence of this replacement, BRE(+) and aA — gI'(+) are, indeed,
genuine LMEs. Whether they are accurate is another matter that we will find

out soon.

Finally, in order to check the validity of each method, we compare them
with the exact solution of the system’s dynamics, which is directly given by the
few-mode quantization technique used to generate the system-environment

pairs. Indeed, if our environment is described through J,, and A, the exact
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solution is directly available as the solution of

. i
Ps = “n Hy + Zhwzxﬁalaﬁ + Zdr Zhgm(a; +au¢)/ps
«p 7 a

+ Y KDy a[0s], (3.35)
o
where the exact atomic density matrix is p, = Tr, ,05. We will use the exact
result to test and compare the following methods: BRE, BRE(+), a/A — gI" and
alh —gT(+).

ParticuLAr ExaMPLE  With these tools, we generate an L = 3-level atom cou-
pled to an environment through M = 2 operators, and with N = 2 modes char-
acterizing the spectral density, with randomly generated parameters. We take
[p(0)) = (ll) + \/E\2>) / \/5 We display the system and correlation functions
in figs. 3.5a and 3.5b, respectively. Then, we may compute the Kossakowski
matrix of each master equation. For the BRE, we read the Kossakowski matrix
from eq. (2.170), while for aA — gT' it is simply f"i]». For the current 3LA, these
matrices are 9 x 9 and, accordingly, have 9 eigenvalues. We present the most
significant ones in ascending order (first two and last two) in table 3.1. Let us
focus on the BRE row first, where the largest negative eigenvalues are compa-
rable to their positive counterparts. For that reason, it is to be expected that
the negative eigenvalues of the BRE will play an important role. Neverthe-
less, if we now turn our attention to the aA — gI' row, we see that the negative
eigenvalues are about 100 times smaller than the positive ones. This seems
to imply that the geometric mean procedure greatly softens the impact of the

negative eigenvalues. To check this statement, we solve the dynamics of the

Table 3.1: Negative (blue) and positive (red) eigenvalues of the corresponding Kos-
sakowski matrices. We show only the 4 largest in absolute value, out of the 9 total
eigenvalues for L = 3, rounded to the first significant digit.

Method Eigenvalues (meV/h)
1st 2nd 8th 9th
BRE -5 —-9-1072 2-100t 9
ah—gl'  —3-1072 —1-107° 1-1072 4

system with the exact, BRE, BRE(+), aA —gI' and aA — gI' (+) methods and plot
the results in fig. 3.5c. As can be seen, only the BRE(+) master equation fails
to reproduce the exact dynamics, while the rest come very close to the exact
populations. This fact is further evidenced by fig. 3.5c, where the “error” of
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In agreement with the observation based on the eigenvalues alone, BRE(+)
is the only one to significantly deviate from the exact evolution, which is fol-
lowed by all other methods with great accuracy. Remarkably, this confirms
that the negative eigenvalues of the Kossakowski matrix associated to aA — ¢TI’
are essentially irrelevant, so that discarding them yields a genuine LME which,
in addition, is accurate. So far, everything points at aA —gI'(+) as a solution to
the non-Hermiticity and non-positive semidefiniteness problems. However,
unlike the non-Hermiticity problem, we have thus far found a practical so-
lution that we know to work only in the particular example analyzed in this
section. It remains to be seen how well this procedure works in the general
case, that is, by how much the negative eigenvalues from BRE are reduced
after the geometric mean replacement. If the geometric mean systematically
decreases the negative eigenvalues by a few orders of magnitude, then we will
have reached our goal, and showing so is the purpose of the next section.
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3.4.4 RESTORING POSITIVE SEMIDEFINITENESS

The methodology described above lends itself very naturally to a statistical
study. We begin by generating a large sample of system-environment pairs
with random parameters. Next, in each system, we obtain and diagonalize
the Kossakowski matrix with the BRE and the aA — gI" master equation, and
study whether the negative eigenvalues become smaller, as seen in the partic-
ular example from section 3.4.3. To that end, we have generated a sample of
1000 random systems and environments with the same parameter ranges as
before, and the eigenvalues of their respective Kossakowski matrices are rep-
resented in figs. 3.6a and 3.6b, for the BRE and aA — gI' methods. There, blue
bars correspond to negative eigenvalues, while the positive ones are colored
with red. Since we can order the eigenvalues in each system, fig. 3.6 actually
contains many histograms: one for the first eigenvalue, another for the sec-
ond, and so on. These partial histograms are differentiated from each other
through their color shade, with darker tones indicating larger absolute values.
Notice that the horizontal axes features a negative and positive logarithmic
scale, broken at +10125,

There are several differences between figs. 3.6a and 3.6b. For instance, the
BRE histogram is more ordered, with many eigenvalues that are essentially
zero (out of the range), and two positive and negative peaks that approxi-
mately mirror each other. After the geometric mean procedure, however, the
eigenvalues become more scattered throughout the whole logarithmic range.
Nevertheless, there is a particularly important difference: while the first peak
of the BRE method clusters around —1, in agreement with the first row of ta-
ble 3.1, the same peak in aA — gA master equation has shifted about 3 orders
of magnitude closer to zero on average. Clearly, the geometric mean replace-
ment has significantly reduced the negative eigenvalues across the whole ran-

dom sample of 1000 system-environment pairs.

To end this section, we explore the breakdown of the master equations due
to the onset of the strong coupling regime. With that goal, we simply introduce
a dimensionless numerical coupling strength factor to scale up the system-
environment interaction for each random instance, covering a wide range of
orders of magnitude. For each system, we calculate its dynamics with every
method and compare with the exact solution, with a random initial state. We
measure the deviation by taking the temporal average of the Frobenius norm

of the difference between the density matrices:

A(method) — % IOT dt ||p(exact)(t) _ pértnethod)(t)”l:. (3.37)

at
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(a) BRE oth Figure 3.6: Histogram with the neg-
£200 I |1t ative and positive eigenvalues, in
S ond logarithmic scales and normalized
S100 8th to the largest positive one. Adapted
from [257].
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200 b 7th 9th matrices obtained from the BRE as
g Ist 8th read from eq. (2.170).
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Then, we can average this quantity across the 1000 systems at each value of

the coupling strength factor to gauge their robustness and breaking point. In
practice, however, it makes more sense to study the statistical properties of
log Atmethod) '+ account for the skewness of A™method) which is due to the de-

viation being either small or large, but always positive.

The results are condensed in fig. 3.7, where we plot exp((log A(method) yy
to present the results in the more intuitive form of A and not logA. Several
things stand out in the figure. First, any approximate method fails to repro-
duce the exact dynamics when the strength factor becomes sufficiently large,
as expected. In the weak coupling limit, however, we see with the continuous
lines that the “full” methods, including both positive and negative eigenval-
ues, converge to the exact solution. Meanwhile, from the positive versions
of the methods, the deviation of BRE(+) stabilizes above the dotted line and
never converges. This behavior is consistent with the results shown in fig. 3.6,
as the large negative eigenvalues of the BRE’s Kossakowski matrix are ex-
pected to be of great impact on the dynamics. As for aA — gI'(+), it manages
to follow the trend of convergence, which again is to be expected since fig. 3.6
showed a marked reduction in the size of the negative eigenvalues of the Kos-
sakowski matrix. Accordingly, figs. 3.6 and 3.7 support that our proposed
master equation, aA — gI'(+), fixes both the non-Hermiticity and non-positive

semidefiniteness problems of the one developed in [266].

109

Note that this is equivalent
to a geometric average of
Amethod) oyer random  sys-
tems, but we refrain from us-
ing that nomenclature here
for clarity, as the geometric
mean is already a main char-
acter of the chapter.



3 TAMING THE BLOCH-REDFIELD EQUATION

Figure 3.7: Statistical average 10°
over random systems of the P
time-averaged deviation of -
the dynamics (eq. (3.37)), as
a function of the coupling
strength factor. The horizontal
dotted line indicates the point
beyond which any method
undoubtedly breaks down.
Adapted from [257]. 1073
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3.5 FINAL LINDBLAD MASTER EQUATION AND CON-

CLUSIONS

In the preceding sections, we have discussed the need to go beyond the sec-
ular approximation when attempting to turn the BRE into a LME, with some
methods already available [259, 261-265]. In this spirit, we have slightly gen-
eralized the geometric approach developed in [266]. Then, we have realized
that it has two potential flaws, the non-Hermiticity of the energy shift and the
presence of negative eigenvalues in the Kossakowski matrix. Either of these
precludes the gA — gI" master equation from being a genuine LME already in
scenarios of moderate complexity. We next show in the chapter how both dif-
ficulties can be solved with minimal modifications. To restore the Hermiticity
of the energy shift, we merely replace the geometric mean with the arithmetic
mean in the energy shift terms, such that

Ny (8;) + N (9))

Ay= """ (3.38)

As for the negative eigenvalues of the Kossakowski matrix, we simply discard
the negative eigenvalues, which are much smaller than in the BRE after the
geometric mean procedure. In a way, as we have discussed before, we are
replacing the Kossakowski matrix of the aA — gI" master equation K with
K+ VK
7

K+ = (3.39)

These two modifications to the equation of [266] ensure that the final equation,
alA —gI'(+), is a true LME, under any circumstance, for arbitrary systems and

environments.

Regarding the properties of the aA —gI'(+) equation, it is designed to accu-
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rately describe the dynamics as long as the BRE also delivers physically sensi-
ble results. Note that the approach BRE(+), while also a genuine LME, gener-
ally fails to reproduce the correct dynamics, which highlights the significance
of the intermediate geometric mean step. With the status of LME, aA — gI'(+)
enjoys a number of advantages over the BRE. First, it is, by design, free from
negative populations. Second, because the aA — gI'(4) master equation is a
true LME, it generates a completely positive map, which means that its lifted
dynamics is positive for any additional subsystem too. Last, the aA — gI'(+)
LME admits a quantum trajectory interpretation of the dynamics with non-

negative jump probabilities, which has additional computational benefits.
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VACUUM-FIELD-INDUCED

Chapter ‘
STATE MIXING

Four

I'm not confused. I'm just well
mixed.

Robert Frost

CHAPTER sSUMMARY In this chapter, we build upon the ideas presented in the
context of chapter 3 to accurately describe the dynamics of the hydrogen atom
in the vicinity of an AIN dielectric nanoparticle. For the reader’s convenience,
we start in section 4.1 with a brief reminder about some concepts regarding
atoms and macroscopic QED introduced in chapter 2. In particular, we will
focus on the temporal evolution and eigenstate mixing effects that arise within
a single fine-structure, quasidegenerate multiplet. To do so, off-diagonal cou-
plings between quasidegenerate states must be taken into account, such that
the standard secular approximation is not adequate. Therefore, we write in
section 4.2 an appropriate LME following the discussion in chapter 3, and ex-
tract an effective, non-Hermitian Hamiltonian. Through it, not only are the
relevant aspects of the dynamics fully captured, but the analysis itself also
becomes significantly simpler in section 4.3. Our results show that, owing
to the nanoparticle’s presence, the hydrogenic eigenstates become mixtures
of the original fine-structure eigenstates, and the precise mixtures depend on
the atom-nanoparticle separation. This mixing arises from the off-diagonal
terms that are completely missed by a secularized LME, and has marked conse-
quences in the atomic dynamics. For instance, we observe that, under certain
circumstances, quantum interferences due to the off-diagonal couplings can
revert the expected Purcell enhancement of the spontaneous emission rates.

The results presented here have been published in [267].
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4.1 REMINDER ABOUT ATOMS AND NANOPARTICLES
iIN MQED

Throughout chapter 2, we have emphasized that atoms see their properties
modified due to the EM environment that surrounds them. In particular, this
part of the thesis deals with phenomena in the weak light-matter coupling
regime. If the EM field is in its vacuum state, only two effects are expected
to take place: an energy shift of the atomic energy levels and a finite decay
rate. When atoms are placed close to a much larger nanostructure, the MQED
vacuum field modifies both effects, as described at the end of section 2.4.3.
The present chapter is concerned with such scenarios. Thus, we must use the
results of the end of section 2.4.3 to obtain an appropriate master equation.
There, we saw that the multipolar coupling interaction Hamiltonian in the
long-wavelength approximation,
_d ! D(at) (rat)

Hyp=—-———""—"" (4.1)
€0

yields the following expressions for the parameters of the BRE:

2
v(6) =2n1J(0) =27 5 Im G(ry, 1y, w), (4.2a)
rthege
1 % w?Im G5 (r,, Ty, w)
mthegc? fo S—w ’ (42b)
Ny (8) =df - A(9) - d;. (4.2d)

Here, G is the EM Green tensor; note that the A and Al»j only include its scat-
tering contribution G%, as the free-space energy shifts formally diverge but be-
come negligible compared with the effects treated here after an appropriate
renormalization procedure. In the physical scenario considered here, such
position-dependent energy shifts are commonly referred to as CP shifts. In
the spirit of chapter 3, these are the functions that must be geometrically or
arithmetically averaged in order to retrieve a LME from the BRE for atoms
in medium-assisted EM fields. For simplicity and concreteness, we consider
a hydrogen atom placed next to a dielectric nanoparticle, sketched in fig. 4.1,

whose details are explained next.

HyproGeN aToM  As elaborated upon in section 2.3, the energy spectrum of

the hydrogen atom has a distinctive “gross” structure characterized by the
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(@) In1,j,m;) (b) z Figure 4.1: (a) Sketch of the

0<isn=1,1-1/21<j<T+1/2, Iml <} E 4 fine-structure corrections to
? } ‘2 ‘3 “1 ! *E s the Bohr energies (not to scale).
:7 P e Ij The diagonal lines indicate the
— dipole-allowed transitions.
N/ SEIE;CIHEE 4 z  (b) Depiction of the system
[ Ak et Al = J_rl' g é under study: hydrogen atom
Aj=0,+1 % g located on the symmetry axis
Am;=0,41 < of a spheroidal nanoparticle.
gL e T deie_nir‘acy — Adapted from [267].
=2+1  m=140nm

Bohr energy levels O(a?m,c?), each of which comprises a manifold of states.
There are a number of smaller corrections of various physical origins that shift
each state in the manifolds differently, breaking the Bohr level’s degeneracy.
In the absence of external electric or magnetic fields, the most important effects
are the relativistic contributions included in the Dirac equation, described
in section 2.3.3, which give rise to the fine structure of the energy spectrum,
O(a*m,c?). To a very good approximation, the eigenstates are characterized
by the following quantum numbers:

n: principal quantum number (labels Bohr levels).

I: orbital angular momentum, 0 <1 <n —1.

s: electron spin, s = % We will generally omit it as it can only take this
value.

i 1 _._7,1
j: total angular momentum, 5 <j =1+ 5.

mj: vertical axis projection of the total angular momentum, —j < m; < j-
More concretely, the relation between the coupled and uncoupled angular mo-

mentum bases is

|j= 1— 1/2,m]-> = c_|m, =m;+ 1/2,mg = —1/2>

+oyp|my =m; —1/2,mg =1/2) (4.3a)
i =1+1/2,m) = cy|m =m; +1/2,m; = —1/2)
—c_|my =m;—1/2,mg =1/2). (4.3b)

Here, c, are Clebsch-Gordan coefficients that can be read from eq. (2.134b).
These combinations imply that dipole selection rules in the coupled basis are

I-I'=41, j—j'=0,+1 and mj—m;. =0 (for z) or m]-—m/f = +1 (for x and y).
(4.3¢)
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Figure 4.2: Real part of the 200
permittivity of AIN, as a
function of the frequency.
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Reeyy < 0 and phonon- !
polaritonic  resonances are —200 1 1 |:® 1
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As for the eigenenergies, we have Haf|nljmj> = E,,j|nljm]->, with

1 _3 } (4.4)

a’uc®  atuc?
_ _ — -
j+z A

T op2 2n3

E

where p is the reduced mass. In these energies, the degeneracy is explicitly
broken for the j quantum number. Accordingly, for the nth Bohr level, a total
of n closely separated lines appear in the spectrum, as sketched in fig. 4.1a.
The next important correction to the hydrogenic spectrum is the well-known
free-space Lamb shift. Forj = % states, it is roughly one order of magnitude
smaller than the fine structure, while for j > % states it becomes at least two or
three orders of magnitude smaller [226]. On top of that, there is the so-called
hyperfine structure due to effects like the interaction of the electron and the
nuclear spin, also smaller than the fine structure. As will become clear in
the following parts of the chapter, we are interested in a regime where the
nanoparticle-induced shifts are comparable or larger than the fine structure.
For that reason, we neglect all corrections but the fine structure. In the next
sections, we will study the dynamics of a hydrogen atom within a single fine-
structure multiplet, whose states lie within a thin energy window of width
Ag.

DieLecTrIC NANOPARTICLE  We place the hydrogen atom close to a nanopar-
ticle that supports EM resonances, adequately described through MQED. For
the purposes of this chapter, we want the nanostructure’s resonances to be
narrow and to match the frequency of a particular 1 — n — 1 transition in
the atom. With that in mind, there are two considerations to be made when
choosing the nanoparticle: the material and the geometry.

Material: The material will be one of the key factors in determining the fre-
quency range at which the nanostructure will support resonances.
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Geometry:

One possible natural choice would be a metallic nanoparticle, where
the resonances are plasmon-polaritonic excitations, that is, the re-
sult of electronic motion. Therefore, the resonant frequencies de-
pend both on the metal’s own plasma frequency and the concrete
shape of the particle. However, metals are known to be relatively
lossy, which can come into conflict with the narrow resonance re-
quirement. Furthermore, we will look into relatively high n val-
ues, which enriches the phenomenology as more states participate
in the simulations. This means that the target atomic transitions’
frequencies will belong to the infrared range, where plasmonic
nanoparticles become less efficient at supporting highly confined
EM fields [269]. For these reasons, we turn our attention to polar co-
valent semiconductors that exhibit phonon-polaritonic excitations
due to vibrations in the ionic lattice, typically in the infrared part
of the spectrum. Their dielectric function is approximately of the
form [269, 270]

2 2 H
N CULO — W —1WYL0
Sionic(w) = € 2 2 . .
wTO — W — 1WYTO

(4.5)

Here, w; o and wrg are the longitudinal and transverse optical
phonon frequencies, while 71 o and 7 are related to the damping
forces in the ionic oscillations. The real part of such permittivities
becomes negative within a narrow frequency range known as the
Reststrahlen band, where the phonon-polariton resonances are con-
tained [271]. Even if the Reststrahlen band is not a very tunable
property for any material, its precise location and the much lower
losses of phonon-polaritons compared to plasmon-polaritons make
these materials a good choice. From the permittivities parametrized
in [269] for different phonon-polaritonic materials, we observe that
the Reststrahlen band of aluminum nitride (AIN) contains the fre-
quency associated to the n = 7 — n = 6 transitions, EBol — EBOIr ~
0.1 €V, as illustrated in fig. 4.2. Encouraged by the numerical coinci-
dence, we settle on AIN as the nanoparticle’s material, and we pay

special attention to the n = 7 — n = 6 transition.

For reasons that will become clear in section 4.3, we also want the
nanoparticle to have an axis-symmetric prolate shape. In particular,
we choose a spheroid whose major and minor axes are M = 200 nm
and m = 140 nm, as depicted in fig. 4.1b. We place the atom on

top of the nanoparticle, along the symmetry axis, the z axis in the
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Figure 4.3: Spectral functions
that characterize the EM en-
vironment due to the dielec-
tric nanoparticle. The verti-
cal dashed line and the shaded
area represent the energy of the
n =7 - n = 6 transition and
the Reststrahlen band, respec-
tively. Adapted from [267].

(a) Diagonal components of J
for an atom placed at s =
50 nm.

(b) Diagonal components of A
for an atom placed at s =

50 nm. !
| | [ |

Their units are eV/D?, where 0.08 0.09 0.10 0.11
1D = 0.208 e - A stands for De- hw (eV)
bye.

1

sketch, at a distance s from the surface. Such an arrangement im-
plies that the cross-correlations between different environment op-
erators vanish or, equivalently, that 7, J and A are diagonal matri-
ces, which simplifies matters in section 4.2. Still, the main reason
for selecting such a nanoparticle is that, for an atom placed along
the symmetry axis, the interaction due to z - d will be significantly
enhanced compared to the orthogonal components of the dipole
moment; this choice is particularly well suited to illustrate some ef-
fects discussed in section 4.3.

With the above considerations, we characterize the environment through
its spectral density J and its Hilbert conjugate A, using eqs. (4.2a) and (4.2b).
For the specified geometry and material, and an atom placed s = 50 nm
away from the nanoparticle’s surface, these quantities are depicted in figs. 4.3a
and 4.3b, respectively. As we anticipated earlier, the phonon-polaritonic res-
onances are clearly within the Reststrahlen band, as is the targeted transition.
Also, in agreement with the geometric considerations, the zz components are
larger than the others, and there is a richer peak structure to it. These quan-
tities have been obtained numerically, using the boundary element method

implemented in scurr-em [272, 273].
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4.2 MASTER EQUATION AND NON-HERMITIAN HAMIL-

TONIAN

In this section, we will develop an effective Hamiltonian description from an
appropriate LME. In doing so, we go from a simplified dynamical equation,
the LME, to an even more simplified one in the effective non-Hermitian Hamil-
tonian, which will render the analysis in section 4.3 direct. After chapter 3,
the most straightforward approach would be to simply start from the method
developed there, a LME that we have called aA — gI'(+). Such a master equa-
tion avoids the secular approximation, thus keeping environment-induced off-
diagonal couplings between different, off-resonant atomic states, and does so
generalizing the one proposed in [266]. However, we are not going to start
from there, but from gA — gI'. As mentioned in section 3.3.1, this master equa-
tion already introduces two slight generalizations to the work of [266], namely,
it dispenses with the RWA and allows for multiple system-environment inter-
action terms. However, it is not guaranteed that the resulting master equation
is a true LME. Still, we start from gA — gI’, rather than aA — gT'(+), for three
reasons stated here and more thoroughly explained in the next subsections.

1. The energy structure of the hydrogen atom allows us to perform a par-
tial secular approximation that eliminates the couplings between states
in different Bohr levels. These terms can be safely discarded because the
energy shifts and decay rates will be far from the orders of magnitude
associated with the gross structure. As a consequence, we will be able to
ensure that the energy shift is Hermitian in all cases, and the geometric

mean needs not be replaced with the arithmetic version.

2. Due to the symmetric placement of the atom and the nanoparticle, we
can express the interaction in a basis that ensures that (i) there are no
environment cross-correlations and (ii) each emitter transition is medi-

ated by only one dipole moment component. Indeed, we can write

H. = doD a0 + d41D(an,—1 +d_1Dan, 11

int —

e (4.6a)

where the +1 components are the right and left circularly-polarized po-
larizations. More explicitly,

o -1 = 9 v
+1 \16 \f% x
| L = 4.
v_q 5 5 01|, | (4.6b)
Y0 0 0 1/\%
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for the components of a generic vector v. In terms of the new “spherical”
components, the matrices 1y, ] and A remain the same, as the transforma-
tion affects only the {x, y} subspace, which is degenerate in each of those
matrices due to the symmetry. Therefore, 7,1 11 = 71,1 = Tax = Tyyr
and 41,1 = 7y, and likewise for the other quantities. Note, however,
that the components of the dipole moment operators that appear in the
BRE’s parameters are no longer Hermitian, as d, = dil. Thus, we ac-
tually have

Tjj(8) = Try(d*oy) - 4(8) - Trye(dof), (4.6¢)

where Tr,,(d'0;) is no longer equal to Tr, (do} )*, and likewise for A;;.
In any case, using the spherical components will allow us to prove in
section 4.2.2 that the Kossakowski matrix is positive semidefinite, such

that no negative eigenvalues must be explicitly removed.

. The last reason is that the studies that lead to the results presented in

chapters 3 and 4 were carried out in the opposite temporal order com-
pared to the order of presentation here. We did not have at the time a
solution to the potential problems of [266], nor was finding a solution
our main preoccupation. Since we were able to show that the master
equation used in this study is a true LME, we took it and analyzed the
physical consequences of the off-diagonal couplings. The only draw-
back is that this chapter is restricted to the case where the atom lies
on the symmetry axis of the nanoparticle, as any deviation would auto-
matically incur the problems discussed in chapter 3. In any case, such a
limitation was automatically lifted by the method proposed in chapter 3,
and we have started work exploring this direction.

4.2.1 DETAILS OF THE MASTER EQUATION

In order to derive the LME that will be the basis of our upcoming analysis, we

start from the BRE in state-index notation:
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. i
Pat = _E[Hat/‘oat]
+ Z [ - i<Aca,db(wbd)|a><c|d><b|pat - Aca,db(wac)pat|a><c|d><b|>
abed

+ i[Acu,db (wbd) - Aca,db (wac) ] |d><b|patla><c|

1
- E (rcu,db (wbd)|a><c|d><b|pat + rcu,db (wuc)pat|a><c|d><b|)
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1
+ E[rca,db(wbd) + rca,db(wac)]|d><b|pat|a><cl . (4'7)

Here, a, b, c and d denote eigenstates of H,;, and, as in previous chapters,

Lo ap(@) = die - y(w) -dgy and (4.8a)
Acqap(@) = dic - A(w) - dgp. (4.8b)

Note that we have kept df, foreseeing that the non-Hermitian spherical com-
ponents of the atomic dipole moment will be used later. The first step is a
partial secularization, alluded to in the previous paragraphs, which involves
discarding every term in which the timescale induced by the environment,

Tp ~ min(|d2)\|_1,

-1
d2y| ), is much larger than that of the atomic transitions

Ta ~ |Wye — wbd|_1 = |wyp — a;cd|_l. Let us analyze the effect of the partial

secular approximation in more detail.

1. Of course, we keep the terms where |a) and |b) belong to the same Bohr

level, n, = ny, and [c) and |d) both belong to Bohr level n, = n,.

2. In most other cases, T, is very short because /75! is of the order of
the gross structure of the hydrogen atom’s spectrum, and the secular
approximation discards those terms.

3. The only other case that we need to delicately take care of happens
when [a) and |c) belong to the same Bohr level, n, = n., and |[b) and
|d) both belong to Bohr level n;, = n,;. We consider here the dissipa-
tive and energy shift parts of the BRE separately. In the dissipative
part of eq. (4.7), these terms can be discarded even if 7,; =~ h/Ay is
large, because the environment-induced timescale is even larger. In-
deed, T is proportional to 7 N w = Ag/h), where y(w) — 0 very fast
as w — 0 (see Appendix B of [204]). However, in the first two lines of
eq. (4.7) this condition is not fulfilled because A(0) # 0. Still, for these
terms (n, = n, and n, = ny), the second line of eq. (4.7) has a factor
Mw = A /h) — Mw = A /h) = 0 and is therefore negligible. Then, we
only need to include the terms where n, = n. and n;, = n,; in the first
line of the BRE, where the factor (c|d) implies that all 4 states belong to
the same Bohr state. These terms are then a particular case of the first
item on this list, and thus we are keeping them automatically.

We next apply the geometric mean replacement discussed in chapter 3,

Aca,db (wac) and Aca,db (wbd) - Aca,db = \/Aca,db (wac) \/Acu,db (wbd) (4.9a)
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and

rca,db (wac) and rcu,db (wpg) = 1Nﬁca,z;lb = \/rcu,db (wuc> \/rca,db (wbd)/ (4~9b)

and obtain

i (na=nyp)
pat = _ﬁ[Hatrpat] - i[ Z Acu,cb|a><b|/pat]

abc
(ng,=ny n.=ngy)

+ Y fm,db(ld><blpatla><c|—%{|a><c|d)(b|,pat}). (4.10)

abcd

After the geometric mean replacement, the CP energy shift Hamiltonian is sim-
ply Hep = h Y. 57" A, ola)(b]. Tt contains both diagonal and off-diagonal
matrix elements, these last ones coupling only states within the same Bohr
level. However, as we saw in chapter 3, this form of H-p can be non-Hermitian
precisely because of the off-diagonal couplings. As for the Kossakowski ma-
trix, T, 4, it is not at all obvious whether the geometric replacement proce-
dure should yield a positive semidefinite matrix. Failing to satisfy either of
these requirements would prevent eq. (4.10) from being a LME. In the follow-
ing, we verify that the combination of the symmetric geometry of the system

and the partial secular approximation ensure that eq. (4.10) is, indeed, a LME.

4.2.2 VERIFICATION OF THE LME

Let us address both potential issues separately.

HerMiTIAN CASIMIR-POLDER ENERGY SHIFT Hep is guaranteed to be Hermi-
tian if A(w,.) and A(wy,) have the same sign. Because of the partial seculariza-
tion, only terms where 1, = n;, are kept, which means that i|w,, — wp.| = A,
of O(107%) eV for |a) and |b) in the n = 7 Bohr level. Additionally, the lines in
fig. 4.3b clearly show that the energy scale over which A changes significantly
and changes sign is O(1072) eV, or larger. Consequently, the non-Hermiticity
problem can only arise if # = 7 multiplet lies directly on top of a sign change
of A, a coincidence that would be unfortunate and unlikely in equal parts. Fur-
thermore, even if that was the case, the states with n = 7 would lie extremely
close to the actual zero of A(w), which would effectively render these contri-

butions negligible, regardless of the non-Hermiticity.

PosiTive seMIDEFINITE Kossakowskr MATRIX We recall here the spherical
vector components introduced in eq. (4.6b). With them, we may write I', 4
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as

+1
L ap(w) = Z d{,ac <Y (W) - dy gp- (4.11)
=1

In the coupled angular momentum basis, our hydrogenic states are of the gen-
eral form |nl;jm]-> = afnl; mymg) + o' |nl; m;m;>, where m; + mg = my + mg = m;.
Since (i) the dipole operator does not act on the spin degree of freedom, and
(ii) dy connects states with m; to states with m; + £, we have that d, maps states
with m; to states with m; + too. Accordingly, because all |a) and |c) have a def-
inite value of mj, each transition |a)(c| will be mediated by a single component
of the dipole moment operator. Furthermore, the diagonal form of  implies
that the transition operators (|a>(c|)Jr and |d)(b| must be mediated by the same
dy; otherwise I';; 4,(w) = 0. As a result, we can expand the dissipative part
of eq. (4.10) as three separate sums, one for each value of ¢, indicated in the
expression below with the label £ on top of the second summation sign in the

second line of

(ng=np,n.=ng)

Z \/rﬂc,db (Wpa) \/rac,db (Wge)
abed

<)l e = 3 )|

(ng=nyn.=ny)t

=> Y 3 aeao Ve (@o) VY0 (Wac)
{ abed

x [|d)(b|pafla><cl - %{la><cld><bl,pat}]

1
= ;(Zémpatzé”” _ E{ZE"”ZE"),Pat}> = EZ Q)’zé“hzé”) [Oat]- (4.12)
n n

In the first step, we have used that 7y (w) > 0 and that dy ,. is real for any pair
of states |a) and |b) and { (see eqgs. (2.126) and (2.134b)). As for the second
step, we have separated the sums over 4,c and d, b to define

(np)

Zénb) = Z dy,ap\ Yoo (wWpa)|d) (0], (4.13)
b

which allows us to neatly factor the equation in a way that evidences that the
Kossakowski matrix is positive semidefinite. Moreover, it has only three non-

zero eigenvalues, one for each ¢, for each Bohr level.

We have thus seen that the resulting master equation is, indeed, a LME.

There are two final remarks of some interest. The first one is that, with similar
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manipulations, we can actually factor the CP energy shift Hamiltonian simi-
larly and arrive at
+
Hep =h) (D) D", (4.14a)
n

where
(ny)

D™ =" dy gyt (wpa)ld)(B. (4.14b)
db

Then, the final LME can be written as

i

n + n
Pat = _E[Hat/pat] - ZZ[(DE )) Dé )/pat] + Z‘@’Zﬁ),zé") [0at]
n in
i
= _E[Hat + Hep, pat] + ; Dz@’”,zg") [Oat]- (4.15)

The second observation is that the dissipative part of the LME in eq. (4.12)
can be written in terms of “Cartesian” operators. We use now the x, y and z
components of the dipole moment, and define

(1)

S0 =S dy gy (wpa) ) (B, (4.16)
db

Evidently, 2" = Zé”). As for the x and y components, they can be combined
using that

(27) axe + (z§) Az = %[(_zg"; + 2 A(=2 4 20

(20 +50) Az 4 z@)]
= (=) Az + (=) Az (417)

for any operator A, which follows from eq. (4.6b). That is to say, the dissi-
pative part corresponds simply to what a separate treatment of each system-
environment interaction term would have yielded, expressing the dot product
in terms of Cartesian components. In this regard, it is the same dissipator that
the procedure in [266] would give, applied three separate times. Note that
it is not a priori obvious from eq. (4.10) and [266] that this coincidence will
happen, as there are atomic transitions mediated by both d, and dy, and those

terms will be of the form

\/ Tea,ap (Wac) \/ L ea,ab (Wpa) Dicyiay jay ol (4.18)
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where,

\/Fca,db(w> = \/7xx(w)dj(,acdx,db + ’Yyy(C‘))d;,acdy,db’ (4'19)

Then, there is no way in general to extract dipole moment factors from the
square root and reach the separate Cartesian dissipators. However, the precise
symmetry of the system implies that 7, (w) = Vyy (@), and provides us with
a relation between the matrix elements of d, and d,.. Inverting the relation in
eq. (4.6b), we have that
(ald|b) = ‘—ﬁ<a|d+1|b>
) ; ) = (aldy|b) = —i(aldy|b) if m;(b) = m;(a) — 1
a = —(a 1
y \/E +
(4.20a)

1
(ald,|b) = —(ald_4|b)
V2 . .
= (ald,|b) = +1</1|dy|b> if mj(b) = mj(a) +1

(ald,|b) = é{au_ﬂb)
(4.20b)

Additionally, we know that the |a) — |c) and |[b) — |d) transitions in any given
term have the same Amj. Hence,

VPer (@000) (A ety + ey o)\ Ve () (4l + A ey )
* Dicy(al ) o
e o) Tre (@) et T+ ED*ED Dy
=2d% ,ody gy \/ Vex (Wye) \/ YV (Wpa) Dy al jay o)
= 2 b Vi (@a) N Vit (@) Dicyajay oy (421)

i=x,y

where we have used the relations in eq. (4.20), and the equality 7, = 7,,-
In the final line, we recover explicitly the independent Cartesian dissipators.
Note that the above manipulations work because our basis states conspire with
the dipole matrix elements in a way that is allowed by 7., (w) = 7, (w). In
a more general, i.e., less symmetric configuration, these factors cannot work
together, and no Cartesian dissipators are retrieved. Finally, we note that the

accuracy of the final LME in eq. (4.15) is checked explicitly in appendix B.
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4.2.3 DERIVATION OF THE EFFECTIVE HAMILTONIAN

Here, we extract an effective non-Hermitian Hamiltonian description from the
LME provided in eq. (4.15), which will notably simplify the analysis of the
dynamics. We begin by observing that any Lindblad equation

. i
Pat = _E[Hat + HCP/pat] + Z 71’]';0171-,17/- [pat] (4'22)
ij

can be expressed as
; f + +
fat = — 3 (HettPat = pacHli) + ) 15500}, (4.23)
ij

where .
1
Hegt = Hot + Hep — 5 § hyoto; (4.24)
ij

is an effective, non-Hermitian Hamiltonian, and the last term was called the
“refilling” term in chapter 2. Even if Hyy is non-Hermitian, since its anti-
Hermitian component is positive semidefinite, the imaginary part of its eigen-
values will correspond to physical decay, unlike in the non-Hermiticity found
in chapter 3. The refilling term ensures that the population that flows out of
some states flows into some other states. In the absence of incoherent pump-
ing, such as that arising from an environment at a sufficiently high temper-
ature, the refilling term only accounts for the filling of lower levels, whose
populations do not affect the dynamics of the upper states. In such physi-
cal situations, the dynamics of the upper states are fully characterized by the
eigenstates and eigenvalues of the effective Hamiltonian [274].

As has been mentioned before, we will focus on the dynamics of then =7
fine-structure multiplet in section 4.3. Hence, we can completely neglect the
refilling part of the LME. Then, following the discussion above, the effective
Hamiltonian is

Hur = Ha 41 Y (00) D = 25 (200) 20 - Y 1Y @25)
in

n n

which comes neatly separated in separate blocks corresponding to different
values of n,
H{) = P,HeP,, (4.26)

(S

where P,, projects into the 1 subspace. Accordingly, the dynamics of the states
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with n = 7, determined by pg) = P;p,Py, arises from Hgf), and is given by

(7 Lo @ 7)1 ()t
o0 = —5 (HR oD - ol VHE"), (427)

or, equivalently, by the Schrodinger equation 0, () = —éHe(?f)h/J(t)). In or-
der to gauge the degree of simplification that comes from using the effective
Hamiltonian for a given value of n, rather than solving the full master equa-
tion, we observe that including all states from n = 1 to n = 7 involves

m
Hpem =2
n=1

n—1
Ql+1) =
=0

i D@m+1
2y s MR DEMED =280
n=1

3

(4.28)
states. Meanwhile, with the effective Hamiltonian description it suffices to
explicitly describe “just” 2 - 72 = 98 states. That is still plenty of states; how-
ever, we will see now how to reduce it even further to a significantly more

manageable 7 states.

ANGULAR MOMENTUM CONSERVATION ~ Within each Bohr level 1, the projected
effective Hamiltonian Hé;zf) is itself a block matrix, where each block has a con-
crete value of ;. This is easy to see, because both Dé”) and Zé”) take m; to
m;+ 0, and their Hermitian conjugates take m;+ d back to m; such that, overall,
Hé?f) preserves ;. In words, it can be understood as a sort of conservation of
the atomic angular momentum under virtual transitions. Actually, only the
z projection of the total angular momentum including both the atom and real
photons is conserved due to the axial symmetry of the setup. This is reflected
in the complete master equation, as the refilling term does connect different
m; subspaces. Still, because the refilling term has been shown to be negligible
in describing the dynamics of the n = 7 multiplet for our purposes, we can
use the preservation of m; by Hé? and, by fixing its value, further reduce the
size of our Hilbert subspace of interest to 2(11 - m]-). For m; = 1/2, we thus ob-
tain only 13 states. Finally, we can reduce the number of relevant states even
further by noticing that Hé?f) also preserves the parity of /, as evidenced by the
red and blue diagonal lines in fig. 4.1a. For the upcoming section, we settle on
m; = 1/2 and even [, such that the dimension of the reduced Hilbert space of
interest is a mere 7, definitely more convenient than either 98 or 280.

Again, explicit checks of the numerical reliability of the non-Hermitian
Hamiltonian are provided in appendix B. Given the superior simplicity of the
effective Hamiltonian, together with the considerations that further reduce
the number of states and its similar degree of accuracy, we resort to it, rather
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Figure 4.4: Modulus of the ma- ol e el
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than to the LME, in the next part to substantiate our claims. In essence, this
reduces the computational efforts to being able to numerically diagonalize the
effective Hamiltonian, which, in turn, is calculated numerically with scure-

EM [272, 273] at varying atom-nanoparticle separations.

4.3 ANALYSIS AND RESULTS

After the thorough explanation and derivation of the mathematical methods,
we can analyze the dynamics within the relevant subset of states (1 = 7, even
land m = 1/2). To that end, we calculate and study the effective Hamiltonian
at varying atom-nanoparticle separations, d. For reference, fig. 4.4 depicts the
magnitude of the matrix elements of Hgf) at d = 50 nm. The off-diagonal ma-
trix elements <a|Héf7f)|b> are comparable to the differences between the diago-
nal elements |<a|Héf7f) |11> — <b|Héf7f)|b>

that they will have in the atomic structure and dynamics. Such assessment can

, which already hints at the decisive role

be more quantitatively explored by directly diagonalizing the effective Hamil-
tonian and looking at the eigenvalues and eigenstates at each separation. Af-
ter looking at them, we select a concrete atom-nanoparticle separation and
solve the dynamics restricted to the n = 7 subspace, as given by the effective
non-Hermitian Hamiltonian. In the following calculations, we have included
atomic levels up to n = 10 in the sums over intermediate states, which ensures

that the results are converged.
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4.3.1 EIGENVALUES

Due to the non-Hermiticity of the effective Hamiltonian, its eigenvalues will
be complex. The real and imaginary parts correspond to the new energies and
decay rates of the hydrogenic states, respectively, as modified by the presence
of the nanoparticle:

HE @) = (£ ) = 5T, o)) (429)

In fig. 4.5, we show the dependence of the effective Hamiltonian eigenvalues
on the atom-nanoparticle separation d, and compare the results with the analo-
gous quantities obtained with the completely secularized theory (dashed blue
lines). The energies, in fig. 4.5a, are plotted relative to the average energy
at each separation of the multiplet, to remove the overall attractive CP back-
ground potential reported in the inset figure. Accordingly, fig. 4.5a reveals
the relative position of each spectral line. Asd — oo, the energies converge to
horizontal lines, which are simply the free-space fine-structure energies. As
the atom approaches the nanoparticle, its eigenenergies start shifting relative
to each other in both the full and secularized theories. However, the differ-
ence between these methods soon becomes noticeable upon close inspection:
the secular energies merely cross each other, while the full energies feature
marked avoided crossings. These tend to happen when the diagonal CP shift
brings two states close to degeneracy, the situation in which the off-diagonal
CP coupling has the largest significance. A notable remark is that these effects
start appearing at relatively large separations, barely below 100 nm.

The decay rates, presented in fig. 4.5b, also highlight the effect of the
off-diagonal couplings included in the non-secularized theory. In particular,
the secular lines increase monotonically as the atom-nanoparticle separation
shrinks. This is a manifestation of the well-known Purcell enhancement phe-
nomenon, whereby an increase in the EM density of states carries with it an
enlargement of the decay rates of the atom. When the off-diagonal couplings
are included, the decay rates display the crossings for separations as large as
120 nm. Nevertheless, the overall trend is increasing with smaller separations,
like in the secularized case, except for a single line that, momentarily, escapes
such behavior. Indeed, between d = 40 nm and 60 nm, one decay rate starts to
actually decrease, contradicting the expectation based on a simple analysis of
the Purcell factor. As a result, one new eigenstate of the hydrogen atom in the
presence of the nanoparticle becomes noticeably subradiant. In some sense,
the environment that induces the decay is also generating an internal atomic

interaction that mixes the hydrogenic eigenstates leading to the formation of
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Figure 4.5: Evolution of the (a)
complex eigenvalues of H 2
as a function of d, the separa-

tion between the atom and the % 1B
nanoparticle. The continuous &
black lines represent the results '“I']
with the full theory developed o 0

above, including off-diagonal
terms. The dashed blue lines
have been obtained from the ef-
fective Hamiltonian associated
to the completely secularized
theory, without off-diagonal el-
ements. Adapted from [267].
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(b) Decay rates as a function of
the separation d.

a “protected” state.

The explanation for the state-protection effect we just described goes back
to our choice of the nanoparticle’s shape and material. To better understand
their roles, let us analyze an idealized scenario in which we can ignore (i) the
fine structure, (ii) the atom-environment interaction due to d, and d,, and
(iii) contributions of intermediate states outside the n = 6 Bohr level in the
sums for the effective energy shift and decay. Then, the selection rules allow
us to see the ideal system as 7 upper degenerate states {|ui)}i7=1 coupled to 6
lower degenerate states {|lk)}::1. Then, there must exist a superposition of
the upper states, |¢) = 21‘7:1 a;lu;) whose transition dipole moment matrix
element to any lower state is zero, (I;|d,|u;)a; = 0. This has to be the case,
because it is equivalent to the fact that any seven vectors in a six dimensional
space are linearly dependent. The conditions (i), (ii) and (iii) above are all
approximately satisfied in our system, between d = 40 nm and 60 nm. For
sufficiently close atom-nanoparticle separations, the CP shift is much larger
than the fine structure, which renders the latter negligible. Furthermore, the
nanoparticle’s shape greatly favors the z component of the interaction over
d, and dy, as revealed in fig. 4.3. Last, the effective contributions of the n = 6
Bohr level are expected to be larger than any other due to the coincidence of the
n =7 — n = 6 transition energy with the phonon-polaritonic excitations of the
material. Note that the last condition is not as simple as it seems. Indeed, the

n = 7 intra-level transitions can be quite relevant too, despite the smaller value
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N Figure 4.6: Evolution of the de-
100 \ — full cay rates for the optimized ge-
= ; secular ometry (M = 200 nm and
= 10-1 m = 120 nm). The continuous
g black lines represent the results

with the full, non-secularized
theory. The dashed blue lines
have been obtained from the
completely secularized theory.
Adapted from [267].
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of |A(w = 0)|, because the transition dipole moments are the largest for intra-
level transitions. In the particular setup considered here, however, the n = 6
states indeed provide the largest contribution, as evidenced by the appearance
of a subradiant state. In any case, the deviations from the idealized scenario

act against the state protection effect.

PROTECTED STATE OPTIMIZATION By changing the aspect-ratio of the nanopar-
ticle, we can find the optimal shape that maximizes the environment-induced
effect of state subradiance. After sweeping over the nanoparticle’s width, we
determine that reducing the minor axis from 140 nm to 120 nm significantly
magnifies the effect, as shown in fig. 4.6. There, the ratio between the naive
expectation of the lowest decay rate and the actual lowest decay rate reaches
a value of approximately 20. Additionally, the range of separations in which
the subradiant state defies the traditional Purcell enhancement is increased to
between d = 40 nm and 80 nm.

4.3.2 EIGENSTATES

After dedicating some thought to the eigenvalues of the effective Hamiltonian,
we now turn our attention to the eigenstates. Due to the off-diagonal cou-
plings, the vacuum-field modified eigenstates |a) will be superpositions of the
original hydrogenic states. Note that, due to the non-Hermiticity of Hgf), the
new eigenstates are not orthogonal to each other, (alb) # J,,. Thus, in any
state expansion in terms of the eigenstates,

¥) = cala), (4.30)

the moduli squared of the coefficients c, do not straightforwardly correspond
to the probabilities. However, if we express the new eigenstates in terms of
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Figure 4.8: Degree of mixing |g) 10y 1) 20 138y 14) 5 16 @
of the eigenstates of H, at
an atom—nanoparticle separa-
tion of d = 50 nm, as indicated
by the modulus squared of the
expansion coefficients of the
eigenstates |a) in terms of the
fine-structure states |7,1,7,1/2).
Each column corresponds to an
eigenstate, and each row to a
fine-structure state.
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the original fine-structure states as

1+1/2

=Y > (7,1j,1/2a)a), (4.31)
I even j=|I-1/2|

these coefficients do tell us how “mixed” the hydrogenic states have become,
as a result of the nanoparticle-induced couplings. We illustrate the degree of
mixing in fig. 4.8, where we plot |(7,1,7,1/ 2|a>|2 for the subspace wheren =7,
[ is even and m; = 1/2, at an atom-nanoparticle separation of 4 = 50 nm, and
with the initial nanoparticle shape (M = 200 nm and m = 140 nm). From
fig. 4.8, the subspace is clearly separated in two blocks, one being 5 x5 and the
other 2 x 2. This fact could be anticipated from fig. 4.4, which has an almost
degenerate 2 x 2 subspace in the lower-right corner, and the off-diagonal cou-
plings become smaller as j increases. Within each block, the fine-structure
state is very well mixed, with almost all coefficients noticeably larger than
zero. In other words, simply by placing the atom in the vicinity of a dielectric
nanoparticle, its fine structure becomes, for all intents and purposes, unrecog-
nizable. Again in this part we remark that this strong effect happens relatively

far from the nanoparticle, at experimentally realistic separations [112].

To more quantitatively assess the degree of mixing of the fine-structure
states, we introduce the so-called participation ratio [275]. For a given or-
thonormal basis {|¢k)Z:1 }, it is defined as

-1

P, = (i|<¢k|a>|4) . (432)
k=1
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The participation ratio is the inverse of the average of the probabilities |(¢>k|a)|2,
weighted by the same probabilities. Accordingly, it measures the number of
basis states significantly “participating” in a given eigenstate. For instance, a
maximally mixed state of the form |¢,.,) = \/g ZZ:1 ¢'%|¢; ) has a participa-

tion ratio equal to
-1

Py = (Z nl—z) =n. (4.33)

k=1

The participation ratio is, then, between 1 and n. We next calculate this ra-
tio for the states in the subspace defined by n = 7, even I and m; = 1/2,as a
function of the atom-nanoparticle separation. The results are shown in fig. 4.9,
where orange lines indicate the individual participation ratios of each eigen-
state, and the black thicker black line represents the average value at each
separation. In the figure, we see that state mixing is negligible for separations
over d = 140 nm. Then, as the atom approaches the nanoparticle, the partici-
pation ratios develop distinct features. For instance, at around d = 125 nm and
d = 110 nm, two participation ratios reach the value two. These peaks hap-
pen when the diagonal CP shift induces a degeneracy in two fine-structure
states that remain approximately decoupled from the rest. Within this 2 x 2
subspace, the presence of off-diagonal couplings implies that the eigenstates
are maximally mixed superpositions, that is, with participation ratios equal to
2. As d decreases even further, below d = 100 nm, the increased couplings
start mixing more states, giving rise to a complex evolution of the participa-
tion ratios. The maximum value obtained is about 5.3, at around d = 50 nm.
For separations under d = 30 nm, the participation ratios roughly stabilize, as
now the dominant energies are the ones induced by the nanoparticle.

4.3.3 Dynamics

We finish our analysis of the nanoparticle-induced effects by explicitly solv-

ing the dynamics of the relevant states of the n = 7 multiplet. We present the
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4  VACUUM-FIELD-INDUCED STATE MIXING

atomic populations in fig. 4.10 for an atom-nanoparticle separation of 40 nm,
choosing, for illustration purposes, |n =7,1=4,j =9/2, m; = 1/ 2> as initial
state. The shaded regions highlight two important features that follow from
the discussion above. The gray region on the left, from 0 to 6 ns, displays a
messy collection of lines with Rabi-like oscillations. These are a direct conse-
quence of the off-diagonal couplings induced by the nanoparticle, and their
convoluted appearance is due to the fact that all seven states are mixed to a rea-
sonable degree. As time passes, the oscillation amplitudes become damped
due to the non-Hermitian nature of the effective Hamiltonian, until, eventu-
ally, only a residual dissipation remains in the orange region. Indeed, beyond
6 ns, all populations decay at the same rate, as can be deduced from the lines
becoming approximately parallel. The reason is that, at these long times, only
the “protected” state in fig. 4.5 remains populated, and decays with its own
rate.

1071

=7

103

Populations n

Figure 4.10: Evolution of the populations;of the seven relevant fine-structure states
in the n = 7 multiplet. The gray region on the left highlights Rabi-like oscillations
early in the dynamics due to the off-diagonal couplings. The orange region, where the
oscillations have dissipated, indicates the times when only the protected state remains
populated.

4.4 CONCLUSIONS

In this chapter, we have seen that a secularized effective description of a hy-
drogen atom close to a nanoparticle is tremendously incomplete. In particular,
we have shown that the environment does not only induce energy shifts and
decay rates in the atom. Instead, it also results in effective couplings between
atomic states, which can have very noticeable effects on the atomic dynamics
and spectrum. In the preceding sections, we have derived an accurate way
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to model the off-diagonal CP shift and dissipative rates, based on the LME
developed in [266]. From the resulting LME, we have been able to further
reduce the complexity of our dynamical equation by extracting an effective,
non-Hermitian Hamiltonian in section 4.2. With it, we are able to very accu-
rately describe the temporal evolution of the relevant states within a given

fine-structure multiplet.

In section 4.3, we have used the methodology discussed in section 4.2 to
analyze the properties of the n = 7 multiplet of a hydrogen atom interacting
with the vacuum fields supported by a spheroidal prolate AIN nanoparticle.
With these choices, we were able to ensure proper matching of energy scales
and bring out specific effects due to the vacuum-field induced atomic inter-
actions. Besides, the symmetric spatial arrangement of the system allowed
for great simplifications; in fact, the final simulations only required the diag-
onalization of 7 x 7 effective Hamiltonians. Regarding the eigenvalues, we
analyzed the real and imaginary parts separately, which correspond to the
energies and widths of the spectral lines, respectively, as a function of the
atom-nanoparticle separation. The energies display marked avoided cross-
ings, a clear signature of the off-diagonal couplings, while the decay rates
actually cross each other. Additionally, one of the decay rates managed to
go against the naive expectation of Purcell enhancement, decreasing as the
atom approaches the nanoparticle. This subradiant or protected state is a di-
rect consequence of the particular material and geometrical features of the

nanoparticle, as explained at the end of section 4.3.1.

The spectral features obtained from the eigenvalues of the effective non-
Hermitian Hamiltonians strongly hint at the role that several fine-structure
states must play in building the new eigenstates. This has been made more ap-
parent in section 4.3.2, where we have defined the participation ratio as a way
to measure the amount of fine-structure states that significantly contribute to
a given eigenstate. Our results show that the original hydrogenic states be-
come very well mixed due to the presence of the nanoparticle. From the per-
spective of atomic physics, it can be said that the hydrogen atom treated here
becomes practically “unrecognizable”, since the atomic structure and spectro-
scopic properties within each Bohr level dramatically change. Most strikingly,
these effects start occurring at atom-nanoparticle separations of the order of
100 nm, well within experimental reality. Therefore, we are not merely deal-
ing with a hypothetical effect that is expected to disappear as soon as realistic
parameters are used.

The static analysis of the eigenvalue problem of the effective Hamilto-

nian presented in section 4.3 has concrete dynamical implications. Namely,
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the temporal evolution of a hydrogen atom initially prepared in some fine-
structure eigenstate will display marked Rabi-like oscillations, similar to those
characteristic of the SC regime. However, unlike the SC regime between light
and matter, the atom is here essentially an independent entity, with the SC-
like effects induced by its weak coupling to the EM environment. We are,
thus, led to the term “strong weak coupling” to label the particular regime
described here. Another property of the dynamics is that, for appropriate
parameters, the Rabi-like oscillations last up to 20 times longer than naively

expected, due to the appearance of the subradiant state discussed above.

Finally, we note that, while we treat a specific scenario here for concrete-
ness, the framework developed in section 4.3 is straightforwardly applicable
to other nanostructures [224]. The emitters are also not limited to hydrogen,
although some simplifying considerations made here might take a different
quantitative form. One particularly relevant platform to study these effects
would be to take advantage of the small energy splittings of the hyperfine
structure of Rydberg atoms [275, 276]. Our work thus extends the regime
where vacuum-field-induced shifts and decay rates are properly described
and may lead to new strategies for developing quantum state manipulation

platforms based on off-diagonal vacuum-induced effects.

RELATION TO OTHER WORK In the interest of thoroughness, we note that sim-
ilar effects have been reported in the literature. For example, in [277] an ef-
fective Hamiltonian is derived to account for the van der Waals interaction
between two Rydberg atoms. There, state degeneracy plays a key role in
accurately describing the system. A similar system is considered in [276],
where the addition of a perfectly conducting half space modifies the inter-
action between the atoms. In those cases, the two-atom states develop addi-
tional, environment-induced interactions, whereas our work shows that these
interactions can arise at the single-atom level. Another related work is [278],
where a strong coupling approach to CP physics is used to study the mixing of
states with different number of photons [195, 279]. As mentioned before, our
work is far from the SC regime, and the main effects of this chapter are due
to second order processes whereby virtual photons are emitted and absorbed.
The last work that deserves mention in this paragraph is [280]. This one is
conceptually closer to our approach, with the differences lying more so in the
methodological aspects than in the physics. In this regard, our OQS approach
seamlessly incorporates the dissipative effects, and the macroscopic structure
used here is more realistically described and allows us to find surprising illus-

trations of the relevance of the off-diagonal couplings.
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Chapter | THERE IS NO
ULTRASTRONG COUPLING

Five WITH PHOTONS

Things are often not what they
seem. And then, sometimes they
are. The trick is to learn what is
real.

Thomas Lloyd Qualls

CHAPTER sUMMARY In this chapter, we switch from the weak coupling regime
of light-matter interactions to the ultrastrong coupling (USC) regime. We be-
gin by revisiting the phenomenology usually attributed to USC physics, fo-
cusing on how the simplest model of quantized light-matter interactions, the
Jaynes-Cummings model, fails to reproduce it. Instead, the slightly more gen-
eral Rabi model is required to account for the USC regime. We then introduce
the context of our work, namely, whether the USC regime is reached through
the interaction with photons or through the Coulomb interaction between
charges. To answer this question, we use a general argument to derive a bound
on the emitter-photon coupling strength, under idealized circumstances that
are more optimistic than what can realistically be achieved in experiments.
Applied to the USC regime in cavities, the bound implies that photons cannot
be responsible for achieving this regime and, in fact, that they have a negligi-
ble effect. Coulomb interactions are the only ones able to create the conditions
for USC phenomena. As a corollary, through these results we shed light on
the role of the PSE term in the multipolar coupling Hamiltonian. It turns out
that if the USC regime is reached through direct charge-charge interactions,
as in subwavelength cavities, the PSE plays no meaningful role in the actual
dynamics. We end the chapter with a concrete illustration of these ideas, by
solving a simple model for which we derive analytical expressions. Finally,
we see how these closed formulas encapsulate the messages from the general

argument.
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In this part there is no ex-
plicit diamagnetic term, al-
though it often appears in
the discussion of the USC
regime. The reason is
that, as we will see in sec-
tion 5.1.2, it can be removed
through a Bogoliubov trans-
formation that brings us to
this Rabi Hamiltonian.

Note that Ref. [168] obtains
a Jaynes-Cummings model
through a unitary trans-
formation rather than the
RWA, which has been shown
to be accurate in the USC as
well.

5 THERE IS NO ULTRASTRONG COUPLING WITH PHOTONS

5.1 INTRODUCTION

Without human design, the interaction between small quantum systems (from

now on, quantum emitters) and the EM field is relatively weak, as summa-
1
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this weak-coupling limitation can be remedied by surrounding the quantum

rized by the fine-structure constant, & ~ As mentioned in section 1.1,
emitters with some macroscopic structure that can “herd” photons and force
them to interact more strongly with the emitter [15]. The conception and prac-
tical realization of such enhanced-coupling scenarios gave birth to the field of
cavity QED, whose development bore the fruit of the strong coupling (SC)
regime, in the 1980s and 1990s, and, more recently, the USC regime. In this
first part, we are going to revisit the theoretical aspects of the USC descrip-
tion (section 5.1.1), and then explain the concrete context that this chapter
addresses in section 5.1.2.

5.1.1 A TALE OF TWO MODELS

Historically, two simple models have proved extremely effective in condensing
the complexity of light-matter interactions: the Rabi and Jaynes-Cummings
models. In fact, their usefulness throughout the exploration of the SC regime
can hardly be overstated. The Rabi model describes a 2LA, with states |¢) and
le), coupled to a single bosonic cavity mode, a, according to

Hg = hw,le)(el + hwa'a — hg(le)(g] + |g){e]) (a* + a). (5.1)

Here, hw, and hw, are the energies of the 2LA and the cavity mode, assumed
to be close to each other, and g measures the interaction strength. The Jaynes-
Cummings model is straightforwardly derived from eq. (5.1) by applying the
RWA to the interaction term:

Hic = hwele)(el + hwa'a — hg(le)(gla + |g){ela®). (5.2)

In practice, we have neglected the so-called counter-rotating terms that simul-
taneously create or destroy a cavity and emitter excitation. To understand
when the Jaynes-Cummings model is justified, we note that Hjc splits the
Hilbert space in uncoupled subspaces labelled by the total number of exci-
tations

H=@DH,, (53)
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where H,, = {lg,n),le,n — 1)}. The counter-rotating terms, in turn, connect M,
with H,,,,. In matrix notation, the Jaynes-Cummings Hamiltonian is a block

diagonal matrix, whereas the Rabi Hamiltonian looks schematically like

0 0 0
0 n—1 0 hgn—l,n+l 0

HR = 0 n 0
0 hguitni 0 n+1 0

0 0 0

Hence, it is clear that the RWA approximation will be valid as long as the cou-
pling between any pair of subspaces is much smaller than the energy differ-
ence between them. In the single-excitation subspace, the condition becomes
ﬁ « 1. As long as it holds, the RWA works and the Jaynes-Cummings

model suffices. Then, the dynamics is best described in terms of simple light-

matter eigenstates

lg, 0) (ground state) forn=0 and

(5.4)
|1,bni> =, 1) + Buylen—1) forn>0

with eigenvalues Hyclg,0) = 0 and Hc|th,,s ) = E,4[th,.4 ). Of course, the co-
efficients a,,, and f,,, depend on the values of the parameters. As a first ap-
proximation, dissipation can be accounted for with Lindblad dissipators of
the form k., 4 [ps] and \[Ke D) g ey (1105 ]- Thus, two effects are at play. On
one hand, if the initial state is not a polaritonic eigenstate, the misalignment
between the uncoupled basis states |g, #) and |e, n — 1) and the true eigenstates
|1/Jni> gives rise to Rabi oscillations where the population flows back and forth
between |¢, n) and |e, n — 1). On the other, these oscillations are damped due to
the dissipative effect of the Lindblad terms. When the Rabi frequency is large
enough that at least one oscillation can be distinguished before succumbing
to the losses, then we say that the SC regime has been reached. With this, we
have shown that the Jaynes-Cummings model can be very adequately applied
to the SC regime, which explains why it was the theoretical backbone of much
of cavity QED’s development. Indeed, manufacturing cavities with larger and
larger quality factors, i.e., lower and lower losses, made it possible to observe
SC-related phenomena without needing to increase ¢ beyond the applicability
range of the RWA.
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To be precise, the cross-
ing of lines in the spec-
trum of Hjc implies that
its true ground state expe-
riences jumps in the excita-
tion number. The first such
jump occurs at g = w,.. Still,
this only happens when Hjc
is not physically meaningful
anymore.

Indeed, if the mode and
emitter are far off-resonant,
the comparison between A
and w, is a more meaningful
measure of the size of USC
effects on the emitter than

Tusc-
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When the light-matter interaction strength ¢ becomes a significant fraction

of w, ~ w,, customarily described as njysc = w% ~ 0.1, the counter-rotating
terms begin to play a non-negligible role. The energy spectra presented in
fig. 5.1 highlight the difference between the predictions of both models for
a 2LA on resonance with the bosonic cavity excitations (w, = w.). With
these conditions, the Jaynes-Cummings eigenenergies are straight lines given
by E,, = nhw, + Vnhg, while their Rabi counterparts bend due to the phe-
nomenon of “level repulsion” or “avoided crossing”. In particular, from the
lines starting at 1, we see that the Rabi model predicts an asymmetric splitting,
in contrast to the symmetry of the Jaynes-Cummings lines. Furthermore, the
energy of the ground state is unchanged by the Jaynes-Cummings Hamilto-
nian, while the Rabi Hamiltonian predicts a negative shift, also known as the
Bloch-Siegert shift, approximately given by

2
A= —h—8 (5.5)

8° We + We'

This is one of the prototypical examples of an effect beyond the RWA, that
can only be described by correctly including the counter-rotating couplings.
An important, but often overlooked, remark is that most of the phenomena
usually associated to the USC regime are not at all resonant effects, unlike the
SC regime, which accentuates the fundamental difference between the two.
The denominator in the Bloch-Siegert shift is a direct illustration thereof, as
the sum of frequencies appears, rather than the difference.

We can keep digging into ground-state-related phenomena by looking at
the state itself. In the Jaynes-Cummings model, the ground state is simply
| gs]C> = |g,0). Meanwhile, just like the ground-state energy changes in the
Rabi model, the ground state is also modified [52]. Because Hy preserves the

140



5.1 INTRODUCTION

parity of the excitation number, the new ground state becomes of the form
|gsR> = Za2n|g,2n) + Zﬁ2n+1le,2n + 1). (5.6)
n n

The size of these coefficients depends on the coupling strength as shown in
fig. 5.2. As expected, the odd excitation-number subspaces do not contribute,
hence the black rows. Meanwhile, we notice that, the larger the coupling
strength becomes, the more states become noticeably involved. A striking con-
sequence is that the Rabi model’s ground state includes what one would typ-
ically consider excited states and cavity photons, which is another hallmark
of the USC regime. The conceptual resolution to this apparent conundrum
is that the individual emitter and cavity excitations are no longer a good ba-
sis with which the full solutions can be easily expanded. Instead, the emit-
ter and cavity cannot be effectively disentangled and put in intuitive terms
in the USC regime. Actually, this is merely a mathematical consequence of
the counter-rotating terms, regardless of the coupling strength. Of course, for
sufficiently small values of g the effects of the counter-rotating terms are negli-
gible, and the whole dynamics can be understood through the more intuitive
and simpler co-rotating terms only. Besides, the mathematical solution to the
Jaynes-Cummings model is almost trivial. However, the trade-off for the im-
proved understanding of the Jaynes-Cumming model is that much of the real
physics described by the Rabi Hamiltonian is swept under the rug. In the USC,
when the simplified picture is no longer enough, one is irremediably forced
to face the full consequences of the counter-rotating terms. Then, the pres-
ence of excitations, specifically photons, in the ground state has led physicists
to propose mechanisms to observe them [55, 281-283]. The idea is to swiftly
change the system’s parameters, such that the USC ground state relaxes to
the new ground state, with a lower photon content. Another consequence of
the photons in the USC ground state is that a simple Lindblad dissipator of
the form k.2, ,[ps] is no longer valid, as it predicts ground state dissipa-
tion even without any rapid modification of the parameters. There are several
ways to correct the treatment of dissipation in the USC [165-167], but, in all
cases, a step back has to be taken to gain a better view of the problem. The
newly acquired perspective, then, grants a deeper understanding that reveals

a fix to the issue.

The above paragraphs illustrate the risk of extending a simplified model
(Jaynes-Cummings) beyond its applicability range. The only effective ap-
proach in that respect is to resort back to the more complete model (Rabi).
Then, it may be possible to explore the physics of the full model to under-
stand the differences. If that proves challenging, perhaps a more sophisticated
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Figure 5.2: Modulus of the

ground-state coefficients in Hs 100
eq. (5.6) for the Rabi model
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lines indicate the coefficients 8/we
from even excitation-number
subspaces. 1

perturbative approach, based on, e.g., a Schrieffer-Wolff transformation, can
reveal the new effects missing from the original simplified model, as done in
the Bloch-Siegert Hamiltonian derived in [70, 165, 284]. The same happened
when including dissipation in these models, as its correct treatment in the
USC required taking a step back before moving forward. This is, in summary,
the spirit of this chapter. We will next describe more concretely the theoretical
question that we address, and the context in which it arises.

5.1.2 PHOTONS OR CHARGES?

So far in this thesis, we have described the interaction between matter and
light excitations. To that end, we have generally needed to start from the full
light-matter Hamiltonian, and then applied some perturbative scheme. With
this approach, we have been able to reach effective models with dynamical
implications that a direct use of a simple model would have missed. With this
sentence, we want to emphasize the importance of starting derivations from
the appropriate place. Consider the classical scenario of cavity QED: an atom
located between two mirrors that reflect photons back and forth. As a first ap-
proximation, one can assume that the mirrors impose hard boundary condi-
tions on the electromagnetic field, which restricts the possible photon energies
that can exist within them. Accordingly, the atom can only interact with those
allowed photonic cavity modes. Assuming that one mode is very close to reso-
nance with an atomic dipolar transition oriented along the z direction, we can
discard the other photonic modes and the states that do not participate in the
specific transition, thus keeping only |g) and |e). Then, in the long-wavelength
approximation, the interaction between the transition and the cavity photon
is essentially given by the Rabi model of eq. (5.1), or the Jaynes-Cummings
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model if the RWA is applicable. In more detail,

zZ-At(r,) (at +a) = Ag(at +a), (5.7a)

- 2wV
where V is the quantization volume. Hence, the minimal coupling Hamilto-
nian is

q 72AS 2
H = hwyle)el + hw.ata — EPZAO([Z-f +a)+ z—mo(a* +a). (5.7b)

Through a Bogoliubov transformation of the bosonic operator, the Hamilto-
nian can be rewritten as [285]

w,
H = hwyle)el + hiee'e = p. oo Agy| S€ (e} (gl + [g)eD (¢! +¢),  (57¢)
C

- 2q2A3w D .
where @2 = w? + % and ¢’ +c = ‘f Z<(a* +a). Indeed, as we just men-
c

tioned, this is a Rabi model. Notice that the physical interpretation of all op-
erators is clear: |g){e| is an atomic lowering operator, and, more importantly,
a annihilates cavity photons. Indeed, these cavity photons are really photons
in the sense that they correspond to excitations of the transverse, propagating
EM field, summarized in A*. The only real difference with free-space photons
is that they are confined between the mirrors. Last, the bosonic ¢ operator in-
troduced to reach the Rabi-form of the Hamiltonian still represents a purely
photonic degree of freedom, and just serves to remove the explicit A% contri-
bution.

There is another way to look at this simplified light-matter interaction from
which a Rabi model can also be extracted. In the spirit of section 2.1.2, we
again start from eq. (5.7b) and apply a simplified version of the PZW unitary
transformation T = exp[—équO (at + a)] to reach the multipolar coupling

Hamiltonian:
. 2A2w
H = hwyleel + q%zz + hwa'a + igzw Ao (at — a). (5.82)

Comparing egs. (5.7b) and (5.8a), it becomes clear that we have replaced the
A? term with a z2 term. Now, to cast H as a Rabi Hamiltonian we must first
diagonalize the new atomic Hamiltonian, including the z2 contribution, also
known as dipole self-energy (DSE). As a result, a new excited eigenstate |¢)

emerges, with associated energy #@,;. Second, we have to rotate the a opera-
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tors defining ¢ = ia. Thus, we arrive at
H = h@yley(el + hw e — qzw Ay (68 + ), (5.8b)

which, as anticipated, is a Rabi model.

In the previous paragraphs, we have seen that the atom-cavity interaction
in the single-transition and single-mode approximations can be written as a
Rabi model in both the minimal and multipolar coupling pictures. Accord-
ingly, the Rabi model’s versatility and simplicity have turned it into a corner-
stone in the study of ultrastrongly coupled light-matter systems. However, an
important consequence thereof is that the theoretical subtleties of light-matter
interactions manifest in the Rabi model in ways that can go unnoticed to the
untrained eye. For example, in egs. (5.7b) and (5.7¢), a, and later c, represent
a purely photonic quantity, while the same is not true for a and ¢ in egs. (5.8a)

and (5.8b). Explicitly, we have

z2-At =Ay(a" +a) and (5.9a)
2-BEt=-2-At=-A,@d" +4). (5.9b)

In the minimal coupling picture,

i A
i= p[H,a) = —iwa+iT0 (p, — gz AY) (5.10a)
and, thus,
hw
5. 1 — c + _
7Z-E i ZEOV(a a). (5.10b)

Essentially, the vector potential and electric field are the quadratures of the
a mode in the minimal coupling picture. In the multipolar coupling picture,

however, things work out differently:

i A
q= i[H,u] = —iwa + e 942 (5.11a)
h h
and
P z-D*t hw gz
5. 1 at — - c t_ =7-Et —_—
i (E " so) 2 Z Zfov<u 1) =2-E gV’ (5-110)

That is to say, the field quadratures of 2 now include the displacement field,
which incorporates the emitter through its polarization. In other words, while
a (c) annihilates purely photonic excitations in the minimal coupling picture,

the role of a (¢) in the multipolar coupling picture is to annihilate mixed
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emitter-photon excitations, even if it “looks” and “quacks” like the purely

photonic cavity mode from the minimal coupling picture [286].

With the very simple example above, we have seen that the same mathe-
matical model can, in principle, describe different kinds of situations. Accord-
ingly, it would be risky to directly start from the Rabi model without precisely
specifying what each operator physically corresponds to. Again within the
confines of the example, one could miss the photon frequency renormaliza-
tion in eq. (5.7¢c) or the DSE correction in eq. (5.8b), leading to incorrect inter-
pretations of experimental results. This is just one of the ways in which care
must be taken when dealing with the description of light-matter systems, but,
in general, many problems can arise when starting the theoretical discussion
from too simplified models. Such circumstances have fueled plenty of works
arguing for or against certain effects. For instance, the generalization of the
Rabi model to N 2LAs, known as the Dicke model, predicts a superradiant
phase transition in the USC regime, whereby the emitters radiate coherently
and see an enhancement factor of \/ﬁ compared to the incoherent case [287,
288]. Shortly after that prediction, it was argued in [289] that the A? term pre-
cludes the existence of a superradiant phase. The debate was revitalized when
the USC regime became accessible, which led to more works on the topic [192,
290-294] aimed at clarifying the ideas.

Another notable illustration of the problems derived from a hasty theoret-
ical approach is found in the discussions concerning gauge ambiguities and
consistency. In that regard, it was realized that the finite level truncation of the
atomic Hilbert space brought with it an unfortunate consequence: gauge in-
variance was no longer a property of the simplified models [285]. Later, more
detailed approaches were proposed to resolve the issue, again highlighting
the importance of having a sufficiently nuanced perspective [168-170]. These
examples capture the overall soul of the chapter, namely, that reaching con-

ceptual clarity tends to demand a careful, “from-the-beginning” treatment.

After this momentary detour, we are ready to address the admittedly in-
triguing title of the chapter. So far, we have talked about debates arising from
the use of simplified models beyond their range of validity. Here, we focus
on shedding light on the role of longitudinal and transverse fields in the USC
regime. While both are generally present, in practice the concrete experimen-
tal scenario considered can imply that one kind dominates over the other. For
instance, in the classical Fabry-Pérot microcavity configuration, depicted in
fig. 5.3a, the emitter is relatively far from the mirrors. Thus, the emitter is ap-
preciably coupled to the photonic cavity modes confined between the mirrors,
but does not directly feel in any significant way the charges that fundamentally
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(a) charge-photon: Hy, ~ —p; - AL (1;) (b) charge-charge: H, ~ q,¢c (1;)

confined vector
potential

emittm’E photon

Fabry-Pérot microcavity

plasmonic nanocavity

Figure 5.3: Sketches of the relevant limits of QED. (a) Fabry-Pérot microcavity where
the longitudinal Coulomb interaction between the mirrors and the emitter is neglected.
(b) Plasmonic nanocavity formed in the gap between two metallic nanoparticles,
where the effect of the transverse fields is discarded.

build up the mirror. Hence, in the “microcavity description”, the longitudinal
interaction between the mirrors and the emitter can be discarded altogether,
and a Hamiltonian like the one in eq. (5.7c) is recovered. Meanwhile, if the
coupling strength is increased through the confinement of EM fields in sub-
wavelength volumes, the emitters are necessarily much closer to the structure
that forms the cavity. Such is the case in plasmonic nanocavities [175, 176, 181,
295, 296], as the one sketched in fig. 5.3b, or THz resonators [71, 297]. Then,
the physics of the EM fields is, for all intents and purposes, quasistatic, mean-
ing that the transverse, propagating fields have a negligible influence over the
emitter. In those scenarios, the direct longitudinal interaction between the
charges in the emitter and nanostructure arises as the main interaction mecha-
nism, and a Hamiltonian like that in eq. (5.8b) can be found, albeit without the
polarization self-energy term. Along these lines, we remark here that the dif-
ference between these situations is not just a matter of nomenclature. It does
have very tangible consequences in the theoretical description, namely, some
terms in the Hamiltonian are more relevant than others depending on the un-
derlying physical reality [178, 179, 181, 291, 298]. An important example that
will be explained in the section is the role of the polarization self-energy.

With the context provided above, the claim in the chapter’s title is to be
understood as meaning that USC can only arise from the longitudinal fields
rather than from the transverse ones. We have already hinted at it, but we em-
phasize here that, by photons, we mean the excitations of the true dynamical
variables of the pure EM field, i.e., the divergence-free (transverse) compo-
nent EX. The curl-free (longitudinal) part E! has no dynamics of its own, and
is merely an instantaneous function of the charges themselves through Gauss’

law for the electric field written in eq. (2.1a). Hence, there is no ultrastrong
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coupling with photons, which is instead reached through the direct longitu-
dinal interaction between charges. To finish the chapter’s introduction, we
cannot in good faith avoid acknowledging that the direct charge-charge inter-
action can be thought of as resulting from the exchange of “longitudinal” and
“scalar” photons. Indeed, if one quantizes the theory starting from the Lorentz
gauge [14], the Coulomb interaction is not explicit, and instead these unphysi-
cal photons are effectively a reparametrization of the Coulomb interaction, but
still do not represent true dynamical degrees of freedom. The resulting theory
suffers from added complications that, of course, can be dealt with. Still, we

dodge those difficulties and eliminate the unphysical photons from the start.

In the following, we revisit the main ingredients of non-relaticistic QED
and, with them, provide a general argument that fundamentally limits the
coupling strength between small emitters and photons. As a direct corollary,
we find that the USC regime can only be reached through the direct charge-
charge interactions, which has further consequences on terms as contentious
as the polarization self-energy. Finally, we illustrate the rather abstract ar-
guments with an analytically solvable example where the charge-charge and
charge-photon interactions are simple to keep apart, and that still contains the
relevant physics.

5.2 FUNDAMENTAL BOUND ON THE EMITTER-PHOTON

COUPLING STRENGTH

We start here from the general picture of non-relativistic QED, as a theory of
charges and photons, and prepare the expressions in the most convenient way
for the argument that sets a limit to the coupling strength between photons
and atoms. Finally, we apply this argument to the USC regime and derive
further consequences. Note that, purposefully, we do not invoke macroscopic
QED in order to show explicitly that the bounds we obtain are not a conse-
quence of any assumptions or approximations in that theory.

5.2.1 REMINDER OF NON-RELATIVISTIC QED

The minimal coupling Hamiltonian is written in eq. (2.15) in the Coulomb

gauge, but is reproduced here for reading ease:

2 . _ 1 2
H:Zp—"+ L - +fd3r[—( &E") + 9% (vx Ay
7 Zmi i#] 87T€0|1‘l- — 1']| 280 2
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-2 A - AL(r)) + > —ZZ(Al(ri))z- (5.12)

Here the charges g; are described through their positions r; and canonical mo-
menta p;, and photons are the excitations of the pure EM field position At
and momentum IT* = —¢yE*. In this formulation, the charges and photons
interact with each other through the p; - A* term, and an additional (Al)2
term appears that can be seen as a kind of photon-photon interaction medi-
ated by the charges. The E! field is hidden in the second term, which can be

rewritten as

qiq; _ J‘d3r ppe — Ec = _jd3r Pl .El - &, (5.13)
7 87eqlr; — 1

where ¢c is the Coulomb scalar potential given in eq. (2.9), and the charge
density p = ¥, ;6% (r — 1;). Integration by parts yields the second equality,
with the longitudinal polarization field p! completely determined by V - Pl =
—p. As for the constant &, it corresponds to the Coulomb self-energy that
comes from setting i = j in the Coulomb interaction. For point charges, &¢ is
a formally divergent quantity that plays no role in the dynamics and will not
be mentioned again. We start from this formulation, minimal coupling in the
Coulomb gauge, because it is the one where the field variables (A*+ and E*)
are most directly related to the physical (transverse) photons.

We next particularize the system of charges to the situation in which it can
be naturally split into one or more emitters and a nanostructure or cavity, as
represented in fig. 5.4. According to eq. (5.12), the emitter and nanostructure
will interact with each other through the longitudinal fields, and photons cou-
ple to both the emitter and nanostructure. Now, we narrow our attention to
the emitter, whose interaction with the rest of the systems is the sum of the
emitter-structure (e — s) and emitter-field (e — f) interaction Hamiltonians:

Hes+Heg=~[drPLEL= Y Jp . at(y). (5.14)

iec, Mi

Here, P, is the emitter’s polarization, E! is the structure’s longitudinal field,
and the set C, in the sum restricts the index i to the charges in the emitter. The
advantage of the formulation chosen is made evident by eq. (5.14), since the
longitudinal and transverse interactions are given by two independent terms
in the Hamiltonian. As mentioned in the last paragraphs of section 2.1.2, this is
not always guaranteed to occur (as it happens with the multicenter PZW trans-

formation). We can make further progress by focusing on the transverse in-

148



5.2 FUNDAMENTAL BOUND ON THE EMITTER-PHOTON COUPLING STRENGTH

teraction and expanding the transverse vector potential in terms of free-space

photonic modes, as explained in section 2.1.3,
A=Y Ay, (5.15)
g

where A is an abstract, generally continuous mode index. The mode functions
1, which are chosen real for notational convenience, form an orthogonal and
complete basis of the space of transverse vector fields. We also normalize them

according to
Id3r Pr- P = o (5.16)

The expansion coefficients A, are Hermitian photon mode operators given by

’ h
Ay = m(a;MA), (5.17)

with a)" annihilating (creating) photons in the mode labelled by A. Hence,

(1)
A
the transverse interaction term of the emitter is, in the long-wavelength ap-

proximation,

ieC, A m

Hef=- Z Z ﬂAAPi . ¢A(re)

. Wy

=h i—LgtOT(d, - ay) o, — (dy - 0y) of ] (af +ay). (5.18)
Z‘ ; w, ol F1(a} )
To obtain the last expression, we have expanded the emitter momentum opera-
tor in lowering and raising transitions, ¢; and U';r , respectively, with associated

positive frequency w;. Next, we have used the relation
Tr(ofp;) = —icwym;Tr(o}r;), (5.19)

which comes from evaluating matrix elements in [H,, ;] = —ih%, to bring
out the emitter’s dipole moment d, with d, = Tr(c/d). Finally, @, is the po-
larization unit vector of ¢, (r.), and we have defined the coupling strength to

free-space photons as
10 _ | W
8\ = 2h80|lp/\(re)|/ (520)

where r, is the emitter’s position. We emphasize that the long-wavelength
approximation, while not necessary for the argument, is done for simplicity

and will be justified a posteriori.

In the presence of nanostructures, their interaction with the free-space

modes alters the temporal evolution of the oscillators A,. Conversely, the
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Figure 5.4: General scenario of photon

a nanostructure and an emit-
ter interacting with each other,
through the Coulomb poten-
tial, and with photons, through
the transverse EM fields.

charge-photon

charge-photon

charge-charge
structure

(mirrors, nanoparticles...) emitter

nanostructure’s charges themselves respond to the fields forming polarization
currents. In the linear response regime, the behavior of these charges can be
modeled through harmonic polarization oscillators. Accordingly, the interac-
tion of the emitter with both the structure and the photons is most naturally
thought of in terms of the joint photon-structure eigenmodes, from here on
referred to as polaritonic eigenmodes. To that end, we formally diagonalize
the photon-structure subsystem to find the polaritonic eigenmodes X, with

frequency wy. Introducing polaritonic annihilation and creation operators as

h
%, = TS (bh +b,), (5.21)

the emitter’s transverse interaction reads

Hoi=h 2 ; iz;]—;gﬂ(dt a,)ey - (4 a,) of (b +b,),  (522)

which has the same form as eq. (5.18), but now the coupling strength function

w w
g’JY_ﬁ'l = Z(gj\_loﬁ/\)MAﬂ = \ ﬁ ; \I;ZMAr]l/JA(re)

A
and 1, is a unit vector along the direction of }’, ‘f Z—ZM AP (Te). The matrix
M,y
Bogoliubov transformation:

is

i,, (5.23)

arises from the diagonalization procedure, and implements the following

at +ay = ;MM(IJ); +by). (5.24)

Of course, M, is generally not easy to find. For reference, the MQED
framework described in section 2.2 implements it through the G, and G,
coefficients. Additionally, in section 5.3, we will solve a model where M,
can be found analytically. Still, we can already provide a justification of the

long-wavelength approximation. The new polaritonic modes b,, are combina-
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tions of the photon modes a,, and the oscillators that model the response of
the material structure. These material oscillators possess resonant frequen-
cies in a given range, above which the structure cannot appreciable respond
to photonic modes. Hence, above some frequency, the nanostructure and
high-frequency photons do not hybridize efficiently, and, therefore, high-
frequency polaritonic modes are essentially free-space photon modes. In
terms of the transformation matrix, we have that M, — 6,, when w, ( = wﬂ)
becomes sufficiently large. In the case of plasmonic particles, the relevant en-
ergy scale beyond which polaritons are merely photons is determined by inter-
band transitions or, if we neglect them, by the metal’s plasma frequency. The
long-wavelength approximation, thus, will hold to describe the nanostructure-
induced phenomena, which is the one of interest here, because we are in-
terested in small emitters compared to the relevant wavelengths. As for the
high-frequency photons, their correct treatment is known to account for minor
corrections to the free-space Lamb shift, as briefly mentioned in section 2.4.1,

and we discard such effects here.

The last step for our future purposes is to assign to each coupling strength
function a transverse spectral density through

JHo Z(g#,m)zé-(% —w,) = JHO () = Z(g#"”)za(w - w,).

H M

(5.25)
On the left, we have kept the abstract continuous-index notation with v. How-
ever, throughout this chapter, it will sometimes be more “natural” to explicitly
write these continuous indices in the usual continuous-function notation, as
done on the right. We will use one or the other as appropriate. Thus defined,
the spectral density is just an alternative way to characterize the transverse in-
teraction strength to either the purely photonic J*? or polaritonic J* modes.
Indeed, in this context, the spectral density can be thought of as collecting the
coupling strength to all modes with the same frequency, which are combined
into a single interacting “bright” mode, with all orthogonal modes being un-
coupled. This idea was also touched upon at the end of section 2.1.2. In addi-
tion, of course, the spectral density is also the main element that describes the

environment in the theory of open quantum systems, as seen in section 2.4.

5.2.2 DERIVATION OF THE BOUND

After expressing the coupling strength in terms of spectral densities, we can
obtain a bound to the total emitter-photon coupling strength. To do so, we

use two basic EM constraints, such that the final result inherits a broad gener-
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ality and validity. The first one, already mentioned while justifying the long-
wavelength approximation, is that, at sufficiently high frequencies, any mate-
rial becomes transparent to photons. The hybrid polaritonic modes will only
differ from purely photonic modes below some “transparency” frequency
scale, Q7. In terms of the spectral densities in eq. (5.25), this implies that

JE S0 when w, > Q. (5.26a)

The second constraint can be derived from a Kramers-Kronig relation within
the theory of electrodynamics [299]. Again expressed through the spectral

density, the restriction is given by the following sum rule

1 _7L0 s 1 _7L0
ZI—” - jo do DT _ (5.26b)

v ]d_,O ]l,O(w)

where the manifestly continous notation in the second equality emphasize the
continuous nature of the index v. In words, the sum rule implies that the trans-
verse Purcell factor averages to 1, when integrated over a sufficiently broad
frequency range. In [299], it had been shown for classical electromagnetism
based on the properties of the dyadic Green’s function. Therefore, the sum
rule is directly applicable in the theory of macroscopic QED. In appendix E,
however, we present an independent derivation within QED without resort-
ing to arguments based on properties of the (classical) EM Green’s function.

With these restrictions, we imagine, for the sake of the argument, the ex-
treme case of a “perfect transverse cavity”, that is, a cavity that concentrates
the entire transverse coupling strength up to some transparency frequency O
into a single, discrete “cavity” mode, resonant with some atomic transition ¢.

The ensuing transverse spectral density is
JH@) = (GF)8(w — w;) + 40 (@)8(w — Op), (5.27)

where G} measures the coupling to the cavity mode with frequency w;, and 0
is the unit step function that ensures that the first condition in eq. (5.26a) is ful-
filled. Note that it also assumes a lossless cavity mode. Making it lossy would
be achieved by replacing the Dirac delta function by a normalized Lorentzian
line shape. This would not really modify the total coupling strength to the
emitter, which is our primary concern here, while slightly complicating the fi-
nal expressions. Introducing eq. (5.27) in eq. (5.25), the integral yields simply

3
w
GZL = "QT]l,O(le = QTW’ (528)
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where J;? = J+9(w,) has been retrieved from eq. (2.66). Then, simply fol-
lowing the line of reasoning tells us that eq. (5.28) is an upper bound to the
coupling enhancement that any kind of cavity can give rise to, and it is ba-
sically limited by the transparency frequency Q7 and the relevant transition
frequency w;.

5.2.3 ULTRASTRONG COROLLARY

The total coupling strength to the idealized, discrete cavity mode includes the
product of the dipole moment |d;| and the cavity’s transverse concentration
factor |G{|. With eq. (5.28), we have seen that two fundamental EM require-
ments constrain the size of |G| We now invoke the Thomas-Reiche-Kuhn
sum rule from eq. (2.117b) to find that

> he? 3he?
2|dt| (Ut < m_e3ne Sl |dt| < Zmewtne’ (5.29)

where e is the electron’s charge, m, is the electron’s mass, and 7, is the number

of electrons that participate in the transitions. Since we focus on small emitters,
such as atoms or small molecules, 11, ~ 1. We finally put egs. (5.28) and (5.29)
together and arrive at an USC ratio equal to

_|dt|th Qre? 1 hQp
Tose = ", < 4m,m2eyc3 ~ 10 JZMeV’ (530)

which, remarkably, only depends on the transparency frequency of the struc-

ture’s material. By convention, the USC regime is said to be reached whenever
fusc = 0.1. With eq. (5.30), we see that yygc > 0.1 if iQ)p is larger than 2 MeV.
Put more explicitly, the nanostructure must be able to reflect all photons with
energies from zero up to larger than 2 MeV for the emitter to be ultrastrongly
coupled to them. It cannot be overstated how unreasonably high this value is
for any realistic material. For instance, plasmonic resonances happen below
10 eV, and phonon-polaritons are much lower yet. Furthermore, conventional
cavity designs made with such a miraculous material would lead to cavity
modes at frequencies also on the order of MeV, i.e., extremely far from the op-
tical frequencies in the eV range of the emitters that we are mostly concerned
with here. Such large detuning would, in practice, limit our ability to manip-
ulate the emitter through the cavity vacuum fields. Conversely, the spatial
extent of such an MeV-scale transverse cavity would have to be on the order of
half the wavelength. For such large frequencies, the associated wavelengths

are in the range of picometers, comparable to the typical size of atomic nuclei,
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which only goes to show how inconceivable this kind of scenario is. For this
reason, we conclude that no existing material can concentrate the coupling of
enough free-space photon modes into one cavity resonance to bring the emit-
ter and photons to the USC regime: there is no USC with photons. We must
also not forget that the nanostructure already overestimates the total coupling
strength, as we have assumed that a single, discrete mode appears in the spec-
tral density. Accordingly, a more realistic scenario would yield a lower bound
for Q) even beyond 2 MeV.

Before moving on to the last part of the section, we should point out that
the USC regime has indeed been predicted and reached in microcavity-like
configurations [52-54, 56, 58]. However, all those cases rely on coupling to
collective matter excitations, which have an extremely large effective (collec-
tively enhanced) dipole moment that scales with the number of constituents N
as VN, Consequently, such collective excitations correspond to approximately
bosonic material excitations, where the most striking effects of USC disappear.

5.2.4 POLARIZATION SELF-ENERGY IN THE USC REGIME

Recently, there has been some debate in the literature concerning the role and
relevance of the PSE in the description of certain light-matter experiments.
The PSE, also sometimes referred to as P? term, appears in the multipolar cou-
pling picture after a partial Power-Zienau-Woolley transformation that affects
the emitter’s charges alone. In many ways, it replaces the A2 term of the mini-
mal coupling Hamiltonian, although the relation between the two is not direct.
We use here the results obtained in the previous paragraphs to address the de-

bate. Neglecting magnetic effects, the partial multipolar Hamiltonian is

2
a P qi4; 1 5 oin2
H=) 507 ———— +— [ d% (P

z‘eX‘C‘e 2m; i#/Ze:Ce 87T€0|I'i — r].| 2¢ f r ( e )

2
by Boar @) | 0 _[@RlE

ieC, 2m; iec, 8meolt — 1)
)’ ey 1
+jc13r %Jr%(vxle)z +afd3er-HeL. (5.31)

Here, C, and C; are the emitter and structure charge subsets, the emitter’s
polarization is defined by the emitter’s charge density through V- P, = —p,,
and —II} physically corresponds to a “partial” displacement field given by
D(le) = goE* + PZ, as explained in the MQED multipolar picture section 2.2.3.

Notice that, while the structure-field interaction is still in the minimal cou-
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pling form, the emitter charges couple to the field’s momentum, and the emit-
ter’s PSE appears as the last term of the first line. Physically, the emitter-field
interaction includes more than just the emitter-photon coupling, as II is not
completely aligned with purely photonic DOF. Indeed, because IT} physi-
cally contains the emitter’s transverse polarization as well, the emitter-field
interaction and the (Hé)2 terms would cancel the PSE if we were to rewrite
the Hamiltonian in terms of electric fields. Of course, doing so would not be
beneficial at all, as the canonical field momentum is the most convenient to

describe the dynamics.

Before we continue discussing the PSE, it is convenient to dedicate a brief
moment to perform a mode expansion, like we did in section 2.1.3, as it will

allow us to write the PSE in a very suggestive way. In particular, with
I =) My, and P& =) Py, (5.32)
A A

the emitter-field interaction becomes

L~ 1 . w/\ ~t ~
He—f:g;P)\H/\:Zh;P/\\ %(ﬂ/\—ﬂ)\), (533)

where we have used the relations in eqs. (2.43a) and (2.45) to reach the last
expression. We have added the ~ on top of the ladder operators to emphasize
that these create “multipolar-coupling photons”, and are thus physically dif-
ferent from the a, in the minimal coupling picture. In order to make progress,
we need a concrete expression for the P,. The interesting thing about it is that
the coefficients P, only depend on P&, which is not a priori defined in the EM
theory. In fact, V.-P, = V- Pl = —p. unequivocally determines solely the
longitudinal component of the emitter’s polarization. The transverse part, on
the contrary, can be chosen freely, and each choice represents a different in-
stance of the multipolar Hamiltonian. As mentioned in section 2.1.2, the most

common expression for the polarizability is the Power form,
1
Po(r) = (i — 1) jo do 6@ [r -1, — o'(r; — 1.)], (5.34)
i

which fixes the transverse component, and can be visualized as a chain of in-
finitesimal dipoles from r,, to each charge. There is, however, an inconvenient
downside to this polarization in that the PSE involves the integration over a
squared Dirac delta, which unavoidably diverges. Actually, the divergence
turns out to be less of a problem than one might initially think, given the role
of the PSE in lowering the degree of divergence of the Lamb shift, as explained
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in section 2.4.1, and thus allowing us to recover Bethe’s logarithm formula [13,
204, 239]. In any case, with eq. (5.34) we can find

PA:fd:"rPeLw/J/\ :fd3rPe~¢A

1
= Z -[O do qi(ri — 1) - 1/;/\[re +o(r; — re)] ~d- l/’/\(re)- (5.35)

In the last step, we have performed the long-wavelength approximation. With
it, the emitter-field interaction becomes

~ i w -
Ao =) -9y (10)\ e () — )
A

=y Y g °[(d -y + (dp - a) ot (@ - ), (536)
t A

where the multipolar and minimal coupling strengths have been defined to
match each other

~1, Wy ,
87 =\ g 91 () = 1" (5.37)

With the mode expansion above, we can reach an interesting conclusion
regarding the PSE. Using eq. (5.32), the PSE can be written as

N _ 1 3 J_2_ 1 2 1 2

R
_hzw—/\(d-uA) = Hpgg. (5.38)
A

In other words, the PSE, or rather the DSE, can be expressed as a sum over the
emitter-field multipolar coupling strength gj'o in the long-wavelength approx-
imation. Animportant remark is that the PSE (or DSE) does not depend on the
cavity. It is obvious in the first equality, because P} is an emitter-dependent
quantity, which we have chosen to match the Power form of the polarizabil-
ity. However, it can be less clear in the subsequent mode expansion, because
we express the DSE in terms of the coupling to each “photonic” mode, and
the cavity is expected to modify the light-matter interaction. However, no-
tice that what appears in eq. (5.38) is the coupling strength of the emitter to
the df) operators, which does not change after including a nanostructure. In-
stead, the nanostructure modifies the dynamics of the ﬁf\ﬂ themselves, in turn
making the structure-photon polaritonic modes more appropriate. Naturally,
the coupling to these polaritonic modes does depend on the structure, but it

is nowhere to be seen in eq. (5.38). Thus, since the USC regime is a cavity-
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dependent phenomenon, and the PSE is cavity-independent, it seems reason-
able that the PSE should be irrelevant for USC physics.

Despite the above argument, some authors claim that the PSE is cavity-
dependent, either implicitly or explicitly [178], and, therefore, has important
consequences in the USC regime. To understand the line of reasoning behind
those claims, let us consider a “perfect transverse cavity” like the one imagined
before to derive the bound in section 5.2.2, with the following spectral density:

T @) = (GF)8(w — w;) + 40 (@)f(w — Op). (5.39)

This transverse spectral density encodes the interaction between the emitter
and the cavity-photon polaritonic eigenmodes, which, in this particular in-
stance, are a single discrete mode and a continuum. Additionally, we show
in appendix E.2 that the DSE can be expressed in terms of the transverse
emitter-polariton coupling strength, just like it was written in terms of the
free-space coupling strength gj'o in eq. (5.38). Putting this fact together with
the single-mode spectral density in eq. (5.39), we arrive at a DSE that is mani-
festly split into two contributions, one for the single-mode and another for the
high-frequency continuum:

(G, - o G
Hpeg = hw;(d SRS () 0wy ~ Q). (540)
t ” A

Here, 1, is the unit vector that selects the components of d that interact with
the single transverse cavity mode. The high-frequency continuum part, to-
gether with its corresponding modes, can be treated perturbatively and, after
renormalization arguments, gives rise to a part of the free-space Lamb shift.
Conversely, the single-mode part should, in principle, be kept, as its asso-
ciated mode is treated explicitly and non-perturbatively. Finally, the single-
mode multipolar coupling Hamiltonian becomes

B 2 i Gl 2
H:ZZP—l+ _ M +H’Ls+h( ) (d-6,)°
iec, M e, 8l — Wi
+hawblb, +ihGrd - @, (b —b,), (5.41)

where b, is the discrete cavity-mode with frequency w;, in resonance with
some transition in the emitter. The prime on the Lamb shift correction denotes
that only part of the total free-space Lamb shift is included there, and is usually
dropped or considered to be absorbed in the emitter Hamiltonian. We could
have reached the same multipolar Hamiltonian by first truncating the modes,
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that is, removing all but the discrete cavity mode in the minimal coupling
Hamiltonian and, afterwards, performing a single-mode PZW transformation.
In this alternative procedure, the full PSE never shows up; instead, only its
single-mode contribution is explicit. In a compromise between precision and
brevity, many works that follow the second approach call “PSE” to what we
have described as its single-mode contribution here. Naturally, the “PSE” in
those works will depend on the cavity, because Gi measures the amount of
coupling strength that the cavity concentrates at w;. Thus, the apparent dis-
agreement is solved: while the single-mode PSE is cavity-dependent, the full

one that takes the whole spectrum of modes into account is not.

Once this terminological conundrum has been clarified, we now address
whether the single-mode PSE is relevant for the USC regime, as claimed in,
e.g., [178], or not. If we take eq. (5.41) at face value, it is apparent that the
single-mode DSE becomes more relevant the larger that th is taken. In fact,
if G brings the emitter into the USC regime with the transverse cavity mode
b, , it will correspond to a contribution of the order of ~ 72 fiw;, definitely
non-negligible. However, the key result of this chapter is that G} is inevitably
restricted by fundamental EM constraints, as seen eq. (5.28). Furthermore, the
dipole moments of small emitters are also bounded by the TRK sum rule in
eq. (2.117b). Consequently, as concluded in section 5.2.3, the USC coupling
regime cannot be achieved through transverse interactions. It is physically
meaningless to take a sufficiently large value of G} to ensure that the USC
regime is achieved with the transverse cavity mode in the theory, and, there-
fore, the single-mode DSE can be safely neglected. Instead, the USC regime
can only be reached through the longitudinal Coulomb interaction between
the emitter and structure charges, namely,

Hes=- j d3r Pg : E!, (5.42)

so long as the setup relies on subwavelength confinement. Moreover, if one
can identify clear EM resonances in the structure, such as the dipolar reso-
nance of a small metallic sphere, then the Coulomb interaction may be de-

scribable in terms of a single (or a few) longitudinal mode by:
He s ~h(d-4,)G}(b} +by). (5.43)

The corresponding single-mode DSE will not depend on G, but on the much
smaller G}, as we have shown above, and its ensuing impact is, therefore,
largely overestimated if one assumes that G} is the one leading to USC. A

posteriori, we see that singling out one field mode in the transverse interac-
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tion, while possible in principle, can be more misleading than simplifying.
Still, a consistency argument can be made for keeping the single-mode cavity-
dependent part of the PSE that corresponds to the transverse cavity mode that
is treated explicitly. For instance, even if the actual numerical contribution of
the single-mode PSE is small, it connects the single-mode, multipolar coupling
Hamiltonian with the single-mode minimal coupling Hamiltonian through a
gauge (unitary) transformation, and maintaining gauge independence is de-
sirable on theoretical grounds.

Before ending the discussion on the PSE, we address the claim that the DSE
is important in the USC regime and provide a more direct counter-argument.
It has been shown that, in the absence of DSE, ab-initio molecular simulations
in the long-wavelength approximation display a lack of bound-states for suffi-
ciently large computational boxes. In that setting, it has been pointed out that
including the DSE restores the existence of molecular bound-states [177, 178],
due to the additional quadratic potential that the DSE brings with it. Still, the
arguments provided in this whole section imply that single- or few- emitter
USC arises from the direct Coulomb interaction between the emitter and struc-
ture charges, where the DSE plays no role at all. Hence, the omission of the
DSE cannot be physically responsible for the lack of molecular bound-states.
It must come from the long-wavelength approximation used in those simula-
tions, as it effectively corresponds to setting a constant electric field within
the whole simulation box. It should then not come as a surprise that, for
sufficiently large boxes, this constant electric field overcomes the molecular
Coulomb interaction such that the charges are pulled apart. Naturally, the
addition of the DSE’s quadratic potential “fixes” the molecular dismember-
ment, but not in a physically meaningful way, as such scenarios are clearly
not well-described within the long-wavelength approximation to begin with.
Accordingly, a genuine fix requires going beyond the long-wavelength approx-
imation in ab-initio simulations and, eventually, including the subwavelength
cavity in the ab-initio description. We elaborate further on this issue in the
next section. In conclusion, the PSE should be present in the full light-matter
Hamiltonian, but its significance highly depends on the physical scenario that
the theory is being used to describe. Specifically, it does not have the signifi-
cance that other works have attributed to it in the USC regime.

5.3 ANALYTICAL ILLUSTRATION

In this section, we illustrate the general arguments from section 5.2 by solving

the paradigmatic scenario of an emitter interacting with a metallic nanosphere.
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Figure 5.5: Sketch of the photon

model. The metallic sphere is
described as two overlapping
and homogeneously charged
spheres that represent the
ionic lattice and conduction
electrons. The emitter is placed
along the z axis.
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charge-photon
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To make the calculations analytical, we resort to a few simplifying assump-
tions that, nevertheless, retain all the important physics we need to include.
After discussing the required approximations, we proceed to the explicit di-
agonalization of the sphere and photons, and write the emitter interactions
in terms of the new polaritonic eigenmodes, finding closed analytical expres-
sions. From these coupling strengths, we straightforwardly obtain longitudi-
nal and transverse spectral densities, from which it becomes clear that only
the longitudinal one can account for USC effects. Last, we finish the section
with a direct comparison with a MQED formulation of the problem, and a
discussion on the role of the PSE.

5.3.1 MobeL

As shown in the sketch of fig. 5.5, we model the metallic sphere as two charged
spheres of radius R, one describing the ionic lattice and the other for the con-
duction electrons. Both spheres are homogeneously charged, with charge den-
sities p and —p for the ionic and electronic spheres. Due to the large disparity
in mass, the ionic sphere sits still at the origin, while the electronic sphere
oscillates back and forth due to the Coulomb interaction between them. For
simplicity, we restrict the motion of the electronic sphere to the z axis, and
denote its displacement by z;. We assume that the electronic sphere displace-
ment is much smaller than the nanosphere’s radius, i.e., z; < Ry. Considering
typical values of R = 10 nm, p = 60 ¢ - nm~3 and total energies around 1 eV,
zs can be estimated to be of the order of 1 pm, such that the small oscillation
approximation holds with great accuracy. Intuitively, the two spheres are the
simplest imitation of the dipolar resonance of a metallic nanosphere, which
will be confirmed by the end of the section.

For the forthcoming parts of the chapter, a Hamiltonian description is
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5.3 ANALYTICAL ILLUSTRATION

needed. To obtain it, we start from the usual light-matter Lagrangian

L= Z ml_rlz _ L
i&c, 2 e, 880|r —1
m 22 8702 RS
+—t fd37 PP+ — % Z qip(r;)
ieC,
+ 2 [ [(AL) -2V x ALY
2
+ ) qite At() + [, AL, (5.44)
ieC,

Here, the constant term in the fifth place simply accounts for the Coulomb
self-energy of the spheres, which is finite. As for the electronic sphere, its
4nR3p
3e
its charge density is a step function, specifically —p(r) = —p8(Rg — |r — z,Z]).

mass is mg =

m,, where m, and e are the electron mass and charge, and

The current density associated with its motion is j; = —p(r)ZsZ, and ¢ is the
full sphere’s Coulomb potential. As for the Coulomb potential due to the ionic
sphere alone, ¢, we have

3RZ — |12
0 T'r' if [r <R,
(P+ (I') = 3— 3 (545)
€0 Rs .
"l if [r] > R,.

The canonical momenta that correspond to this Lagrangian are
p: = mt; + AL (1y), (5.46a)
pe = Mz, — fd3r p(z-At) and (5.46b)
II = SoAl = —€OEJ'. (546C)

Accordingly, the minimal coupling Hamiltonian of the model is
H=Y pifi+pz+ [drI- AL L
i
2
(pi — q:A* (1) 9:4;
= Z %WL Z — Z’M‘b(ri)
ieC, i ijec, 8megly — x| &2
3. e Alv)
4 <ps+fd rp(z-A )) —fd3rp¢ + 87T,02R2
2my * 15¢,
2
) LE c?
3 ( 0 1

+fd r( o L (VxAL) j (5.47)

161
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An interesting remark is that the interaction between the sphere and the trans-
verse photon field is a straightforward generalization of the minimal coupling
term for point charges, simply integrating over an extended charge distribu-

tion.

5.3.2 DIAGONALIZATION STEPS

After reaching the Hamiltonian in eq. (5.47), we are ready to tackle the di-
agonalization of the sphere-photon oscillator Hamiltonian, H,., determined
by the last two lines of eq. (5.47). Here, we first manipulate a few terms in
order to obtain a more explicit version of H,... Next, we perform two consec-
utive canonical transformations that express the oscillator Hamiltonian in a
way that is ready for a Fano diagonalization procedure [300], well-suited to
diagonalize discrete systems coupled to a continuum. Finally, we carry out
the diagonalization to find the polaritonic eigenmodes of the sphere-photon

system.

MORE ExpLICIT OSCILLATOR HAaMILTONIAN As shown in section F.1.1, the
Coulomb interaction between the spheres is, in the limit of small oscillations,

215 2R3 25 2
-[atrpp, = -PEE - R vo(f) = g + 2R

(5.48)
In the final expression, the constant term cancels the Coulomb self-energy of
the spheres, and we have introduced the plasma frequency Qp = %, anin-
trinsic property of the metal that depends on the conduction electron density
only. The electronic sphere is, therefore, in a harmonic potential with natural
frequency equal to O—;, which is precisely the frequency of the dipolar reso-
nance of a small metallic sphere with a lossless Drude permittivity, precisely
the physics our model is designed to capture. The actual resonant frequency
is slightly red-shifted due to the interaction with an environment of photons,

as shown in appendix F.3.

The photon field Lagrangian and the sphere-photon interaction can be fur-
ther simplified with a mode expansion. Due to the symmetry of the system,
a convenient family of basis functions are the real spherical-wave functions,
defined by

w 2 (wlt\[, 9 N
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P (w, 1) = v x P (w, ). (5.49D)

Here, w € [0,c0), ||, ¢ and ¢ are spherical coordinates, | > 1 and m =
—I,—1 +1,-,; the Il = 0 is excluded because its associated functions van-
ish. The oscillating functions j; are spherical Bessel functions, while Y}, are
the real (also known as tesseral) spherical harmonics (see appendix A.3). The
abstract index A from the conceptual argument is, in this case, replaced by p,
I, m and w. We have chosen the normalization constant to ensure that

[ il @) pE (@) = 80y (0 — ). (5.50)

If the vector potential and its canonical momentum are

At =Y [do Al @l @) (551a)
p,im

=Y [do Il @) @), (5.51b)
p,Im

then the photon field Hamiltonian becomes
2

Hy= [ (% + %(VXAL)z)

= Z fdw{ H(p) (w)] + gow [Al(sl) (cu)]z}. (5.52)

p Im

As for the sphere-field interaction, we show it to be equal to

_ 4pR? wR,
fd3r p(z-At)=F Z fdw A(p)(w)],< )5pltm5115m0, (5.53)
p Im

in section F.1.2. A feature that immediately jumps out is the concatenation of
Kronecker deltas, a consequence of the system’s symmetry, which means that
only “tm”,I = 1 and m = 0 modes have to be taken into account to diagonalize
the photon-sphere oscillator Hamiltonian. Hence, all other modes will essen-
tially remain free-space modes with no modification due to the nanosphere,
which will have consequences for the emitter-field interaction as well. Given
the significance of the modes with non-vanishing interaction with the sphere,
we grant them preferential treatment by stripping them from the discrete la-
bels and keeping just the w dependence: A(tm) (w) = A(w), and likewise for
I1. The advantage of working with the spherical-wave basis is thus revealed
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here. After these steps, the oscillator Hamiltonian becomes

OSC=ZZ [ dw { H“”(w)]z+eow2[A§,’32<w>]2}

\/_fd ( )AW)]ZerQ_%g

2my 2 3

1 I1%(w) -
+5 fda) [ % + gowA (w)]. (5.54)

In this expression, the primed summation symbol means that the sum is to be
taken excluding the “tm”, I = 1 and m = 0 modes. Consequently, the first line
is completely decoupled from the rest for the diagonalization. Therefore, we

will drop it until the eigenmodes of the last two lines have been found.

CANONICAL TRANSFORMATIONs  Explicitly diagonalizing eq. (5.54) is difficult
because of the A? term, as it induces couplings between A(w) and A(w").
Therefore, we switch to a multipolar coupling Hamiltonian with the follow-

ing canonical transformation

Ps = Ps =Ps + fd ( )A<w) and (5.55a)

, 4pR2 (w&)
II(w) = IT'(w) = IT(w) + Z. 5.55b
\/& ]1 c ( )

The oscillator Hamiltonian becomes

2 2 24
_ Ps s QP 16‘0 Rs 2 sz 2
Hose = 2m, 3 [ 3 * 3egmgc fdwh ¢ )IF

12 (w) 4pR? [ wR
dw +¢€ w2A2(w)] -z, | dw s ( s )H’(w),
f [ 0 j 80\/3C]1 ¢

(5.56)

where the unperturbed free-space modes have been dropped to alleviate the
expressions, but we must not forget to include them at the end again. The
second term in the square brackets on the first line is the sphere’s finite PSE.
It can be calculated explicitly with the expressions from appendix A.2, and

yields a renormalized oscillator potential energy for the sphere given by

ms[Qp  16p°R3 (4 2 @R\ 2 Z Meya 2
> [ 3 + Begc fdcu]l - =5 Opzs. (5.57)
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At face value, the sphere’s oscillations seem to be massively shifted from Q—;
to Op, almost by a factor of 2. However, this is merely an artifact of the multi-
polar coupling Hamiltonian, which hides a compensating contribution in the
sphere-photon interaction term such that, overall, the resonant frequency will
be slightly red-shifted from e as was more clear in the minimal coupling pic-
ture. Note that this Hamiltonian could have obtained by adding the following

total time derivative

d [4pR? . { wRy

to the Lagrangian in eq. (5.44). Alternatively, it could also have been imple-

mented through a unitary partial PZW transformation
e
Ts = exp _Efd rPg- A ¢, (5.59)

where the sphere’s polarization is defined as P = j, = —pz,z. This polariza-
tion corresponds to a particular choice of Psl, which, in the case considered
here, allows us to find a very simple expression for P, = —pz,z + O(z2), with
the higher order terms arising from the temporal variation of the scalar field p
itself. These corrections can be safely neglected in the small oscillation regime
considered here.

The Hamiltonian in eq. (5.56) does not contain cross-couplings of field
variables anymore. Still, to apply the Fano diagonalization procedure, another

intermediate canonical transformation proves useful:

Ps—p= \/m_spé, zg = z = \[mgz;, and (5.60a)

T (w) - X(w) = —

IT'(w) A(w) - P(w) = [egwA(w). (5.60b)
EoW

We have rescaled all the variables to remove the explicit “mass” factors from
the Hamiltonian, and also swapped the roles of field coordinates and mo-
menta. The minus sign is there to preserve the symplectic structure of Hamil-
tonian dynamics, that is, the form of Hamilton’s equations. The oscillator
Hamiltonian in its final form before the diagonalization is

H. = %{pz +032% + fda}[Pz(w) + szz(w)]} +z f dw y(w)X(w),
(5.61)
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Figure 5.6: First Fano coeffi-
cient ¢, (w), as a function of
frequency and the sphere’s ra-
dius R,. The metal conduction
electron density is p = 60 e -
nm~3, similar to that of silver.
The vertical dashed line indi-
cates the quasistatic value of
the dipolar resonant frequency,
and the dashed blue line fol-
lows eq. (5.68).

0.50 0.55 0.60
w/Q)

where the coupling is encoded in

R R
Y(w) =200\ 2wy ( wc s ) (5.62)

Fano praconaLization  We define here the polaritonic coordinates and mo-

menta:

Y(w) =cq(w)z + fda)' o (w,w)X(w') and (5.63a)

E(w) =c1(w)p + fdw’ & (w,w)P(w'"), (5.63b)

respectively. The goal of the diagonalization is to find the ¢; (w) and ¢, (w, w")
coefficients, which determine the orthogonal transformation that diagonal-
izes Hy,.. To that end, we use the harmonic oscillator equation of motion,
[Hoser E(w)] = ihw?L(w), which implies that

() (w? —02) = [ dw’ cp(w, W)y (),
@) (@? = 0f) = [de’ e, @)y (') 6
o (w, ") (w? = w?) = y(w)ey (w).

A formal solution to these relations is

1 w? — O — F(w)
w2 _ w!Z ’)’2(60)

o(w,w") = [P o(w — w’)}y(w’)cl(w), (5.65)

as can be checked by direct substitution. We have defined the shift function

(' wR wR wR
F(w) = dew’ (Zz(—) = 20%75]'1( s>y1( - 5), (5.66)

2 c
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which is responsible for placing the plasmonic resonance close to 2 in this

V3

multipolar coupling framework, as lim,_,q xj; (X)y (x) = %1 Here, the ana-
lytical result includes j; and y,, the first spherical Bessel functions, of the first
and second kind, respectively, and has been obtained using the Fourier rela-
tions derived in appendix A.2. The final eigenmodes have to be determined
through the orthonormalization condition on the coefficients implemented by
imposing [E(w), E(w")] = ihé(w — w"). After some manipulations, written
in appendix F.2, we reach

o () = v , (5.67)

V(@2 =~ 03— F@)’ + (&) 74 @)

which concludes the Fano diagonalization. As fig. 5.6 reveals, the Fano coeffi-
Qp

V3

S
4 ( OpR,
1+E( c )

This expression has a considerable degree of accuracy, as indicated by the

cient ¢; is dominated by a resonance close to —=, whose precise value depends

on the radius roughly as

(5.68)

dashed blue line in the figure, and is derived in appendix F.3. Far from the

resonance, ¢ (w) decays as

Y (w)

qw) x ——————r,
! w? — 02 — F(w)

(5.69)
and the other coefficient is dominated by the second term in the square brack-
ets, such that

(w,w') = 6(w—u').

This goes back to confirm the comments made at the end of section 5.2.1 re-
garding M.

For our next purposes, we actually need to invert the relation between
the eigenmodes and the original oscillators. Since the coefficients ¢; (w) and
¢ (w, w") form an orthogonal transformation, inversion is equivalent to trans-

position. Thus, with eq. (5.60), we find

ps= Jm_f dw ¢y (W)E(w), (5.70a)
Zg = \/1%5 Idw 1 (W)Z(w), (5.70b)
IT'(w') = = Jeo’ f dw ey (w, w)Z(w) and (5.70c)
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Aw') =

f dw ¢y (w, W' )E(w). (5.70d)

1
Voo

5.3.3 EMITTER-POLARITON INTERACTIONS

After the diagonalization, we are ready to write the emitter’s interactions in
terms of the polaritonic eigenmodes just obtained. In the course of the di-
agonalization preparation, we have switched to a partial multipolar coupling
picture that only affects the sphere-field interaction, while the emitter remains
minimally coupled. Thus, we must deal with two terms, the p; - A (r;) and
the g;¢(r;) interactions.

For the first one, we again separate the tm, I = 1, m = 0 modes from the
rest. Adapting eqgs. (5.17), (5.18) and (5.20) to (5.22) and using eq. (5.70d),
we arrive at

Hogmhy o) [dw tglﬁpn)o w)(d; - ﬁ§§f(w))[( P (w)) +u§fjf(a;)]
t plm

+ H.c.

- hZcrtfdw %gﬁ(w)(dt (W) [T (w) —b(w)] +He,  (5.71)
t

~(p)

in the long-wavelength approximation. Here, @,

p)

(w) and t(w) are unit vec-
tors along the direction of ;" (w, r,) and
o (w, w )1[J<tm)(w’,re)
f do’ -
w

, (5.72)

respectively. As the notation suggests, a<p) (w) is the free-space photon anni-
hilation operator corresponding to a particular spherical-wave mode, while
b(w) annihilates polaritonic excitations. The free-space and polaritonic cou-
pling strength functions are given by

()0 ( )
gl:; (w) = Zhs |¢P e
m / w
8p (W) =, %wa’ o (w, )i (w ,re)a , (5.73b)

in complete agreement with the more general version in eq. (E.7). Assum-

and (5.73a)

ing, for simplicity, that the emitter’s relevant transition dipole moment points
along the z axis, and recalling that it is also placed on the z axis, we see that it

can only couple to “tm” modes due to the definition of the spherical waves in
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eq. (5.49), as the “te” ones have no radial component. For concreteness, the

radial component of the “tm” waves is

. 1 [200+1) . /wl
B g @n = o\ =i )Y@, 0), (5.74)

and, along the z axis it is the only non-vanishing component. We may now use
the expressions given in appendix A.2 to carry out the integration and find a
closed analytical expression for the polaritonic transverse coupling:

NN (w? = OF — F(w))jy ()
8p (W) = el 2n2heoccl<w) wy(w)

5 JreR3 [ 1 N wlre| h(wR )m(@)“ (5.75)

] 1
It ?

+

3 cRq

All things considered, grf (w) takes on a relatively simple form. Additionally,

we can define partial transverse spectral densities:
2 2
10wy = <gl(51)0(w)) and Jt(w) = (g¢ (@) (5.76)

The free-space modes can be combined into one single “bright” mode at

each frequency with the same procedure used at the end of section 2.1.3. Since

Y, (8 =0,¢9) = \f 2%15,”0, we can rewrite the uncoupled free-space part of
eq. (5.71) as

-1y o [ dw %,/]'ww)(dt 2)[@ @) —d@]+He,  (577)
t

where

3o I+ D@+ Djy (L )aft™ (@)

a(w) =i @) , (5.77b)
|e|)
(@) =Y 10+ 1)@ + 1) ( (5.77¢)
f \l; Ji c
2w\ o wlnl)
“\3l7¢ ) "l ) ™
3cj; (wlre>
0 (P)O — 71,0 _
J%w) = p;n] w) =] (W)[l i | (5.77d)

The prime on the last summation symbol again denotes the absence of the

169
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“tm”, ] = 1, m = 0 modes, which are accounted for separately through the
[(w)
w3

w K c/|te], and J'O(w) — J*O(w) when w > ¢/|r.|, which reflects that the

“tm”, | = 1, m = 0 modes dominate the emitter-photon interaction at low fre-

— 0 when

polaritonic b(w) operators. A simple check reveals the limits

quencies and become insignificant in the opposite limit. Of course, the a’(w)
and b(w) can also be combined into a single set of “emitter-centered” modes,

with a total transverse spectral density equal to
JHw) =] (w) + ] (@). (5.78)

According to appendix E, we remark that | L(w) automatically satisfies the EM
sum rule in eq. (5.26b).

Next, we consider the Coulomb interaction between the emitter and the
charges within the nanosphere. In the long-wavelength approximation, we
have

He_y~ =) 0(d;-2)(2-E'(r,)) + He. (5.79)
t

Because the electronic sphere oscillations are much smaller than Rg and |r,|,

we can simply replace the electric field outside the sphere by the electric field

associated to a dipole moment equal to # = —‘047T3RS ZsZ:
3(y-1)E —
Bl ~ SWDE—p (5.80)
d7reg|r)?
Using eq. (5.70b), we obtain
Hey m Yy oy [ dw (d - 2)g" (@) (b (@) + b(w)) + Hee, (5.81)
t
where 5
2pR
ghw) = —F () (5.82)

SSO,IZmShw|re|3

and the corresponding longitudinal spectral density is

2R3

O2R
hw) = (8"(w))? = —L=— 2(w). (5.83)
? (¢ ) 367Ih£0w|re|6 !

Note that ]]”3 (w) cannot be straightforwardly combined with ]pl (w) because,
although they both represent the coupling between the emitter and the same
polaritonic modes b(w), the transverse one takes the sum of ladder operators,
the longitudinal interaction contains the difference. In any case, the formu-

lation of the simple model provided thus far allows us to recover analytical,
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Figure 5.7: Spectral densities of the model fpr an emitter placed along the z axis at |r,| =
R,+1nm. (a) Map showing the dependence of J* (left) and J}, (right) on the frequency
and sphere’s radius, as defined through eq. (5.78) and eq. (5.83), respectively. (b) Cut
along the horizontal dashed line of panel (a). The dashed blue line represents the full
free-space spectral density.

though not precisely simple, expressions for two independent spectral densi-
ties, one for the direct emitter-sphere Coulomb interaction, and another for
the emitter-photon interaction. To continue our analysis, we show the depen-
dence of these spectral densities on R; and w in fig. 5.7a, for an emitter placed
at |r| = Ry + 1 nm along the z axis. To allow for an even more direct compari-
son, we plot them at a fixed value of Ry =~ 2.39 nm in fig. 5.7b. Several features
of fig. 5.7 stand out. First, ]]U) is essentially a narrow peak that shows a simi-
lar red-shift with increasing radius as the one observed in the Fano coefficient
(see fig. 5.6). Recall that our model of the plasmonic nanosphere was consis-
tent with a loss-less Drude permittivity. Therefore, the finite width in figs. 5.7a
and 5.7b has to do with the photon field that the negative sphere “drags” with
itself, and becomes EM radiation. As for the transverse interaction, J* displays
apeak too, several orders of magnitude smaller than J!, followed by an equally
narrow dip. Due to the presence of the free-space modes with [ > 1, the dip
does not reach 0 as could be expected from a typical Fano line shape. Besides,
the dashed blue line in fig. 5.7b indicates the free-space spectral density, [+/°,
and it is clear that J* is essentially equal to it save for the narrow region close
to the sphere’s resonance. Hence, the USC regime is definitely out of reach for
J+, that is, for the emitter-photon interaction. Instead, it must originate from
the direct Coulomb interaction between the emitter and the structure.

We can make the last statement more precise by defining the degree of
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Figure 5.8: Longitudinality ¢,

defined in eq. (5.84). The con- 107
tour lines are determined by
the USC parameter #ysc fora —~
reasonable emitter dipole mo- §
ment value |d| = 10 D, and the ;;, 1.0 107
10% line indicates the conven-
tial onset of the USC regime.
10°
0.1 0.2 0.3 0.4 0.5
|re| - Rs (nm)
1
“longitudinality” as the following ratio
I
e — <<]]i>>resonance . (5.84)
resonance

Here, (... )resonance denotes an average taken over a narrow frequency interval
fully containing the resonance. For concreteness, we have chosen the range
(0.57C2p, 0.580p). The longitudinality is represented in fig. 5.8 as a function
of Ry and |r.| — R,. In addition, contour lines indicate the value of #ygc due
to the longitudinal spectral density, for a transition dipole moment equal to
|d| = 10 D. To calculate it, we have fitted ]{', to a Lorentzian line shape with

parameters g,, w, and «,,

7 K:/2

I = e o + (22

(5.85)

in the same interval considered for the average. Then, the USC ratio due to
the longitudinal interaction is simply

dlg,

flusc = o, (5.86)

The figure shows that the degree of longitudinality { takes extremely large val-
ues, from 10° to over 10°. Most notably, it correlates positively with the values
of nysc; hence, the USC regime can only be reached through the longitudinal
interaction between the emitter and the plasmonic nanosphere. Admittedly,
the spatial arrangement and nanoparticle’s size explored in fig. 5.8 are at the
limit of experimental sensitivity. Still, fig. 5.8 has been prepared for illustra-
tive purposes only, and we do not intend to claim that this configuration is

ideal to reach the USC regime experimentally.
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5.3.4 SANITY CHECK

It is good practice to check one’s results by comparing with other established
methods. In the case at hand, the most direct comparison would be provided
by using MQED. To that end, we take the long-wavelength, multipolar cou-
pling Hamiltonian without magnetic effects in eq. (2.102). Explicitly, we have

2
p; qi4; 1 3 12
= _— A - d
H Z 2m; i ; 87‘[80|ri - rj| " 2e9 f r(Pe)

+ Z fd3rfda) hw £ (r, w) - £ (1, w)

A=e,m

-d- Y jd3rjdw G, (1., 1, w) - £, (r,w) + He, (5.87)
A=e,m

where we have the PSE term and the interaction is written in terms of the
polaritonic operators £, (r, w) that constitute the basis of MQED. Through the
emitter-centered approach summarized in [180], assuming that the relevant
transition dipole moment points along the z axis, we reduce the Hamiltonian
above to

2
P 114; Lo 43, (piy2
= _— _— _ d
" Z 2m; " ; 87‘[80|I‘i - r]-| " 2¢g f r(Fe)

+ fdw hw CH(w)C(w) — h(d - 2) fdw Jlvoep (@) (CH(w) + C(w)).

Here, we have defined

C(w) = . Z fd3r2 -G, (1o, 1,w) - f(r,w) and (5.88a)
V/MaED (@) X
2
JmoED (W) = nheoczi -Im G(x,, 1., w) - 2, (5.88b)

and we have removed the “dark” combinations of the f, (r, w) that are com-
pletely decoupled from the emitter.

In the MQED way, we have the full interaction of the emitter with the
medium-assisted fields encoded in a single spectral density, J\jorp(w). This
is at odds with the calculations presented before, as there were two differ-
ent spectral densities, one for each physical interaction, which could not be
directly combined. We have greatly benefited from having separate spectral
densities for the purposes of illustrating the argument. However, the most
direct comparison with MQED requires a single spectral density. We can rem-
edy the problem by switching our calculations to a multicenter, multipolar
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coupling picture. Then, we have only one emitter interaction term:
1 3, pL.
Hint = - Id rPe-11 (5.89)
€o

and [T+ can be written in terms of the polaritonic eigenmodes. Fortunately, the
diagonalization procedure done earlier can be applied here with no changes
required. The reason is that the structure-field interaction was, and still is, in
the multipolar coupling picture, as mentioned right above eq. (5.55). The only
difference, then, will be the physical significance of the eigenmodes, but the
analytical mathematical expressions are the same. Therefore, with eq. (5.70c),
we arrive at

Hip =~ ih(d - 2) jdw g<p) O(w)[(alﬁ)(w)) al(f;) (w)] +H.c.
p,Im

—h(d-2) [ dw g, (W)[b (@) + bw)] + He, (5.90)

with the coupling strengths defined as

.0 _ W ( )
gl;fl 2hs ( ; (1‘ )) ptm5m0 (5'91a)
gp(w) =, e fdw oy (w, ')z - 1/J<tm)(w re)—. (5.91b)

The integral in gp(w) is different from the one in eq. (5.73b). Luckily, it is still
similar enough that an analytical solution exists:

1 [ 3w? (@? = OF — F(w))jy ()
8 = T\ 2hege 1 (@)

V7R3 | wire| ]1(WR )%(%) ” (5.92)

P
ref*e? s

+ O

As intimidating as this expression can seem, a nice observation is that it is
identical to eq. (5.75), although without the % in the square brackets. Since
gp(w) physically contains the Coulomb interaction, the % must correspond to a
negative Coulomb interaction that subtracts it from g1§ (w). Indeed, collecting
all the factors that go with the %, we recover eq. (5.82) exactly.

Since all the mode operators involved in eq. (5.90) are orthogonal, we can
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10? ; Figure 5.9: Comparison of the
& 100 : — Jmodel spectral densities derived from
5 ' JMQED MQED, eq. (5.88b), and from
z 102 'fﬂ‘ Lo the model in the multicen-
< 4 \ ter, multipolar coupling pic-
3 10 - AN o ture, eq. (5.93). For the fig-
=107 _~ \ / ure, the nanoparticle’s radius is
- A A A . R, = 255 nm. As in the pre-
02 04 06 08 10 vious plots, we have set |r,| =

w/Q, R, + 1nm.

now combine the spectral densities seamlessly into

s = (5@)" + Y (52 @)’.

p,im

(5.93)

We now finish this comparison with a MQED result by plotting in fig. 5.9 both
JmoED and Jiogel- For the sake of the comparison, the scattering part of Jyiqgep
has been obtained by retaining only the dipolar term in a multipolar expan-
sion, since our model can only account for plasmonic excitations of this kind.

Both curves are dominated by a narrow peak corresponding to the dipolar
plasmonic resonance, followed by a dip. Since we have not included material
losses in the model, the dip is a direct consequence of the Fano diagonalization
procedure for a single state (mode) coupled to a single continuum of states
(modes), which always yields a point of perfect destructive interference. Still,
the model’s spectral density does not fully vanish at the dip, because it con-
tains the free-space part of the modes that remain uncoupled from the sphere
too, as per eq. (5.93). The perfect agreement between the curves displayed
in the figure provides, a posteriori, further confirmation of the model’s accu-
racy, particularly in the limit of small nanoparticles. For nanoparticle radii
up to 50 nm, our analytical calculations still manage to quantitatively repro-
duce the main features of J\iopp. Beyond that, the dipolar resonance shifts
to very low frequencies and significantly decreases in magnitude, and the
free-space spectral density washes out everything in the range close to O—\/g
Physically, however, at those large radii and small emitter-nanosphere sepa-
rations, higher multipoles become relevant, and a large pseudomode peak is
developed at a finite frequency. Nevertheless, while these effects are not at all
captured by the model discussed here, it still describes the response of small

nanospheres perfectly well, as we intended from the outset.
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Figure 5.10: Linear coefficient 750 -
in the series expansion of ¢
in terms of z,.  The verti-
cal dashed line indicates the
sphere’s radius. The black
curve takes into account the
non-linear dependence of ¢ on
r, and hence the non-constant 250

500
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longlrwavelength

1 1 1 1 1
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line corresponds to the con- Itl/R,
stant E} imposed by the long-
wavelength approximation in
ab-initio simulations.
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5.3.5 POLARIZATION SELF-ENERGY

Before ending the chapter, we can use the model to illustrate the actual rele-
vance of the PSE due to the transverse fields. As we have seen in section 5.2.4,
the full PSE is, in the long-wavelength approximation,

(gfi)’0<w>>2 2
HDSE = Z de T(d . i) , (594)
p,Im

adapted to the model’s particular notation. The full DSE, as has been argued at
several points in the thesis (see section 2.4.1), softens the degree of divergence
of the free-space Lamb shift, and allows for the recovery of Bethe’s logarith-
mic formula. Still, if the USC regime is reached with the polaritonic modes
within some frequency range, then those modes have to be treated explicitly,
not just perturbatively, and likewise for the photonic modes significantly in-
cluded in the polaritonic modes. It can, then, be argued that the part of the
DSE associated to those modes should also be kept explicitly, as some people
have done [178]. Our claim, according to the general argument in section 5.2,

is that even if treated explicitly, that part of the DSE is still negligible.

Because of the symmetry of the model, only “tm”,/ = 1 and m = 0 modes
behave different from the fully free-space scenario, due to their interaction
with the nanosphere. Therefore, only these modes need to be considered for
the explicit DSE contribution. However, since the diagonalization coefficient
¢ (w, w") converges to 6(w — w') far from the resonance, we only really need
to include modes up to some “transparency” frequency Q7. Given that fig. 5.9
reveals that the sphere’s spectral density converges to the free-space limit at
frequencies close to Qp, we can take this value as Q) for illustration purposes.
Taking eqgs. (5.73a) and (5.74) into account, the explicit part of the DSE be-
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comes
; Ire|
o (= o3
HDSEZ(d'i)ZZJPdw ( : >2z 2)° I)23
pim 0 2heom2clr,| 18egt4c
~ 1075 eV/(e-nm)2 x (d - 2)>, (5.95)

where the first approximation relies on |r,| € ¢/Qp ~ 20 nm, for p = 60 ¢ -
nm™3, true in the cases under consideration to reach the USC regime. The
numerical evaluation reveals that the part of the DSE that should be included
in the Hamiltonian is very small indeed, contrary to what has been argued in

other works.

Let us finish by addressing the absence of molecular bound states noted
in [178]. As mentioned in section 5.2.4, since the DSE cannot “fix” it due to
its smallness, there must be another resolution: it must be due to the effect of
the long-wavelength approximation in ab-initio simulations, as it imposes a
constant electric field over the computational box. We illustrate this point here
by showing the full spatial dependence of ¢, the sphere’s Coulomb potential.
In the small oscillation limit,

_‘3’: T ifp <R,
¢r) = Kl(r)zg = z, _pzo. e (5.96)
3% ﬁ if [r] > Ry

We plot K for positions r along the z axis in fig. 5.10, where it is evident that a
linear approximation of the potential, that is, a constant E! will inevitably and
unrealistically dismember the emitter.

5.4 CONCLUSIONS

Throughout the chapter, we have found ourselves highlighting various differ-
ent, though complementary, issues. In the first section, we have seen how
the Jaynes-Cummings Hamiltonian fails to capture the hallmark effects of the
USC regime. Thus, one is forced to abandon the RWA and keep the full Rabi
Hamiltonian, removing the simplifying assumptions that led to the Jaynes-
Cummings model. Then, we have used the Rabi model to illustrate the phe-
nomenology typically associated with the USC regime. However, the Rabi
versus Jaynes-Cummings dichotomy sets up the deeper meaning and message
of the chapter: simple toy models are fine until they are not anymore, and
finding out how to correct them is generally not trivial. The only approach
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that is sure to work is to take a few steps back and try to rederive the simple
model from a more complete description. In section 5.1.2, we take the ini-
tial illustration further, by showing that the same simple model (specifically,
the Rabi model) can account for completely different physical systems, which
severely affects the meaning and value of the model’s parameters. With it, we
also pave the way to the main goal of the chapter, developed in the follow-
ing sections, namely, establishing whether the USC regime can be reached
at the few-emitter limit through photons or through the Coulomb interaction

between the emitter and the nanocavity.

After enough context has been provided, we derive a fundamental bound
on the degree to which photons can be confined by any cavity made of a re-
alistic material. To obtain it, we consider the most favorable conditions; we
imagine a cavity that confines photons perfectly up to a certain frequency, be-
yond which the material has to become transparent, and concentrates the cou-
pling into a single transverse cavity mode. The remarkable result is that, even
with those concessions in favor of photons, the total coupling strength can
only reach an appreciable fraction of the bare frequencies if the transparency
frequency is on the MeV scale. Since any cavity material becomes transpar-
ent at much lower frequencies (orders of magnitude lower, in fact), the USC
is out of reach for the interaction between a few small emitters and photons.
Another illuminating consequence of the bound is found by going back to the
simplified single-mode models. By properly identifying the nature and origin
of the PSE, we conclude that its effect must be negligible, as the USC regime
is not achieved through photons.

We finish the chapter with an analytical example that illustrates the argu-
ments and conclusions presented before. The example consists of a simplified
description of a plasmonic nanosphere as two overlapping, homogeneously
charged spheres. While this may sound like a very crude approximation, it
is, actually, extremely accurate to describe the dipolar resonance of a small
plasmonic sphere, as shown in fig. 5.9. By simplifying the model as much as
possible, but not in excess, we correctly retain the relevant physics and obtain
analytical expressions that mirror the arguments of section 5.2. Importantly,
we see that the longitudinal interactions are, as claimed, the ones carrying the
weight of the interaction. In any case, these calculations, together with the
prior general arguments, should serve as a cautionary tale for anyone who
finds themselves potentially extending a well-known model into a regime in
which it has not been explicitly shown to work.
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Chapter

SIX FINAL CONCLUSIONS

Some of it wasn’t very nice, but

most of it was beautiful.

Dorothy Gale, The Wizard of Oz

ENGLISH

If we had to single out one aspect of light-matter interactions highlighted by
this thesis, it would probably be the sheer breadth of the field. Indeed, we
have explored quite different faces of the interaction between light and matter
at the nanoscale. For instance, while chapters 3 and 4 deal with the descrip-
tion of phenomena in the weak coupling regime, chapter 5 changes the focus
completely and is devoted to fundamental questions regarding the ultrastrong
coupling regime. With this last chapter, we collect the main conclusions and

outlook messages in each domain.

WEAK COUPLING REGIME In chapter 3, we tackle the issue of dissipation in-
duced on complex systems by general Markovian environments. While a Lind-
blad master equation (LME) can be derived for simple systems and environ-
ments with relative ease, when the simplifying assumptions are lifted, reach-
ing the coveted LME is no longer a straightforward matter. To obtain such a
master equation, under the sole premise that the environment has to be Marko-
vian, we take a couple of steps back and revisit the framework of open quan-
tum systems. There, the Bloch-Redfield equation (BRE) is the effective Marko-
vian equation of motion that appears naturally after a perturbative treatment.

The BRE is an accurate master equation, very capable to describe dissipa-
tive phenomena. The problem with it is that, as a dynamical map, it is gen-

erally neither completely positive nor simply positive. Non-positivity means
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that the populations” evolution predicted by the BRE can develop negative
values, even if the density matrix starts out positive. Non-complete positivity
means that, if the system is considered together with another one, the com-
bined density matrix can develop negative populations, even if the additional
system has no non-trivial dynamics. Besides, the BRE just looks more compli-
cated than the standard LME that most studies employ. These issues have led
to a general feeling of uneasiness around the BRE in many communities, which
has fueled efforts to find ways to distill the LME that most closely follows the
BRE. There are two practical advantages to this approach: first, by passing
through a BRE, the parameters of the resulting LME are directly related to the
underlying model of the environment, which automatically incorporates an
ample variety of dissipative channels that are hard to envision otherwise. The
second advantage, or goal perhaps, is that the final master equation is about
as accurate as the BRE. One may wonder whether the similar accuracy still
makes it worth the effort to transform the BRE into a LME. We argue that it
does, because (i) it simplifies its structure and the interpretation of each term,
(ii) it achieves complete positivity, an important and sought-out property in
the field of open quantum systems, and (iii) it has computational benefits such

as enabling quantum Monte Carlo simulations.

In the chapter, we revisit the traditional way to arrive at a LME, which is
a procedure known as the secular approximation. The issue with it is that
several physical effects are outright missed by it, which can be very relevant
in emitters with realistic energy level structures. A goal of the community of
open quantum systems is to find alternative procedures to reach a LME. In
particular, we consider one approach that has been proposed recently [266],
which we refer to as the geometric approach, as it involves taking suitable ge-
ometric means of the parameters in the BRE. Our contribution has been to
identify and fix some lingering issues. Namely, the geometric LME, when
generalized to deal with sufficiently complex environments, can display a non-
Hermitian, environment-induced energy shift, and negative dissipative rates.
Both these issues are critical, but our analysis shows that their fix required rela-
tively minimal modifications. The Hermiticity of the energy shift was rescued
by replacing the geometric mean with an arithmetic one. As for the negative
dissipative rates, we performed extensive statistical studies to realize and con-
firm that the geometric procedure on its own, while not ensuring their absence,
does in fact greatly suppress them. Thus, our final contribution to the field is
a method to reach a LME from the BRE, inspired in the one in [266], which
is more robust and has a greater degree of generality. As we have mentioned,
the only real assumption is that the environment is Markovian.
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We build on this methodological success in chapter 4 to describe the in-
teraction between an atom and the vacuum fields supported by a nanoparti-
cle. Physically, the common expectation is that the nanoparticle will induce
small energy shifts and dissipation. The energy shifts depend on the relative
position between the atom and the nanoparticle, and are generally known as
Casimir-Polder potentials. They are a prime example of the dispersion forces
that govern the nanoscale world of atoms and nanoparticles, responsible for
adsorption to surfaces. The dissipative rates also vary with the relative lo-
cation, and the common intuition is that they would tend to increase as the
separation becomes smaller, an intuition backed by the well-known Purcell
enhancement effect [15]. The customary account of these effects would be
naturally captured by a secularized LME, which begs the question of the rela-
tion between chapter 4 and the ideas discussed in chapter 3. The issue with
that kind of treatment is that the effects that the secular approximation misses
can be relevant in this context, and quite so in fact.

To illustrate the shortcomings of the secular approximation, we focus on
the dynamics of a fine-structure multiplet of the hydrogen atom, when it is
placed in the vicinity of a spheroidal, AIN nanoparticle. The closeness in
energy of the states under consideration implies that, rather than mere en-
ergy shifts, an environment-induced internal atomic interaction between dif-
ferent fine-structure states also appears, which are absent from the secular-
ized master equation. In principle, these couplings are always there, and are
of the same order as the regular Casimir-Polder shifts; the reason for their rel-
evance is the small energy gap between the states that we consider. Indeed,
the fine structure of the studied n = 7 multiplet is of the order of 107¢ eV,
and the Casimir-Polder shifts reach a comparable energy scale when the atom-
nanoparticle separation is about 50 nm. The environment-induced couplings
prove to be quite consequential, as the effective energy spectrum of the atom
develops marked avoided crossings and the eigenstates become complex mix-
tures of the original fine-structure eigenstates. For similar reasons, instead of
mere decay rates associated to the hydrogenic states, a more accurate depiction
of the dissipation includes off-diagonal rates that, in turn, yield complicated
decay channels involving many fine-structure states at once.

Properly accounting for these effects requires the use of the ideas devel-
oped in the previous chapter, although the energy structure and the symme-
try of the spatial arrangement considered grant us the possibility to perform
additional simplifications. After these are carried out, it suffices to diagonal-
ize an effective, non-Hermitian 7 x 7 Hamiltonian in order to show the great

impact of the off-diagonal couplings and dissipative rates in the selected sys-
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tem. For the particular configuration chosen in the chapter, perhaps the most
striking feature directly caused by the off-diagonal terms is a reversal of the ex-
pected Purcell enhancement. As explained there, the nanoparticle-modified
eigenstates and dissipative channels align in such a way that the dissipative
rate of one of the eigenstates starts decreasing as the atom approaches the
nanoparticle. Such effects, which would be completely missing from less re-
fined methods, open the door to new potential knobs for the manipulation of
quantum states, that may lead to unforeseen applications in, e.g., the field of

quantum information science.

ULTRASTRONG COUPLING REGIME In the second part of the results presented
in the thesis, chapter 5 deals with a foundational question concerning the ul-
trastrong coupling (USC) regime. More explicitly, it is about identifying the
physical effect that lies at the origin of ultrastrong light-matter interactions.
When it comes to reaching the USC regime, there are two main factors to con-
sider: the matter coupling operator, e.g., the dipole moment, and the degree
of field enhancement within the spatial region containing the matter. A com-
mon route to USC physics is to increase the matter operator through collective
phenomena that require a macroscopic number of individual emitters in the
cavity. In our work, we focus on the other extreme, where only a few small
emitters are considered. The strategy is, in such cases, to boost the field en-
hancement by confining light to subwavelength volumes. In optics, nanocav-
ities formed by plasmonic nanoparticles are promising candidates to reach
the USC reegime, as are THz resonators in the far infrared. An important
consequence of subwavelength confinement is that the role of transverse and
longitudinal fields, that is, charge-photon and Coulomb charge-charge inter-
actions, respectively, is reversed. The closer proximity of the emitter to the
material structure of the cavity significantly enhances the Coulomb interac-
tions, whereas the transverse, propagating fields are barely different from the
free-space limit in comparison. In the field of nanophotonics, this is the justi-

ficaction for the well-known quasistatic approximation.

In chapter 5, we shed light on the concrete role of longitudinal and trans-
verse fields. To that end, we first derive a fundamental limit to the degree of
enhancement of the emitter-photon coupling strength achievable through any
cavity made out of a realistic material, regardless of the geometry. With this
bound, the coupling strength cannot be a sizeable fraction of the bare excita-
tion frequencies unless the dipole moment of the matter part describes col-
lective excitations, or the cavity perfectly concentrates the coupling strength

of photons up to energies on the order of 2 MeV. The first scenario is auto-
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matically discarded, because we focus on the few-emitter limit of USC. As for
the second, it would require a material that can perfectly reflect photons from
the whole spectrum up to gamma rays. Since such materials do not exist in
the real world, thus possibility is too eliminated. Hence, the ultrastrong ra-
tio §ysc cannot be larger than 0.1, unless Coulomb (longitudinal) interactions
are considered explicitly; moreover, according to our analysis, 77ysc can only
take values comparable to 0.1 through the Coulomb interaction between the
emitter and the cavity.

The difference in the physical origin of USC is not just a matter of nitpick-
ing. Indeed, even if the emitter interaction terms with photons and the cavity’s
charges can be cast in a mathematically similar form with some assumptions,
the meaning and value of the parameters are quite different. For example,
the contentious polarization self-energy term that appears in the multipolar
coupling Hamiltonian can be related to the emitter-photon coupling strength.
Accordingly, some authors have claimed that it must play a key role in the USC
regime. However, when the USC regime is reached through Coulomb interac-
tions, the polarization self-energy is no longer related to the interactions that
lead to such large coupling regimes. Thus, it stops being reasonable to ascribe
important effects to it, different from the ones it already has in the absence of

a cavity.

To finish, we bring the general ideas of the chapter to a more tangible level
by explicitly solving the paradigmatic example of an emitter interacting with
a plasmonic nanosphere. In order to obtain analytical insights, we simplify
the description of the nanosphere in such a way that all the relevant and il-
lustrative effects are still included. Then, the full problem is solved by ob-
taining closed expressions for the transverse (emitter-photon) and longitudi-
nal (emitter-sphere) coupling strengths, when written in terms of the polari-
tonic eigenmodes of the sphere-photon system. Our calculations unequivo-
cally show that the Coulomb interaction between the emitter and the sphere
is the one that can give rise to USC, while the transverse interaction with pho-
tons has no hope of reaching it. With this example, we illustrate the other
main point of the chapter, namely, that appropriate simplifications can make
for a great theoretical tool, as long as they are truly appropriate. In that sense,
hastily applying a simple model can imply the risk of inadvertedly extend-
ing it beyond its actual range of validity. While our model of the plasmonic
sphere is a very crude one, we make sure a posteriori that it indeed captures
the physics correctly. Otherwise, we keep the full electromagnetic complexity
and only consider particular configurations to reach the final analytical expres-

sions.
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6 FINAL CONCLUSIONS

GEeNERAL REMARKS It would be disingenuous to say that the study of light,
matter and their interactions started recently. Still, despite its age, the field of
light-matter interactions is very much alive and well. Not only has it shaped
our current knowledge of physics, but it is also a seemingly unending source of
research avenues to this day. Since its early moments, the expanding body of
light-matter literature became naturally organized in several major branches.
As these areas kept growing, parts of them diffused into the neighboring top-
ics, blurring the frontiers; however, sometimes, the speed and impact at which
different areas merge suggests almost ballistic behavior, rather than diffusive.
The intertwining of research topics is an extremely fertile ground to explore
and test new ideas. In this ever-expanding field, it is part of the theoretician’s
job to stay alert and avoid the trap of directly applying a well-known model to a
new experimental situation without first ensuring that it is valid. As someone
once said, physics is a science, but approximation is an art form. The research
results described in this thesis are, in different ways, examples of the kinds of
effects and insights that can be completely missed by a less careful approach.

CASTELLANO

Si tuviésemos que remarcar un aspecto de las interacciones entre la luz y la
materia destacados por esta tesis, probablemente seria la enorme amplitud
del campo. En efecto, hemos explorado caras notablemente distintas de la in-
teraccion entre la luz y la materia en la nanoescala. Sin ir mas lejos, mientras
que los capitulos 3 y 4 lidian con la descripciéon de fenémenos propios del
régimen de acoplamiento débil, el capitulo 5 cambia el foco de atencién com-
pletamente y estd dedicado a cuestiones fundamentales sobre el régimen de
acoplamiento ultrafuerte. Con este tltimo capitulo reunimos las principales

conclusiones y perspectivas en cada dominio.

REGIMEN DE AcoPLAMIENTO DEBIL  En el capitulo 3, abordamos la cuestién de
la disipacién inducida por entornos Markovianos generales en sistemas com-
plejos. Mientras que para sistemas y entornos simples se puede derivar una
ecuaciéon maestra de Lindblad (LME), cuando las simplificaciones dejan de
ser apropiadas, alcanzar la deseada ecuacién de Lindblad se convierte en un
asunto complicado. Para obtener una ecuacién maestra de ese tipo, suponien-
do tinicamente que el entorno es Markoviano, tenemos que dar un paso atras
y revisar el formalismo the sistemas cudnticos abiertos. En este, la ecuaciéon
maestra efectiva que aparece de forma natural tras un tratamiento perturbati-
vo es la ecuacién de Bloch-Redfield (BRE).
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La BRE puede describir con precisién fenémenos disipativos. El problema
de esta ecuacion es que, como mapa dindmico, generalmente no es ni comple-
tamente positiva, ni simplemente positiva. La no-positividad significa que, en
la evolucién predicha por la BRE, las poblaciones pueden desarrollar valores
negativos, incluso si la matriz de densidad comienza siendo positiva. La fal-
ta de positividad completa implica que, si el sistema se considera junto con
otro, la matriz de densidad combinada puede desarrollar también poblacio-
nes negativas, incluso si el sistema adicional carece de dinamica no trivial.
Ademés, la BRE tiene un aspecto mds complicado que las LME empleadas
en la mayoria de estudios. Estos aspectos negativos han dado pie a un senti-
miento generalizado de desconfianza sobre la BRE en muchos ambitos, lo que
ha motivado esfuerzos para encontrar maneras de extraer la LME que maés se
aproxime a la BRE. Podemos destacar dos ventajas practicas a esta manera de
proceder. Primero, al pasar por una BRE, los pardmetros de la LME resultante
quedan directamente ligados al modelo subyacente del entorno, incorporan-
do de forma automaética una amplia variedad de canales disipativos que, de
otro modo, serfan dificiles de prever. La segunda ventaja, o quiza objetivo, es
que la ecuacién maestra final es parecida a la BRE en términos de precision.
Dada la similitud en la precisién, cabria preguntarse si realmente vale la pena
transformar la BRE en una LME. Aqui argumentamos que si, porque (i) la es-
tructura e interpretacién de cada término resulta ser mas sencilla, (ii) se logra
la positividad completa, una importante y deseable propiedad en el campo de
los sistemas cuanticos abiertos, y (iii) presenta beneficios computacionales al

posibilitar, por ejemplo, simulaciones cudnticas de Monte Carlo.

En dicho capitulo, revisamos la derivacion tradicional de la LME a partir
de la BRE, que consiste en un procedimiento conocido como la aproximacién
secular. El problema de esta aproximacién es que se pierden definitivamen-
te varios efectos fisicos, algunos de los cuales pueden ser muy relevantes pa-
ra emisores con estructuras de niveles energéticos realistas. Un objetivo de la
comunidad de sistemas cudnticos abiertos es encontrar métodos alternativos
para obtener una LME. En particular, consideramos uno propuesto reciente-
mente [266] que designamos como procedimiento geométrico, ya que requie-
re de la evaluacién adecuada de medias geométricas de los pardmetros de la
BRE. Nuestra contribucién ha sido la identificacién de algunos problemas que
afectan al método geométrico, y su posterior solucién. En concreto, cuando la
LME geométrica se generaliza para tratar entornos suficientemente complejos,
puede presentar un desplazamiento de niveles no Hermitico, asi como cons-
tantes de decaimiento negativas. Ambas dificultades son criticas, pero nuestro

andlisis demuestra que se pueden solventar con cambios relativamente poco
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6 FINAL CONCLUSIONS

invasivos. La Hermiticidad del desplazamiento de energias, por su parte, se
respeta a base de reemplazar las medias geométricas por medias aritméticas.
En cuanto a los decaimientos negativos, a partir de simulaciones iniciales nos
percatamos de que el método geométrico por si solo, si bien no asegura la posi-
tividad, si que suprime los valores negativos significativamente. Esta observa-
cién fue confirmada mediante estudios estadisticos exhaustivos. Asi, nuestra
contribucién final al campo consiste en un método para alcanzar una LME
desde la BRE que estd inspirado en el de [266], aunque es mds robusto y tiene
mayor grado de generalidad. Como hemos mencionado, la tnica suposicién

necesaria es que el entorno ha de ser suficientemente Markoviano.

En el capitulo 4, nos apoyamos sobre este éxito metodoldgico para descri-
bir la interaccién entre un dtomo y el campo de vacio modificados por una
nanoparticula. Fisicamente, la expectativa es que la nanoparticula induzca co-
rrecciones energéticas pequenias y disipacion. Las correcciones energéticas de-
penden de la posicién relativa entre el 4&tomo y la nanoparticula, y se conocen
comunmente como potenciales de Casimir-Polder. Son un buen ejemplo de las
fuerzas de dispersion que gobiernan el mundo nanoscépico de los dtomos y
las nanoparticulas, responsables de la adsorcién en superficies. Los ritmos de
decaimiento también varian con la posicién relativa, y la intuicién comin es
que tienden a aumentar a medida que la separacién disminuye. Dicha expec-
tativa estd reforzada por el bien conocido efecto Purcell [15]. La descripcién
habitual de estos effectos queda perfectamente capturada en la LME seculari-
zada, lo que sugiere que las ideas del capitulo 3 podrian no ser relevantes en
este. Sin embargo, los capitulos 3 y 4 estan intimamente relacionados porque
existen efectos adicionales, descartados por la aproximacién secular, que pue-
den ser relevantes en el contexto de d4tomos y nanoparticulas, y, de hecho, lo

son en el capitulo 4.

Para ilustrar los defectos de la aproximacién secular, nos centramos en la
dindmica de un multiplete de estructura fina del a&tomo de hidrégeno cuando
se coloca en la vecindad de una nanoparticula esferoidal de AIN. La cercania
en energia de los estados involucrados implica que no solo aparecen correc-
ciones de las energias, los potenciales de Casimir-Polder, sino que también
aparecen acoplamientos entre distintos estados de la estructura fina. La LME
secularizada no contiene tales términos. En principio, los acoplamientos si es-
tdn presentes, y son del mismo orden que los potenciales de Casimir-Polder.
La razén de su importancia es la pequefia diferencia de energia entre los esta-
dos considerados. Efectivamente, la estructura fina del multiplete estudiado,
n = 7, es del orden de 107° eV, y los potenciales de Casimir-Polder alcan-

zan una escala de energias comparable cuando la separacién entre el &tomo
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y la nanoparticula es del orden de 50 nm. Los acoplamientos inducidos por
el entorno acaban teniendo importantes consecuencias, dado que el espectro
de energias efectivo del dtomo desarrolla marcados “cruces evitados” y los
autoestados se convierten en mezclas complejas de los estados de estructu-
ra fina originales. Por motivos similares, en lugar de simples constantes de
decaimiento asociadas a los estados propios del hidrégeno, una descripcién
més completa de la disipacién incluye términos no diagonales que generan
complejos canales de decaimiento que involucran numerosos estados de es-

tructura fina a la vez.

El tratamiento adecuado de estos efectos requiere del uso de las ideas de-
sarrolladas en el capitulo previo, aunque la estructura energética y la simetria
de la composicién espacial estudiada nos brindan la posibilidad de llevar a
cabo approximaciones adicionales. Tras realizarlas, basta con diagonalizar un
Hamiltoniano efectivo no Hermitico 7 x 7 para mostrar el gran impacto de los
acoplamientos no diagonales en el sistema elegido. Para la configuracién par-
ticular seleccionada, quiza la caracteristica mds llamativa directamente causa-
da por los términos no diagonales es la inversién de la expectativa referente
al comportamiento del efecto Purcell al variar la distancia entre el &tomo y la
nanoparticula. Como se explica en el capitulo, los autoestados y canales disipa-
tivos se alinean de tal manera que una de las constantes disipativas comienza
a disminuir a medida que el 4tomo se aproxima a la nanoparticula. Tales efec-
tos, completamente ausentes en métodos menos refinados, abren la puerta a
nuevas formas de manipular estados cudnticos que pueden llevar al desarro-
llo de aplicaciones inesperadas en, por ejemplo, el campo de la informacién

cuantica.

REGIMEN DE ACOPLAMIENTO ULTRAFUERTE En la segunda parte de los resulta-
dos presentados en esta tesis, el capitulo 5 lidia con una pregunta fundacional
sobre el régimen de acoplamiento ultrafuerte (USC). Explicitamente, se iden-
tifica el efecto fisico subyacente al origen del régimen de USC en la interaccién
entre luz y materia. Cuando se trata de alcanzar el régimen de USC, hay que
considerar dos factores principales: el operador de acoplamiento de la materia,
por ejemplo, el momento dipolar, y el grado de amplificacién del campo en la
regién espacial que contiene a la materia. Una posibilidad empleada comtn-
mente consiste en incrementar el operador de la materia a través de fenémenos
colectivos que precisan de una cantidad macroscépica de emisores individua-
les en la cavidad. En nuestro trabajo, nos centramos en el extremo opuesto,
en el que solo se incluyen unos pocos emisores pequefios. En esos casos, la

estrategia se basa en incrementar la amplificacion del campo mediante el con-
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6 FINAL CONCLUSIONS

finamiento de la luz a voltiimenes inferiores a la longitud de onda de la luz.
En 6ptica, las nanocavidades formadas por nanoparticulas plasménicas son
candidatas prometedoras para alcanzar el régimen de USC, asi como lo son
los resonadores en THz en el infrarrojo lejano. Una consequencia importante
del confinamiento inferior a la longitud de onda es que el rol de los campos
transversales y longitudinales, esto es, los que median las interacciones carga-
fotén y carga-carga respectivamente, se invierte. La proximidad espacial del
emisor a la estructura material de la cavidad amplifica las interacciones carga-
carga de Coulomb, mientras que, por el contrario, los campos transversales
propagantes apenas se diferencian del limite del campo en ausencia de estruc-
tura material. En el campo de la nanofotdnica, esta es la justificacién de la bien

conocida aproximacién cuasiestética.

En el capitulo 5, clarificamos el papel concreto que juegan los campos trans-
versales y longitudinales. Para ello, primero derivamos un limite fundamental
relativo al grado de amplificacién de la interaccién entre emisores y fotones
que se puede conseguir mediante cualquier tipo de cavidad construida con un
material realista, independientemente de su geometria. Debido a este limite, el
acoplamiento entre emisores y fotones solo podria alcanzar fracciones signifi-
cativas de las frecuencias naturales de excitacién si, o bien el momento dipolar
describiese excitaciones colectivas, o bien la cavidad concentrase perfectamen-
te el acoplamiento a los fotones con energias del orden de 2 MeV. El primer
escenario queda automdticamente descartado, ya que aqui nos centramos en
el limite de pocos emisores. En cuanto al segundo, requeriria un material que,
como minimo, pudiera reflejar perfectamente fotones del espectro electromag-
nético entero hasta rayos gamma. Puesto que no existen tales materiales, esta
posibilidad queda también eliminada. Por tanto, el coeficiente de acoplamien-
to ultrafuerte #ygc no puede ser mayor que 0.1, a no ser que la interaccién de
Coulomb (longitudinal) sea incluida explicitamente. Es més, de acuerdo con
nuestro analisis, 7jysc solo puede alcanzar valores del orden de 0.1 a través de
la interaccién de Coulomb entre el emisor y la cavidad.

La diferencia en el origen fisico del régimen de USC no se trata de un me-
ro ejercicio académico. De hecho, aunque en algunos casos los términos de
interaccién del emisor con fotones y con las cargas que forman la cavidad se
pueden expresar mateméticamente de manera similar, el significado y valor
de los pardmetros es ciertamente distinto. Por ejemplo, el polémico término de
autoenergia de polarizacién que aparece en el Hamiltoniano con interaccion
multipolar puede relacionarse con el acoplamiento entre el emisor y los foto-
nes. Por ello, algunos autores han afirmado que debe jugar un papel relevante

en el régimen de USC. Sin embargo, cuando el régimen de USC se alcanza me-
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diante la interaccién de Coulomb, el término de autoenergia de polarizacién
ya no esté relacionado con el acoplamiento que da lugar a fisica en el régimen
de USC. Asi, deja de ser razonable asociarle efectos importantes distintos a los
que ya tiene en ausencia de una cavidad.

Para acabar, ilustramos las ideas del capitulo con un ejemplo concreto. Con
tal objetivo, resolvemos explicitamente el caso paradigmaético de un emisor
interactuando con una nanoesfera plasmoénica. Para extraer informacién de
manera analitica, simplificamos la descripcion de la nanoesfera procurando
incluir todos los efectos relevantes. De esta manera, podemos resolver el pro-
blema completo obteniendo expresiones cerradas para los acoplamientos co-
rrespondientes a las interacciones transversales (emisor-fotén) y longitudina-
les (emisor-esfera), al escribirlos en términos de los modos normales polari-
ténicos. Nuestros calculos muestran, sin lugar a dudas, que la interaccién de
Coulomb entre el emisor y la esfera es la tinica que puede dar lugar al régimen
de USC, mientras que la interaccién transveral con fotones no puede alcanzar-
lo. Con este ejemplo también ilustramos el otro punto principal del capitulo,
es decir, que las simplificaciones adecuadas pueden ser una gran herramienta
tedrica, siempre y cuando sean realmente adecuadas. En ese sentido, al aplicar
apresuradamente un modelo demasiado sencillo se corre el riesgo inadvertido
de extenderlo maés alld de su rango real de validez. Aunque nuestro modelo
de la esfera plasmonica no es excesivamente refinado, nos aseguramos a pos-
teriori de que realmente captura la fisica correctamente. Por lo demds, man-
tenemos la complejidad electromagnética completa y tan solo consideramos

configuraciones particulares para alcanzar las expresiones analiticas finales.

CoMEeNTARIOS GENERALES  El estudio de la luz, la materia y sus interacciones
es una pieza central del conocimiento desde hace siglos que ha dado forma a
gran parte de nuestra manera actual de entender y hacer fisica. Aun asi, pese
a su larga trayectoria, el campo de interacciones entre luz y materia contintia
siendo robusto y dindmico, y supone una fuente de temas de investigacién vir-
tualmente inagotable. Desde su comienzo, la investigacién en interacciones
luz-materia qued6 paulatinamiente organizada en varias ramas principales.
Con el tiempo, dichas ramas continuaron creciendo hasta solapar con las ad-
yacentes, desdibujando las fronteras. En ocasiones, el impacto de un 4rea sobre
otra cuando se entremezclan puede ser transformador, disruptivo y profundo.
Generalmente, de hecho, el entrelazamiento de temas de investigacién es un
terreno sumamente fértil para explorar y probar nuevas ideas. En un campo en
continua expansién como el de las interacciones entre luz y materia, es respon-

sabilidad del sector tedrico permanecer alerta para evitar la trampa de aplicar
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directamente modelos bien conocidos en una situaciones experimentales nue-
vas, sin antes asegurar su validez. Como alguien dijo una vez, la fisica es una
ciencia, pero aproximar es un arte. Los resultados de la investigacién descri-
tos en esta tesis son, en distintas formas, ejemplos de los tipos de efectos y
comprensién que pueden quedar sepultados por un tratamiento descuidado.
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APPENDICES

For particulars, as every one
knows, make for virtue and
happiness; generalities are

intellectually necessary evils.

Aldous Huxley, Brave new world

SummaRry In the appendices that follow, we discuss details that have been
skipped in the previous chapters. First, appendix A contains a summary of
useful mathematical relations, derivations, analytical integrals, operator iden-
tities and the proof of a proposition concerning the positive semidefiniteness
of a particular kind of matrix. We continue in appendix B with the numerical
verification of the methods developed in chapter 4, namely, the Lindblad equa-
tion and the effective non-Hermitian Hamiltonian. After that, appendix C in-
cludes a short discussion of some relevant properties of the EM Green tensor
and the calculations pertaining to the gauge invariance discussion in MQED
of section 2.2.4. Next, we collect the details of the PZW transformation in ap-
pendix D, as well as minor modifications thereof. These are then extensively
used in appendix E to derive EM sum rules concerning the spectral density,
and to prove an expression for the PSE. Last, appendix F completes the calcu-
lations required for the analytical model used in chapter 5.
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Appendix

A USEFUL MATHEMATICAL
RELATIONS

The present appendix provides a collection of the basic mathematical tools
employed throughout the thesis. We also point to their most important appli-
cations, which are scattered in the main text’s chapters and in the next appen-
dices.

A.1 SHORT BESTIARY OF IMPORTANT FUNCTIONS

We collect here the definitions for some relevant functions that appear in the
preceding chapters:

GENERALIZED LAGUERRE FUNCTION These are the solutions to the associated

Laguerre differential equations:

A k

D (n+A

M — k

LK (x) _k§ o (/\+k)x (A1)
=0

where A = n—1—1and y = 2[ + 1. Note that there exist different conventions

in the literature for these functions (see [226]).

AssociaTED LEGENDRE poLyNoMmIALs These polynomials solve the general

Legendre equation, and are defined by

(=¥ /2 dM

P = e (=) o (62 = 1)

(A2)

where A and y are integers and |u| < A.
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SpHERICAL HARMONICS The solutions to the radial part of the Schrodinger

equation with a central potential are

A—p@)! @A+ 1)
Vi@ = _J A+m! 4n

Their real versions are given by

PK (cos @)e™?. (A3)

V2(-1)MIm Y;* ifp <0,
Yo =YY ifu=0, and (A4)
V2(-D)*Re YY  if > 0.

SpHERICAL BESSEL FUNcTIONS In spherical coordinates, the solutions to the

radial part of the Helmholtz equation follow the general expressions:

1d \fsinx
i = (=x)H = —
Ju = (=x) (xdx) and (A5)
1d \cosx
()M ==
Yu (=x) (xdx) p (A.6)

Dirac DELTA DISTRIBUTION The Dirac delta hardly needs any introduction,

but it has some properties that are worth writing down:
jdx F)0,5(x —x') = =9 f (). (A7a)
With the chain rule:

0 0(x +0x") = Opyopd(x + ox'
<0 ) w0 ) = dyo(x+0x') =00,0(x+0x")
0 0(x+0x") =00,y d(x+0x")
(A.7b)
Another relation involving a Dirac delta that will come up in the Fano diago-

nalization of section 5.3 is

1 1 [ 1

P(x—y)(x’—y) R x'—y‘x_y]+”25(x—y)5(x’—y). (A.7¢)

A.2 FOURIER TRANSFORM RELATIONS

The mathematical tools of Fourier analysis are heavily featured in certain parts

of the thesis. Here, we revisit them and point to the location in the text where
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A.2 FOURIER TRANSFORM RELATIONS

they are important. Most notably, the integrals involved in the analytic model

of chapter 5 make extensive use of Fourier relations.

Basic periniTioN  For a function f (x), we define its Fourier transform as
~ 1 o .
fk) = Flf(x0)](k) = — dux f (x)e~ ™, (A.8)
V27 f -
and the inverse relation is

Ff0) ] = ‘/% jj; dk f (k)etk. (A9)

Basic proPerRTIES From the definitions, it is direct that

FIf (x = x0) 1 (k) = e F[f (x)] (k) (A.10)
F[f (ax)](k) = 71[f(x)]< ) and (A11)
Flf()g](k) = —(71[f<x>] * Fg)]) (k), (A12)

V21

where * denotes the convolution operation, namely,
[f*g]lx) = f_w dx’ f(x")g(x —x"). (A13)

BasicTransrorMs  The basic Fourier transforms required in our calculations

are
FEOH](w) = L[—iPl + né(w)] (A.14)

e R '
Flx] (k) = —i\/gsign(k), (A.15)

1
Flo(x)] = and (A.16)
‘/_
Fli@](k) = \Fk <t (A17)
otherwise.

CORRELATION FUNCTIONS In chapter 2, a relation between A,; and v,; has

been written. We derive it here with the expressions above:

% +iMw) = f " d o(1)ewt = V2 Fe(m)0(T) ] (—w)
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= (Fle(D)] * FO(T)]) (—w)

= \/%_n fdw’ [—iPﬁ + 7 (—w — w’)]ﬁ[c(f)](w’),
which implies that
y(w) = V2 Fc(1)](~w) and (A18)
Mw) = \/%P dw' W = %dew’ % (A.19)

FurTHER TRANSFORMS The basic transforms and properties above allow us
to find

Fljr (01 (yx) I( jL7[]1<x> + [y (yx)]) (k)

j dk' K'(k—K) if0<k<y-—1

7'(1
- g—zf dk' k'(k—k') ify—1<k<y+1

0 ifk>y+1
2
3 if0<k<y-—1
1
=J==1K =3 +Dk+2(y*+1
\/;y2 g 2 +1) ify—1<k<y+1
0 ifk>y+1,

where y > 1. By virtue of the integrand’s symmetry, we may extend the result
to negative k as

Fljr (0)j1 (yx) (k) (A.20)
; if k| <y—1,
T 1 3
=\ =1k =3+ 1)kl +2(y>+1
(Fa|e st emeawen oy oy
0 otherwise.
(A.21)

Setting k = 0 and y = 1, we arrive at

1 e o |2, _1\/?
\/__n f_oo dx j3(x) = \!;jo dx j5(x) = 3\ (A.22)
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which comes in handy to compute the polarization self-energy of the analytic

model of a plasmonic sphere in eq. (5.57).

Another transform that is convenient to obtain is

ﬁ[(xz - xg)_l](k)

2xO?i[< x0) ' = (x+x0) " |(k)

o—ikxo _ 4ikxo 7 sin([klxo)
e — e e 1 _‘f I
g TR =y (A2)

MORE COMPLICATED TRANSFORMs At this point, we can combine the results

thus far to evaluate two more complicated integrals. First,

T2z 0] (k) = L fdk’ F[R@]*)F[x2](k - k)
P =6l + 4
\/E 4 .[ dk 6

i (E—2k3 42— 16)
5 7

24‘/_ 10

for 0 < k < 2, and zero for k > 0. There, the Fourier transform of x~2 is

k=K'l

obtained as the xy — 0 limit of eq. (A.23). Taking the form of the integrand

into consideration, the extension to negative values is

r (k° 16) .
— 2|k - — flk| <2,
F[x 2320 (k) = 24\/271( I+ 5) i

0 otherwise.

(A.24)

The resulting expression is useful to evaluate the equation of motion for the
analytical model of the plasmonic nanosphere of chapter 5. Those calculations

are shown in appendix F.3.

The second integral of interest is a more complicated generalization. For
that reason, we only evaluate it explicitly at k = 0:

3;[]1(36)]1(1/95) ](k 0)

2 _
X XO

= = [ Flwn 1w 72 —a3) " 4 (A25)

\F Jo i () 1) F| (2 = 3) ™ |k
_ _\E ﬁ{fj_l dk’ 4sin(k'xo)
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1
+ y+1 k' [k =32 + 1)K +2(4% +1)] sin(k'xo)}
o
7 1 |1 .
= —\I Eyz—xg[g + y2xo71 (%0)y1 (¥Xo) |- (A.26)

The last step entails a repeated and dull application of integration by parts,
plus a reshuffling of terms, and has been skipped for the reader’s sake. This
particular integral is required to compute the Fano energy shift integral F())
in eq. (5.66) and the emitter-polariton coupling strengths in the minimal and
multipolar coupling schemes, g; (w) and g, (w) inegs. (5.75) and (5.92).

A.3 TRANSVERSE AND LONGITUDINAL VECTOR FIELDS

Here, we succinctly discuss the properties of transverse and longitudinal vec-
tor fields following references [194, 301]. Although the Helmholtz decompo-
sition theorem is the mathematical backbone that justifies the whole section,
we need not concern ourselves with its most general formulation. Instead, we
confine our attention to its consequences on a much narrower situation. Let F
be a twice differentiable vector field defined on R that vanishes faster than
1/|r| as x| = co. Then, the theorem states that there exist two unique fields Ft
and Fl, respectively, such that

V-FL =0, and VxFl=0 (A27a)

and
F=F' +Fl (A.27b)

Then, F* and F! are the so-called transverse and longitudinal components.

These names stem from the fact that, in reciprocal space,
k-FL(k)=0 and kxFl(k) =0, (A.28)

where F+ (k) and Fll(k) are the Fourier expansion coefficients of F* and F.

The introduction of the transverse and longitudinal components allows us
to split the space of twice differentiable vector fields with the specified bound-
ary condition into two orthogonal components. To each subspace, we can as-
sign a projection delta operator 6+ and §!, where § = §+ + . In the real-space
representation, the action of these § operators on vector fields is given by a dot
product over spatial indices and an integration over the spatial variable. Thus,
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F(r) = Jd3r’ S(r—1") - F(r), (A.29a)
Fl(r) = fd3r’ St(r—1')-F(r), (A.29b)
Fl(r) = der' Sl(r —1') - F(x). (A.29¢)

The real-space representation of these delta functions is

1 1
)= ——V2| —
S(r—1r") 4nVr ( PR ) (A.30a)

1 1
St(r—v) = EVrXer (—)

[r—1r|

2
2 1 _ J _3 _ J _ s
HES TRt k(G rl®(r Y) and  (A30b)
3 4rtjr — 1’|
1 1
5”(r—r')=—EVr®Vr<m>
2
1 1 _ J _3 _ J _ s
= sy Pzl =3C rl®(r ), (A.300)
3 47tir — 1’|

where we have used V2F = (V ® V) -F—V xV x F, and differentiated with care
(see [301] and the references therein). Since they are essentially projection
operators, they also satisfy
fd3s St(r—sg) - 6H(r —s) = 6I(r—r') and (A31)
jd3s SWL(r—s).5L/(r —s) =0, (A32)

which allows us to write
fd3rF.T = fd3r Fl. Tl + fd3r FL. T4, (A.33)

for any two vector fields F and T, as the crossed contributions vanish.
Finally, the concepts of transversality and longitudinality can be extended
to dyadic tensors as well, as done extensively in section 2.2. Specifically, for the
dyadic tensors like the EM Green tensor G we can have either transversality
or longitudinality, from the left, from the right, or from both sides:
LIG(x, v, w) = f d3sd3s’ 8L/1(x — ) - G(s, ¥, w), (A.34a)
G/, v, w) = Id3s d3s’ G(r,s,w) - 61/1(s —r'), and (A.34b)

LG (r, v, w) = fd3s d3s’ §+/l(r —s) - G(s,s',w) - 8L/I(s' —1'). (A.34c)
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A.3.1 ORTHONORMAL BASES FOR TRANSVERSE FIELDS

Before finishing with our account of transverse and longitudinal fields, we
give here the expressions for two useful bases of transverse vector fields that
are used in chapter 2 and chapter 5:

ReaL pLANE waves  Transverse fields can be expanded in terms of the follow-
ing set of orthogonal functions

\/Ecos(k -T) \/Esin(k -T)

gp(kn) = o o5re (k) and gion = =i e (). (A35)

“_
C

Here, the superindices and “s” indicate which trigonometric function is
used, k belongs to a reciprocal half space, and €, (k) are polarization unit-
vectors perpendicular to k and to each other, labeled with p = 1,2. The nor-

malization ensures that

[ (1) 9 (1) = 808,60 (K = K), (A36)

as can be checked with eq. (A.16). For completeness, the more common com-

plex version of these plane waves is

pilcr)

P, (k1) = Wep(k)r (A37)

where k now belongs to the full reciprocal space to compensate for the fact
that only one family of functions is required.

REeAL sPHERICAL WAVES ~ Another basis that plays a key role in chapter 5 is that
of spherical waves:

(te) _2’ 2 (“"r') 3%
Yim (@r0) = c l(l+1)7rc c l’smﬂ 9o |Yin (8, ¢) and

(A.38a)
1200+ 1) |/ wir
(tm) (te) — s _
lIJ ((U,I') vxlp (w/r)_rlrl c l( c )Ylm(ﬂ’q))
1 2 wir] e
T It \ (I + 1)me "‘[Irl]l< )][0aﬂ+q)smz9]ylmw )
(A.38b)

where ! > 1, m| < land w > 0. Again, we work with real functions by choos-

ing the real spherical harmonics over their more common complex counter-
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A.3 TRANSVERSE AND LONGITUDINAL VECTOR FIELDS

parts, Y;”, defined in appendix A.1.

A.3.2 ExAMPLE

An illustrative observation is that even if the support of F is finite, meaning
that it only takes non-zero values within a finite region of space, the support
of F* and F! will generally be unbounded. For concreteness, let us consider
the current density due to the motion of the negatively charged sphere of sec-
tion 5.3:

js(r) = —p(1)Z,Z, (A.39)

where p(r) = pf(Rs — |r — z¥|) = pO(R; — Irl). Note that the charge density
written in section 5.3 includes the explicit oscillation of the negative sphere,
which is neglected in the subsequent calculations, while we neglect it from
the beginning here. Thus, the current density has its support confined to a
sphere of radius R;. We next explore its ensuing transverse and longitudinal
parts. First, with the results of section F.1.2, we can expand the transverse part

of j, in the spherical wave basis to find

—4p3R? (wR

V3c

The integral above is hard to do analytically, although a combination of the

L) = f dw )zp(fm) (w,1). (A.40)

methods developed in appendix A.2 shoud allow it. In any case, we avoid

such endeavor and will merely evaluate it numerically.

On the other hand, upon manipulating Maxwell’ equations we may write
1 . ol . 1 | . -
C_2E — V°E+ = —]/loatls — C_ZE = 3t]S = —EoE . (A41)

The longitudinal field due to the nanosphere, E!l is, to the level approximation

required here,

—pzsR3 ) .
—3[3c051951n19x+(3cos 8 —-1)z] iflrl >R,
El(r) = 3250|1‘| (A42)
gTsz if Ir) < R..
0
Therefore,
PZsRS R? 2 .
= > [3cos@sin X + (3cos? @ —1)z] if 1| > Ry,
jim =1 3 Z' (A43)
‘3’ 53 if 1) < R,,
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Js e
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Figure A.1: Cut along the x — z plane of thejcurrent density associated to the motion of
the negatively charged sphere of the analytical calculations in section 5.3. Left, center
and right columns: total, transverse and longitudinal currents. Top, middle and bot-
tom rows: full vector field, x component and z component.

that is, constant in the interior of the sphere, and a dipolar pattern outside.
Because j, = ji + j!, we can use the information on ]! to say more about the

transverse part:

_szRS . < 2 P :
——[3cos 9sinIx + (3cos® ¥ —1)z] if Ir| > R,
jom =1 (A44)
—20z .
Z if [r] < R,.

We have thus been able to skip the analytical calculation of eq. (A.40).

In order to more graphically understand the above expressions, we plot
the current in fig. A.1 along the x — z plane. The top panels contain the full
vector fields, while the next rows represent the x and z components. Vertically,
the columns correspond, from left to right, to j,, j& and j!. It is necessary to
clarify that j* has been directly computed with eq. (A.40). With fig. A.2 we
show that, indeed, the numerical evaluation of eq. (A.40) converges to the

202



A.4 OPERATOR IDENTITIES

1.0 F fr———————————- 1 Figure A.2: Cut along the x =
| i 0 nm line showing the com-
: — % : ponents of eq. (A.40). Con-
o i 1 2 ( it + ]!) i tinuous lines represent the x
205 : o ! and z components of j,, while
= I zJs : dashed lines correspond to the
: —-—-Z (]5l+]!) : sum of j& and j!, with the
0.0 i . transverse part obtained nu-
| | | | | merically through eq. (A.40).
-10 -5 0 5 10
z (nm)
1

analytical result. Because we expand here a discontinuous function in terms
of orthogonal functions, the spherical-wave functions, fig. A.2 displays the
well-known Gibbs phenomenon at the discontinuities, to the extent that the

plotting mesh allows.

As fig. A.1 clearly shows, j and ]! are not limited to the spherical region
within which jg is non-zero. This fact has important consequences; for in-
stance, it can be used to recover the finite propagation speed of EM fields,
even when the E! is a manifestly instantaneous function of the charges [205].
Indeed, considering this precise example of a localized source current j, we
can look at the transverse fields in eq. (A.41):

1.
C—in —VZEt = —pd,js. (A.45)

Accordingly, E* satisfies a wave equation with a finite propagation speed
equal to c. However, its source, jsl, is no longer a localized one. Instead it
extends beyond the range of j,, and is linked to the instantaneous longitudi-
nal field through its relation with ji ~ El.

A.4 OPERATOR IDENTITIES

In order to evaluate numerous expressions related to unitary transformations,
we will use Campbell’s identity [302]

eXYe X =Y +[X, Y]+ %[X, (X, Y]]+ %[x, [X,[X, Y]]+ (A46)

Particularly relevant will be the situation where [X,[X,Y]] = 0. We study

here in detail two model transformations.
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TransrORMATION 1 Let x and p be a position variable and its canonically
conjugate momentum, that is, [p,x] = —ih. We choose X = f(x) and Y = p,
such that f is a smooth function. Then,

1
ef(X)pe—ﬂx) =p+[f(x),p] + E[f(x)’ [f ), p]] + - (A47a)

with [f (x),p] = ihd,f (x). Since [f (x), d,f (x)] = 0, only the first two terms are

non-vanishing, and the final result is

e O pef O = p 1 ihd, f (x). (A.47b)

TraNSFORMATION 2 Let 4, and a‘;, be a collection of ladder opperators la-
beled with an abstract label y in the spirit of section 2.1.3. Consider now the
combination X = ) " (oc uly — a;}a;‘l), where « u are complex coefficients, and

Y = Ay The relevant commutator that we have to calculate is

; wyay, — aal,a, | = oy, (A.48a)

Since the result is a mere scalar, the nested commutators vanish such that the
final expression is
S )g T ) g L, (Ady

a,e

M

which is just a concrete realization of a displacement operator.

A.5 ABOUT THE NON-POSITIVE DEFINITENESS OF CER-
TAIN KINDS OF MATRICES
It is claimed in section 3.4.2 that the arithmetic mean replacement would not

yield a positive semidefinite Kossakowski matrix. The following proposition
shows this claim to be the case in general.

Proposition 1. Let A be areal n x n matrix with elements A;; = uii;uﬁ and a; > 0 for all
i=1,...,n. Then, A is diagonalizable and has eigenvalues Aq = 0, with multiplicity n — 2,

a; 1
Ai=Z§i§ nZag., (A.49)
1 1

and

where A_ < 0.
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Proof. The fact that it is diagonalizable follows from A being real and symmet-
ric. Let us next tackle the existence and multiplicity of Aj = 0. To that end, we
note that A can be seen as a collection of 1 row vectors a} = (A1, Aqy, ..., A1y)-

If we combine the first and second row vectors, i = 1 and i = 2, we have

a —ay = @(1, 1,..,1), (A.50)
and similar relations hold fori = 2andi = 3,i = 3and i = 4, and all
consecutive pairs. This means that the plane 77;, spanned by a| and a}, con-
tains (1,1, ...,1), and so does the plane 71,3 spanned by at2 and ag. Therefore,
Ty, = Tlp3, as they share two vectors by construction. We may apply the same
reasoning recursively to all rows to realize that span{af li=1,... ,n} = 7Tq5.
Consequently, there are only two linearly independent row vectors in A, and
the equation Ax = 0 has, thus, n — 2 independent solutions, given by the
subspace orthogonal to the plane 7r. Equivalently, the eigenvalue Ay = 0 has
multiplicity n — 2.

With this first result, we can write the characteristic polynomial of A as
pad) = (A)"2(A2 —a) + 7). (A51)
From Leibniz’s formula for the determinant,

detA = ‘ Z gilf"'zinAlil "'Am‘”/ (ASZ)

i1 ,eesiy

it is straightforward that « = )’ a;;. The other coefficient v = 7, + 7,
requires a bit more work. We need to consider two cases:

1. ndiagonal elements: Because i = k, the Levi-Civita symbol yields a +1,
and the full productis A1 A5, - A,,,,. We have to select a pair of indices
i # j, take a; and aj from them and —A from the rest, and sum over all

possible pairs, without double counting:

Y = Za,-l-aj]-. (A.53a)

i<j

2. n — 2 diagonal elements: We now have to choose a pair of indices and
swap them: iy = [and i; = k, with | # k. Thus, the Levi-Civita symbol is
—1. In doing so, we take two matrix elements from outside the diagonal

in the product Aqq -+ Ajg -+ Ay -+ A, Summing over all pairs of indices
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that can be swapped, we have

2

ay + Ay n—1 ii

7”—2=_Z(T> -1 Z i - .2
1

k<l

Hence,

2
ay + agg n—1 a;iljj
Y= Tu+ Tnoz = — ( 5 )=— Lt )

k<l i i<j

and the two non-vanishing eigenvalues are

1 1
i:g z‘[ — 492 _Z + 5 n;aé.

In particular, A_ is negative because

Z(az, a]]) =n-1) Za” ZZaua]/ >0

i<j i<j

2
= nzan>zau+zzall ]] (Zaii)
i

i<j
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Appendix | NUMERICAL
B VERIFICATION OF THE
METHODS IN CHAPTER 4

Here, we perform simulations to validate the methods developed in chap-
ter 4, namely, the LME in eq. (4.15) and the effective Hamiltonian in eq. (4.25).
To that end, we apply both methods to a system where an exact solution is pos-
sible, and compare both methods with the exact dynamics.

B.1 SIMULATIONS

We study the populations of the n = 3 multiplet in the hydrogen atom cou-
pled to an EM environment characterized by a Lorentzian spectral density,
whose spectral functions are given in eqs. (3.6b) and (3.6¢). For simplicity,
we assume that the atom and the EM environment interact only through the
z components. The parameters are taken to be hg, = 4 - 10~% eV/(eay), hx, =
2-1073 eV and fiw, = 1.95 eV, and these values are used to represent the spec-
tral functions in fig. B.1. As was mentioned in sections 2.4.4 and 3.4.2, a single
Lorentzian resonance is equivalent to a single, lossy bosonic mode with which
the atom interacts [201, 253], with the exact atom-mode dynamics being de-
scribed by the LME in eq. (2.181) [303]. Hence, we can compare the approxi-
mate solutions obtained with our approaches, eq. (4.15) and eq. (4.25), to the
exact dynamics given by eq. (2.181).

In the simulations for the numerical verification, we include the first 4 Bohr

solution. The black line corre-

| sponds to the spectral density,
10-3 k- ] = 2y, while the orange line
is the energy shift function A.

101 F :w | Figure B.1: Spectral functions

il 2 of the single-mode environ-

| i~ ment that allow for an exact
107 i

1 (ueV/D?)
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100 F
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Figure B.2: Time evolution of the atomic pgpulations. Continuous black lines: numer-
ical solution to the exact dynamics from eq. (2.181). Dashed orange lines: geometric
LME from eq. (4.15). Blue dotted lines: effective non-Hermitian Hamiltonian from
eq. (4.25). Adapted from [267].

levels of the hydrogen atom (60 states) to ensure the convergence of the results
and take [p(0)) = |n =3,1=0,j=1/2, m; = 1/2> as the initial state, with zero
excitations in the bosonic mode for the exact method. In fig. B.2, we present
the population of the |3,1,7,1/2) states only, as those are the ones of interest in
the effective Hamiltonian description. According to the effective Hamiltonian,
only the 3,0,1/2,1/2),13,2,3/2,1/2) and 13,2,5/2,1/2) states should become
populated (common m; and parity). Indeed, the populations that correspond
to these states are the three largest populations in the figure. The agreement
with the exact result for these lines is perfect, validating both the final LME
in eq. (4.15) and the effective non-Hermitian Hamiltonian in eq. (4.25). The
marked oscillations present in the evolution are due to the off-diagonal ele-
ments in the effective Hamiltonian, which a full secularization would have
missed completely. Therefore, this numerical test already show the relevance
of the off-diagonal terms in the CP Hamiltonian, as analyzed in more depth in
section 4.3. The two additional lines present in the geometric LME and the ex-
act solutions are the populations of the |3,1,1/2,1/2) and |3,1,3/2,1/2) states.
These opposite-parity states become populated through the refilling term, dis-
carded in the effective Hamiltonian description. Their populations, although
small, are still unrealistically large in these simulations because they are pro-
portional to [ (w = Ag/h) = J(w = 0). Since we take | to be a Lorentzian func-
tion, it does not converge to zero as w — 0. Realistic spectral densities, such
as the one calculated for the AIN ellipsoidal nanoparticle, do converge to zero
in that limit and, in turn, the states with opposite parity remain unpopulated

to a much larger degree.
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(alHcplb) = )" dfdipyA (wai)yA (wpi) liy Figure B.3:  Schematic illus-
: tration of the resonant (blue
arrows) and  off-resonant
by (orange arrows) contributions
|a) e —— to the CP coupling between
states |a) and |[b) due to the
intermediate states |i).

RWA - 0 off-resonant CP

RWA 4 0 resonant CP

As for numerical advantages, the geometric LME is superior to the exact
result because it involves no additional bosonic mode, which implies that the
total Hilbert space that must be propagated with it is at least half in size of
that of the exact method. Meanwhile, the effective Hamiltonian only requires
keeping track of three states, and all other states are effectively included in
the sums over “intermediate” states that yield the CP shift and the dissipative
part. Furthermore, not only is the simulated part of the system much smaller,
but also the included timescales are much more concentrated in the effective
Hamiltonian method. The others explicitly include both fine-structure correc-
tions, i.e., the scale we care about, and the gross structure of the Bohr levels,
which yields a more numerically demanding task in the cases of the exact and
the geometric LME approaches.

We finish this section with one last appropriate numerical confirmation,
namely, that the counter-rotating terms in the atom-environment interaction
are important. In the geometric LME prescription derived in [266], the start-
ing point is the BRE reached after applying the RWA approximation. As a con-
sequence, after carrying out the whole derivation in analogy with section 2.4.3,
the A;;(9) functions defined in eq. (4.2d) are only evaluated in § > 0. The ge-
ometric LME directly inherits this additional restriction and, therefore, only
the so-called resonant part of the CP shift appears, schematically depicted
in fig. B.3. Thus, the CP shift Hamiltonian is not properly described without
the counter-rotating interaction terms, as we would miss the effect of then = 4
atomic level completely and some n = 3 intra-level contributions. In the dis-
cussion presented in chapter 3 and here, we have made sure to avoid the RWA
for this precise reason. We present in fig. B.4 an illustration of the relevance
of the counter-rotating terms. There, the precise frequency and shape of the
oscillations is severely modified depending on whether the counter-rotating

terms are neglected or kept.
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Figure B.4: Time evolution of the atomi¢ populations obtained with the effective,
non-Hermitian Hamiltonian of eq. (4.25). Continuous black lines: including counter-
rotating terms. Dashed orange lines: applying the RWA to the atom-environment in-
teraction. Adapted from [267].
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Appendix

DETAILS OF
C MACRoscoric QED

We begin this appendix by revisiting a few properties of the Green tensor,
which plays a foundational role in MQED. Then, we carry out certain prelimi-

nary calculations and use them to complement the statements in section 2.2.4.

C.1 ErLecTROMAGNETIC GREEN TENSOR

Free-space  The following expression corresponds to the free-space Green
tensor [204]

2 2 iwlpl/c
GO(r,r+p,w):_C_5(p)_L{[ — w|p| (%) }

3w? ara?of’

[3 el “""' (%) ®2"}, (C.1)
w lel
Particularly helpful is the expression
: 0 _ 1 L0 _ Y
}]111’611’1’1 G (r,r+p,w) = }}_r)r})lm G (r,r+pw) = 67rc1’ (C.2)

which determines the free-space spectral density.

INTEGRAL RELATIONS  For our upcoming calculations, a couple of integral re-
lations will be of service, which are obtained through simple contour integra-

tion techniques. First,

oo 1 oo
I = fo dw C%ImlG(r ¥,w) = 2zf dw ﬂz(lc(r,rf,w) _1G(r Y, —w))

1 w
— 1 / _ bl /
=5 j_ dw = G(r, v, w) = I(})}_r{loof dzx (r, v, w)
= gél(r—r,), (C3)
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where we have utilized the Schwartz reflection principle, thatis, G(r, 1, w) =
G*(r,v',—w"), and

—ZG(r, r,w)=-6(r—r), (C4)

le\inoo c?
which follows from eq. (2.76). The second relation is
L= f dw —Im IG(x, v, w) —Pf dw —”G(r Y, w)

= E[(5”(r—r’) + (C—Z"G(rrr'/w))

w_o]. (C5)

In this case, we have used eq. (C.4) and the presence of a simple pole at w = 0
in wG(r, ', w). Physically, this pole can be related to the electrostatic electric
field due to a point-dipole, E(r, w) o w?G(r, 14, w) - d. In the limit w — 0, the
electric field must recover a finite time-independent value. Hence,

lin}) W?'G(r, 14, w) # 0. (C.6)

w—

The third relation of this kind is

I; = j dw —ImLG”(r r,w) dw C—lG”(r r,w)=0.  (C7)

C.2 IncompPLETE MQED GAUGE IN SECTION 2.2.4

We write out in full glory the explicit calculations required to transform the
physical operators according to the unitary operator defined in eq. (2.103).

1. Transformation of p;. This one follows from a simple application of the

general transformation in eq. (A.47b):
P; = Pi — Ve, X (1) (C.8)

2. Transformation of f, (r', w). We now resort to eq. (A.48b) and replace the
abstract index p with t’, w, A and a spatial index k. With that, « u becomes

1 N
ay = fd3r P,(1) -G, (1,1, w) -y, (C.9)

u
where {i;. is a unit vector along the Cartesian index k, and we obtain

fi(r, w) =£,(r,w) + % fd3r (”Gj{(r,r’,a}))t Py (). (C.10)
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3. Transformation of AL. From the previous result, we have

(At(m) = Zder'fdw %iGA(r,r',w) £, (r,w) + He
A

=A@
n , I , *t
G,(r, v, w) - (1Gy(s, ¥, w)) - Py(s)
3,033

+;fdwfdrds " +Hec.

:AL(r)+fd3sfdw ! Im+Gl(r,s,w) - P, (s) + H.c.
ireqc? 2

=AL(r), (C.11)

where we have used eq. (2.86) and, in the last step, the second term van-
ishes because

1
3 Ll .
fd sfdw Pr— Im~G'(x,s, w) - Py (s) (C.12)

is anti-Hermitian.

4. Transformation of E!. The last quantity that we have to transform is the
longitudinal electric field operator:

(E“(r))/ = fd3r’ ~fda} IG, (r,v,w) - £} (', w) + He.
= El(r)

*t

IG, (r, 1, - (1G, (s, 1, P
+3 fdw [ ds Aerw) (G ry @) Pul®)
A

hw

2 w
— Ell = 3 et [Fell .
=El(r) + e Id sfdw CZIm Gl(r,s, w) - Py (s)

2 i1 w?
— Fl _— 3 Sy — [Fedl .
=Bl + = [ > [5 (r—s) + (CZ G (r,s,w))‘w_o] P..(s)
“ B+ 4P (s) + - [ s IG5 w) “P,(s). (C.13)
80 at SO C2 79, 0 at . .

Again, we have used eq. (2.86) to reach the third line, and then eq. (C.5)
to obtain the final expression.
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Appendix | POWER-ZIENAU-

D WOOLLEY
TRANSFORMATION

We provide here the detailed calculations relative to the PZW transforma-
tion performed in section 2.1.2 to reach the multipolar coupling scheme from
the minimal coupling Hamiltonian in the Coulomb gauge. Then, we discuss
in some depth the modified versions of the PZW that are succinctly described
at the end of section 2.1.2, and examine the relation between the PZW trans-
formation usually performed in the context of MQED and these modified ver-

sions.

D.1 CALCULATION DETAILS

The standard PZW transformation takes us from the minimal coupling Hamil-

tonian and is implemented by

T:exp{—%fd3rP-AL} :exp{—%fd3rPl~Al}, (D.1a)
where
1 h +
Al(r) = Z e, P (0)(al +ay), (D.1b)
A
1
P(r) = Zqiri fo do 6® (r—or;) and (D.1c)
7

PLr) =) Pygp(r) = Z[Z q; fol do g, (o1;) [ (x). (D.1d)
A AL

For notational convenience, we have chosen the point around which the po-
larization is calculated to be the origin, to avoid keeping track of the ry in
eq. (2.37). We remark here that P is a polarization field including every charge

in the system. Then, using eq. (A.47b), the momentum transforms as

Tp,T" = p; + Y, f dBrp- AL
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D Power-ZIENAU-WOOLLEY TRANSFORMATION

=p;it Z 4 fol do f d®r Vri [rf P AL (16 <r - O.rf>]
j

=pi+ Y g [, do [ @r [s,A% @059 (- o)
j
+ (r]- . Al(r))Vrl_é@(r - (71'7)]
Pi

1
= pi+qifo dU’AL(OTl') +R

where

1
Ry, = Z i fo d(ffd3r (rj . Ai(r))Vri(S@ (r - arj)
i
1
=220 [y Ao [ &r [ x 0,00 (r— omy) x AL
j
+ (r]- . V,i5(3)<r - O'Ij))Al(l‘)]
1
= —q; [, do [ & o[, x V0@ (r —ox) x AL ()
+ (1, V0¥ (r — Uri))AL(r)]
1
=gq; fo dafd3r o[r x Ve x AL (@) + (1;- V)AL (1) ]6®) (r — 01;)
! 1
=4 fo de U[B(Uri) xr— (r;-Vy)A (r)|r:mi]
1
=—q; fo do o[B(or;) x1; — 9,A*(01;)]
1
=1 fo do [oB(o1;) x1; + AL (1) | + 9;,A* (1))
and, hence,
1
Tp,T" = p; + ;A (1)) — g fo do oB(or;) x1;. (D.2)

In order to reach the last expression of R, , we have used (a-b)c =axcxb +
(a- c)b, followed by judicious application of eq. (A.7b) and eq. (A.7a). The
last step merely amounts to integration by parts. For the field momentum, we
find

! 1 L ’ 1
t_ ~ = '
Ta/\/T =ay +1 m;q] .[O do rj-l/JA'(Ur]-) =ay +1 2€0hw/\,P)U

(D.3)
by simply identifying the coefficients «, in eq. (A.48b). From this transforma-

tion rule and the canonical field momentum’s expansion shown in eq. (2.45),
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D.2 FurtHER PZW TRANSFORMATIONS

we have

TIAT! = ) TIL Ty = ) (I, + Py, = IT- + P. (D.4)
A A

Since T is a function of r; and A+, the canonical coordinates remain unchanged
after the PZW transformation. Finally, the full minimal coupling Hamiltonian
becomes

2
THT' = Z (Tp,T" — q:A* (1)) + qi4;
i Zmi i#] 87T80|1‘i - I']|

(Tl'[lTJr)2 €oc?

+jd37" +T(VXAJ‘)2

280

1 2
(Pi —q; fo do oB[ro + o (r; —10)] x (1; — fo))

- Z 2m;

qiq;

1 2
. d3 PJ_
T 5 8reolr; — 1 "2 f 1

2

)" gyc?

5| ( 0 po
+jdr[ + 2B

1
e — — [d3PL.1It D.
7o +£0jdr , (D.5)

Besides the calculation details, we emphasize here once last time that the new
canonical momenta are still represented by p; and IT+, although their physical

meaning is different compared with the minimal coupling picture.

D.2 FurTHER PZW TRANSFORMATIONS

In the previous section, we have performed the “full” PZW transformation,
meaning that all charges are included in the polarization P. Oftentimes, how-
ever, it is convenient to group the charges in two sets, and only one them is
included in the polarization field, giving rise to a partial PZW transformation
in which some charges are minimally coupled and others are multipolarly cou-
pled. Furthermore, it is not necessary that all charges included in the polar-
ization share a common center. If, indeed, there are several charge centers
and the subsets of charges associated to each center do not overlap, then the
multicenter PZW transformation eliminates the direct Coulomb interaction
between them, as shown in eq. (2.41).

Let us bring the discussion down to a more concrete level. In the interest of

chapter 5, we are going to explicitly consider our charges grouped in two sets:
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Figure D.1: Sketch of the rela- emitter ei-si T ei-su

. A . emitter-minimal emitter-minimal
tion between the partial multi- Pe | structure-minimal structure-multipolar
polar pictures discussed in this
appendix. Here, T; is a uni- commutative diagram

. . . T, of light-matter T,
tary operator implementing ei- . -
multipolar pictures

ther partial PZW transforma-

tion: the one relative to the eu-si eu-su
. h . PS emitter-multipolar emitter-multipolar
emitter (StruCture) when 1 = nanostructure structure-minimal T,

s |structure-multipolar
e (s). The labels atop the boxes
introduce the picture’s short-
ened notation.

an emitter (C,) and some nanostructure (C,). Accordingly, we discuss four
cases according to which coupling picture is used for each, schematically de-
picted in fig. D.1. Our starting point is the minimal coupling Hamiltonian in
eq. (2.13). For compactness, we refer to it as ei-si to emphasize that the inter-
action of the field with both the Emitter and Structure are in mInimal coupling.
Next, we can apply a partial PZW transformation T;, whose polarization field
P; can correspond to either the emitter (i = e) or the structure (i = s):

T, = exp{—% [dor Pi~Al}. (D.6)

If T, is applied, we reach the eu-si, as the field-Emitter interaction is in mUI-
tipolar coupling, while the field-Structure interaction is in mInimal coupling.
On the contrary, T, brings us to ei-su. Last, the successive application of T,
and Ty, regardless of the order, takes us from ei-si to eu-su, a picture where
both emitter and structure interact with the field through multipolar coupling.
Note that this merely corresponds to a multicenter PZW transformation with
two charge centers. In the following, we write the Hamiltonian in each picture,

and explain any lingering details.

eu-si  The ensuing Hamiltonian is

2
Pi 9i9; 1 3 142
H = — 4 ———— + — [ &% (Po)
i;e 2m; =, 8meglr — x| 280 f ¢

— g AL (r: 2 e
+Z (pz qi (rz)> + qiq;

_ (g3, pl .l
T fd rpl . E!

i#i€C, 87750|rz‘ - rjl
()" | eoc

2(v A+ L (@t D7
7ot 5 (VXAY) |+ o [@rpea (D7)
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D.2 FurtHER PZW TRANSFORMATIONS

where magnetic effects in the emitter-field interaction have been neglected.

The canonical field momentum IT* physically represents —eoE+ — P¢.

EI-su After acting with T, we arrive at

2
H=+ Z (Pi_%’Al(ri)) " 9i9j
ieC, 2m; itec, 8meol; — 1j|
2 a.
zp—i S L R— zi [@r ()"~ [ pL-EL
ieC, m; i#jeC, 87T€0|1'1* — l']| €0
HL)2 €oc? 2| 1
3 ( ot 1 - 3, pl Tl
+ [ ddr p Ty (VxAY) +€0jdr1’5 I, (D.8)

and magnetic effects in the emitter-field interaction have again been neglected.
As expected, the canonical field momentum IT+ corresponds to —eyE+ — Py
This picture is particularly relevant for section 5.3.1, as the arguments therein

are done in it.

EU-sU After acting with T, we arrive at

2
Pi 74, 1 5 o2
H=t 2 om + 5 & (BE)
I'EZC‘e 2m; i#jeC, 87T£0|ri — rj‘ 2¢q f €
2
. a: 1
2p1 + L + Z_J'd3r (Psl)Z
iec, M e, 87T£0|ri — r]-| £

2
o)™ gyc? 2| 1
3 ( 0 1 - 3 Ly gl
+ [ ddr 2t g (VxAY) +80fd r (P, + PL) -TIL. (DJ9)
At this point, the fate of magnetic effects should be hardly surprising, and,
likewise, the canonical field momentum IT* corresponds to —egE+ — Pz — Py
This picture is also important for section 5.3.4.

We finish this section on the details of the PZW transformation with some
final remarks concerning its use in the context of MQED. In that case, the uni-
tary operator is given by eq. (2.98) [204], which means that it reaches a par-
tial multipolar picture, according to our description above. Besides that, the
actual calculations are very similar to those in appendix D.1, with a single
complication. Because the relative coordinates are used, one has to carry the
non-standard commutation relation in eq. (2.94c) throughout the whole cal-
culation and final expressions. This requires some more patience, but with the

template of the calculations done at the beginning of the section, it is relatively
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direct.
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FELECTROMAGNETIC SUM
Appendix RULES AND
E POLARIZATION
SELF-ENERGY

In this appendix, we derive several electromagnetic sum rules for the QED
scenario of an emitter and a nanostructure, such as the one used in chapter 5,
eq. (5.26b) [299]. Furthermore, we analyze the relation of these sum rules
with the particular coupling picture used to derive it. In particular, we con-
sider the four pictures described in appendix D, namely, Er-s1, EU-sI, EI-su and
EU-sU, and we will see how some sum rules are easier to deduce in one picture
or another. Finally, we justify eq. (5.38), which appears in section 5.2.4 and
section 5.3.5, by building on the sum rules.

E.1 SuMm RULES AND PICTURES

The general idea is to describe the nanostructure as a collection of polariza-
tion harmonic oscillators, and diagonalize the structure-field oscillator Hamil-
tonian. From the polaritonic eigenmodes, we find the emitter-polariton cou-
plings, the transverse spectral density [+ and its associated sum rules. We re-
peat this procedure in each of the pictures described in the previous appendix.
Note that we drop here the ~ notation to denote “multipolar coupling” quan-
tities, as the wider variety of pictures here makes it rather impractical to gen-
eralize.

E.1.1 Ersu

We begin with the er—su partial multipolar coupling picture because, as we
will see in the following, the sum rule in eq. (5.26b) comes out rather straight-
forwardly in it. The structure is modeled through a collection of harmonic
polarization oscillators with coordinates X,, canonical momenta P, and fre-

quencies w,. After a mode expansion of eq. (D.8) (see section 2.1.3), the
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Note that we describe the
polarization oscillators as a
system of coupled harmonic
oscillators for generality, al-
though they can always be
diagonalized independently
of the photonic oscillators.

E ELECTROMAGNETIC SUM RULES AND POLARIZATION SELF-ENERGY

structure-field part of the Hamiltonian to be diagonalized is
Hose = Hs + He + Hy ¢

= Z[ ' p Py MX,XXM]

Oyrs eqwi Oy
+ T, + MA,\A/\,]
2¢, 2
+ Z Con X, ITy, (E.1)
al

where c,, is anon-diagonal matrix accounting for possible couplings between
the polarization oscillators. As for C,,, it describes the couplings between
the polarization field and the free-space photonic modes. In order to find the
eigenmodes, we can proceed in two steps: first, we canonically rescale and

swap our canonical field variables from {A,,IT,} to

{J_w \/_“)/\A/\}E{X/\/PA}' (E.2)

Then, we express the oscillator Hamiltonian in terms of these new variables:
HOSC = H + Hf + Hs—f

_ Z[ ' P,P,. wuétm’ + Cop Xoch’]

)

2
P W0AN o =
%P/\PN+ /\ZMXAX/\,}

AN
— Z \/%(U/\C‘,MX“X/\. (E3a)
a)’

Thanks to the first transformation, the light and matter oscillators are coupled
through their coordinates, which reduces the problem of finding the eigen-
modes to diagonalizing a symmetric quadratic form K, given by

2

w Con’
Ky = 7“50(04’ + D‘Ta(l - 5aa’) (E3b)
in the polarization sector,
w3

Ky = 75M' (E.3¢c)

in the photonic sector, and

€oW,)

Kyp =Ky = = \/_2 Car (E.3d)

222
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for the couplings. Such a quadratic form can be diagonalized with an orthog-
onal transformation O, where Ot = O~1, such that OKO! = D. Thus, we can

write the polaritonic coordinates and momenta as

Zomx + Zo,ﬂ ‘/_WA and (E4a)
Ey= ; OpaPo + ; OV]A(\/%(UAA/\)/ (E.4b)

respectively, where we have already undone the transformation from eq. (E.2).
For the interaction between the emitter and the polaritonic modes, we must

invert the above relations:

P, = ; OyaByps I, = — [eow, ; O Zy (E.5a)

X, = ZOWWZW and A, =
1

= (E.5b)

Once the light-matter eigenmodes have been found, we need to express
these coordinates and momenta in terms of photonic and polaritonic ladder
operators, a/(\ﬂ and b/(\ﬂ, with expressions analogous to those of eq. (2.45).

Then, the p; - A*(1;) term becomes, in the long-wavelength approximation,
) P AL (r) = Do (A 2 (5)) A + He

= tht—gt (a} +ay) +He

w
ia—t (d Py (1)) ——0,, &, + Hec.
tw t - Palle \/%(UA A=

—hZUt gtﬂ( —b,)+He (E6)

where we have expanded the emitter operator in terms of its transitions o,
and the coupling strengths are

gix = ;g—g(dr%(re)) and (E7a)
82 = \ Zheg Z ©(dr - 9(5))0, (E.7b)
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The corresponding spectral densities are

L0 _ Wy 2
i = 5 gy () and 20
w w20,,0
LN N A . -
]t/ﬂ_zﬂlzheo/; W)y Wy (dt lp/\ e) (d tp/\ e)) (w wﬂ)
(E.8b)

Note that, for compactness, we have included here the dipole moment in the
definition of the couplings and spectral densities, as opposed to the conven-
tion in the rest of the thesis, but it has no further consequences.

There are two sum rules that can be straightforwardly derived from the
above spectral densities. For the first one, we use the orthogonality of O, that
is, Z;; 0,001 = 631+, which implies that

Z]t,ﬂ ZZOAO v dt'lpA(re))(d:'llJA’(re))
nA~n

2h€0w/\w/\/
_ wy |dy - 1/0\ wy |d; - l/JA (ro)l”
- ; ZhEO w Z Z ZhSO (U 5((‘]/\ B (UH)
1,0
vyl
_;wﬂ (E.9)

By noting that ] tfy LS wf,, asisclearineq. (2.66), we directly recover eq. (5.26b).
As for the second, we use that, from the definition of the orthogonal transfor-
mation, 3, O, @Oy = wibyy. Thus,

Zﬁzzzﬁ%ﬁﬁwwmmwwmw
U

Wy 2heqwywy:

o 1de - P (re)[” e)l wy 1d; - g (r)
-yl gy o ey, )

1,0
t,u

= . (E.10)
; Wy

A final interesting observation, already hinted at in the beginning of the
section, is that we have chosen to work in the Er—su picture because, in it, the
properties of O, from which the sum rules follow, are the simplest. In fact, the
above sum rules cannot be derived with the analogous procedure in the other
pictures. Still, | tf,? is a well-defined quantity that follows eqgs. (E.9) and (E.10),
regardless of how direct these are to derive in the other pictures.
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E.1.2 Eu-su

In this picture, both the emitter-field and structure-field interactions are writ-
ten in multipolar coupling. Furthermore, because it results from a multicen-
ter PZW transformation, there is no explicit Coulomb interaction between the
emitter and the structure. This means that the emitter-polariton spectral den-
sity in the Eu—su picture does not merely correspond to ]}/,7, but to a full J; ,
that implicitly includes the Coulomb interaction (see section 5.3.4). Under
these circumstances, the structure-field diagonalization from section E.1.1 is
still valid, even if the operators represent different physical quantities, strictly
speaking. More explicitly, the mathematical shape of the quadratic form to
be diagonalized is identical to the one introduced in eq. (E.3a), and, therefore,
so are the orthogonal matrix O and the inversion relations in eq. (E.5). From
eq. (D.9), the emitter-field interaction is

1 1
% Id31’ Pe . HJ' ~ % Z U’t(dt . IIJA(TE))HA + H.c.
D)
=ih Z atglao(a} —ay)+Hc
D)

1
—— Y @Y wi(d ) (1))OpE, + He.

\/S_Otry A

L Y 0181, (bl +b,) + He, (E.11)
ty

Ve

where

0 _ | YA
8ip = \ %(dt P (re)) and (E.12a)

I B )
811 =\ ey ; w_ﬂ(dt P (re)) Oy (E.12b)

Note that g; 7 does not have a L symbol on it, and has a different factor of Z—;’
compared to gt%,? ineq. (E.7). The associated spectral densities are

L0 _ W) 2
e =2 %|dt-z/)/\(re)| 8(wy —w,) and (E.12¢)
w wywy 0,10, 4
_ i AN A~ A
]t,;t - ;EZ—

2
Wy

(d - 2 () (A - (1)) 80y = ).

(E.12d)

AA'

Again, this “full” spectral density satisfies two sum rules directly analo-

225



E ELECTROMAGNETIC SUM RULES AND POLARIZATION SELF-ENERGY

gous to those discussed in the previous case, that is, which follow from the
same properties of O. However, none of them turn out to be the sum rule in
eq. (5.26b). Through analogous manipulations as the ones before, we arrive
at

; wy]t,y Z W;Jt u’ <E~13)
from the orthogonality of O, and at

Z w;]t,ﬂ Z w]l]t u’ (E14)
H

2 — 2
from ZW Oy wiOprr = widppr-

E.1.3 Er-sI

The sum rules derived in the preceding sections trace back to the properties
of the orthogonal diagonalization matrix O. In the next two sections, the
structure-field Hamiltonian is expressed in the minimal coupling scheme,
which essentially modifies the quadratic form to be diagonalized. With a
mode expansion of the minimal coupling Hamiltonian, we reach the following
oscillator Hamiltonian:

HOSC:H +Hf+HS f

= Z Oua PPy Mx X, ]
A2
Z 5}\)\ So(w)zlé/\/\r + C/(\/\/))
+ =—II 11 + A Ay
& 2¢ 2
+ Y ClaPuAy. (E.15)
al

Here, we consider possible interactions between polarization oscillators with

c,.» generally different from those in eq. (E.1). Additionally, the off-diagonal
(4%)

coefficients c, |, ’ represent the diamagnetic term.

Again, to find the eigenmodes of the system, we may first perform a canon-
ical transformation that takes us from {P,, X,,IT,,A,} to

-1 I L.
{Qa Y RyaXer, a Y RyoPur, ‘/—81 \/s_OA/\} = {P,, X, P\, X,}.  (E.16)
P a 0
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On the photonic sector, the transformation amounts to a mere rescaling. On
the polarization sector, however, we diagonalize the oscillators through an

orthogonal matrix R, which satisfies

Z R”‘“l “1"‘2R“ a =W 51111' + Cncnc’ (E17)

LSS

and then swap positions and momenta, and rescale by the eigenfrequencies
Q,. With this transformation, we simplify the final diagonalization step as
much as possible, and reduce it to a similar procedure to the one in sec-
tion E.1.2. Expressing eq. (E.18a) in terms of the new variables, we arrive

at
Hy. =Hg +H¢+ Hg_¢
_ Z[ an’ P’ P’ Quc5oco¢ Xr X/ ]
2

A?)
Srirr = = W28 + )
+§[M Py oy A T g

=5 PPy + =X Xy

CoaRaa |0 o
Z[Z o0, X X,. (E.18a)
Just like before, finding the eigenmodes amounts to diagonalizing a real and

symmetric quadratic form K’ given by
’ 1 2
leﬂcr = EQD((SDM(’ (Elgb)

in the polarization sector. As for the photon sector, we have

2
w25 r+cC (A: )
Ky = A (E.18¢)
and c
’ ! A o'

Koy =3 Z o, (E.18d)
couples light and matter. The quadratic form K’ can be diagonalized with an
orthogonal transformation O’, with O'~! = O, such that O'K’O"* = D. The
diagonal matrix D carries no prime, because it must be the same in eq. (E.3a)
and ineq. (E.18a): the Hamiltonians are unitarily related, and thus share their

energy spectrum.
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Next, the polaritonic coordinates and momenta are

=) OpuXi+ ) O))\egA, and (E.19a)
[ A
8,=) OpPi+) O L (E.19b)
U e o nA ‘/%’

respectively, where we have not undone the polarization oscillator diagonal-
ization implemented by R, as it is not needed for what follows. We may invert
these relations to find

X = ; 042y, JEoA, = ; O\ %y, (E.20a)
Zo and &—ZO' = (E.20b)
Ly ‘/% - 7 AT :

Incidentally, it is straightforward to see that the matrix M,,, in eq. (5.24) is
related to the orthogonal matrix through

wr ~,
MA” = w—ﬁoﬂ/\. (EZl)

Now, we look at the emitter’s interaction with the field, which is expressed
in minimal coupling as:

e () = Y i 9 )y + He
_tht—gM (al +a,) +He
—ZWt Z(df P (1)) ‘/_ MZ + H.c.

=h Z io, —gtlﬂ(b;; +b,) +Hc, (E.22)
ty Wy~

with

iz \ (dt P (re)) and (E.23a)

_ @y ’
8iy = Dney ;(dt YA (1)) 050, (E.23b)
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and the corresponding spectral densities are
1,0 _ wa 2
Jou = Z %Mt -1, (re)] 5(wA - wy) and (E.23c)

it = ZMOZO 2O (e 91 (1)) (A - 90 (1)) 8(w, — @, ). (E23d)

Because the transverse spectral density is a well-defined quantity, ] tfy must be
equal to the one in eq. (E.8b), even if their expressions seem different. These
apparently contradictory facts are reconciled by realizing that O # O'. From
the orthogonality of O’, we straightforwardly recover the following sum rule:

T T
> — = Y == (E.24)

w Yp T Y

which coincides with the one as in eq. (E.10). Additionally, ]#y must still sat-
isfy the sum rule in eq. (5.26b), or eq. (E.9). Nevertheless, it is not as simple
to relate it directly to the properties of O'.

E.1.4 Eu-sI

In the last picture, the structure-field Hamiltonian and its associated quadratic
form, are identical to eq. (E.18a). Therefore, the ensuing diagonalization and

orthogonal matrix O’ remain unchanged. The emitter-field interaction is
1 1
— [d3 P, - TIt = — Y o,(d, -9, (r)II, + He.
o Lree 5 201 )L
=ih Z Utgt{_}to (a} —ay) + He
Jtz dt ¢/\ e)) 17)\‘—‘17 +H.c.

\/—OZ

= ih Z 018, (bh —b,) + He. (B.25)

The coupling functions, given by

, Wy
gt/\o = ZhSO (dt : II)A(re)) and (E.26a)
gty =\t > (d - 9, (x.))O, (E.26b)
t,A 2h£0 -~ t A ,/IA/
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are identical to eq. (E.23). Accordingly, every conclusion reached in the pre-

vious section holds with no further contemplations required.

E.2 POLARIZATION SELF-ENERGY

In section 5.2.4, we have shown that the PSE can be expressed as a sum over
the emitter-field coupling strength in the multipolar coupling scheme, that is,

2
HPSE:—jd?’ (PL) th(& ) (d-,)? = Hpgg. (E.27)

Here, 1, is a polarization unit vector of the mode function 3, (r.), and

1,0 _ | Wa
810 =\ g (x| (E28)

is the coupling strength between the emitter and the “multipolar-coupling
photons”, which, physically, are not just photons, as the canonical field mo-
mentum in the su-si picture is [T+ = —¢yE* — P¢. In any case, the nanostruc-
ture surrounding the emitter is not included in these excitations. However,
as done multiple times in chapter 5, it is typically more convenient to work
with the hybrid structure-field excitations, to which the emitter is then cou-
pled with g#. The question addressed here is whether one can write

Hpsg = hZ (g”) (d-a,)" (E.29)

The answer, as it often happens in life, is that it depends. Fortunately, all the
leg work done in the preceding sections of this appendix will come in handy, as
we can use the expressions for the coupling strengths in each possible picture

with an emitter PSE term: eu—s1 and Eu-su.

eu-s1  In this picture (see section E.1.4),

y] J Zhgo

Y o At (re) (E.30)
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where we have removed the d, - @, factor to match the definitions in chapter 5,

with @, a unit vector along the direction of
> Ot (re). (E31)
p)

Because O’ is an orthogonal matrix, we have

2

(g#)z 32 (d'ZAO%A‘I’/\(re)) w,
w,? (d'uﬁ> :h; w’? %
d- d- ,

: %(re)z)h(eo () 2 OpOp

?
Hpgg =

n).
7
2
Yy
0 2

Wl ()™ o (gj )
hz ZhSO(UA .u/\) N hz Wy

A

(d-1,)* £ Hpsg.  (E32)

With the above manipulations, we have shown that the PSE is related to the
emitter-field coupling strength in the partial multipolar coupling picture, as
was required for the argument concerning the PSE in section 5.2.4.

There is another possible way to prove the relation, which will be useful
in the following. We must first realize that, in going from Er-sr1 to Eu-si, the

oscillator Hamiltonian in eq. (E.18a) becomes
t Lorgs,pl pql oy L 3, (pL)?
TeHoscTe = Hoge + g fd rPg - I+ + E fd r (Pe ) . (E.33)

In other words, the multipolar emitter-field interaction and PSE appear from
the transformation of the oscillator Hamiltonian, and are identified as the
linear and quadratic terms in P¢. By expressing T, and H, in terms of
the structure-field eigenmodes b, from the start, we automatically reach the
emitter-field and PSE, both in terms of g,#, and it is evident that eq. (E.29)
must hold. In any case, we will next show that some care has to be taken with
these kinds of relations, as it is different in the eu—su.

EU-su From appendix D, we know that the Eu—su picture is reached from the

er-su with T,. The initial oscillator Hamiltonian is

2
p; q9i4; 3. roin2
H.=Y P, M 2 (&
e ieXC:S m; e, 87T€0|r—f| ()
Hl)z goc? 2| 1
3 ( 0 1 - 3. pl .yl
+ [ ddr 2t o (Vx AL) +€0fd rPLIIL. (E34)
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Now, applying T, yields

1 1 1 2
T.H, T' = Hy, + - [red-m+ - [t Bt + 5 [ (pé)".
(E.35)

The term with the integral of P} - P{ comes from the transformation of the
structure-field interaction, which now depends on IT+ rather than on A+. Un-
like A%, it turns out that IT* does not commute with T,. If we were to express
the equation above through the polaritonic eigenmodes, we would reach one
linear and one quadratic term in Pt. The quadratic one still corresponds to
the PSE; however, the linear one is not merely the emitter-field interaction: it
also contains the P¢ - P{ term. More specifically, the full linear and quadratic
terms do fulfill the DSE relation, since

eljd% Pl (It +P8) ~ )y (d-a,)gs(bh+1b,), (E36)
0 7

and the PSE is 5

(87)

Hpsp =h)’ o
7

However, the emitter-field interaction is not determined by g#, but by a differ-

(- ﬁﬂ)z. (E.37)

U

ent coupling g,:
1 -
- et ~ h;(d -,)g,(bh +b,), (E.38)

as we saw in section E.1.2. This coupling function physically includes the
Coulomb interaction, which is why we remove the L superscript. Indeed, the
P¢ - P# interaction exactly cancels the explicit Coulomb interaction term. Ex-
plicitly, if there is no overlap between the emitter and structure polarization

fields, we can write

1 1

- fd3r | i - fd3r pl.pl = fd3r i o (E.39)
In short, the appearance of an extra Py - P term compared to eq. (E.33) is

indicative of the shift of the Coulomb interaction from being an independent

term in the Hamiltonian to being included in Sy
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Appendix | ANALYTICAL
F CALCULATIONS FOR THE
MODEL IN CHAPTER 5

Here, we provide the details of the analytical calculations involved in sec-
tion 5.3. First, we perform the necessary integrals over the volume of the elec-
tronic sphere. Next, we go over some aspects of the Fano diagonalization pro-
cedure. Finally, we use Maxwell’s equations to find the effective equation of
motion of the electronic sphere and obtain the photon-induced red-shift.

F.1 INTEGRALS OVER SLIGHTLY DISPLACED SPHERICAL

VOLUMES

F.1.1 CouLOMB INTERACTION BETWEEN THE CHARGED SPHERES

We have to integrate the electrostatic potential due to the ionic sphere ¢, over
the volume of the electronic sphere. The off-set of their centers complicates
matters, but an exact analytical expression can still be obtained. We split the
electronic sphere’s volume in three parts: the regionsIand II are in the overlap
between the spheres, and are defined by z; — Ry < z < z/2 (1), z,/2 < z < Ry
(II), while the non-overlapping part is region III (see fig. F.1). For convenience,
we use cilyndrical coordinates in regions I and II, where the integration over

Figure F.1: Graphical representation of the inte-
gration regions (I and II in the overlapping re-
gion, and III out of the ionic sphere) for the
Coulomb interaction between the electronic and
ionic spheres.
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the azimuthal angle yields a 277 factor. Then, we have

2 Sim(z)
3 _ P v 2_2_ .2
L/Hd TP, = 3eg dz jo ds s(3RZ — s* — z?%)

2
_Tp 5 N2 .
T 12¢g Jyn dz [<6RS —2z )SI/II(Z) - SI/H(Z>], (E1)

where S;(z) = {RZ + (z — z,)? and Sy;(z) = RZ + z2. The integrands over z

of regions I and II are then simply polynomic functions. After lengthy manip-
ulations, we obtain

RE,E2_ 2]

3 e R
f1+nd TPP = 3e; 3 4 120

We change to spherical coordinates for region III. Again, the azimuthal angle’s

integral provides a 27t factor. The integral limits over the polar angle ¢ are
ZS

2R’
D(cos¥) = z5cos ¥ + ng cos? ¥ + RZ — z2. Thus,

27p?R3 (Y | (Dlcos®) 1
3 _ s 2=
fmd PPy = 3eg fo do IR drr r

s

0 and 9,, where cos ¥, = and the radial integration limits are Ry and

2723 2 3,2
_ PRy 1 2000 p21_ T [La RSz
=T Ja dx [D?*(x) —RZ] = 3 Riz, 3 (E3)

where x = cos @, and the intermediate steps are immediate integrals. Then,

the whole electrostatic interaction between the spheres is

(F4)

mp* [8RY 2R3z AR
5 3 4 120

Rz Izl
dsi’ N 7sTs S 1I”s _ S .
'r o ¢+ 3 €0
Finally, in the small oscillation limit, we can discard all terms but the constant
and quadratic ones. The constant cancels the electrostatic self-energies of the
spheres, and the quadratic term gives rise to a harmonic restoring force. Ex-

pressed in terms of the electronic sphere’s mass and the plasma frequency

_ [ pe
Qp = Teg, We recover

8RS my O3
3 - s _s”P
[&rop, = ey, 2 32

® N

(E5)
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F.1.2 MINIMAL COUPLING INTERACTION BETWEEN THE SPHERE AND

PHOTONS

The nanosphere-photon interaction is given by the generalization of p; —

g;A*(1;) to an extended charge distribution that appears in eq. (5.47). To

reach eq. (5.53), we expand the vector potential in the spherical-wave basis
pRE

fd3r p(z-AL) = % Z jdel(il) (w) fd3rp 1/J<p)(w)), (F.6)
pim

Here, we perform the spatial integration for tm and te modes separately. As
we will see shortly, the finite values of z; can be neglected, which simplifies the
charge density to p(r) = pf(|r| — R,). The price to pay is that terms O(z;) and
beyond are discarded, which is, nevertheless, fine if the constant term is non-
zero and the oscillations are small. With these considerations, let us evaluate
the tm integral first:

I (w) = fd3rp (2 g (@) = —fd3rp z-Vx g (@)

Im

-z fd3 (P2 x P2 (@) + i (w) -V x (p2)]
== fd3r #(w) - Vpx 2
j dO f drr25(r — R )zpl(te)(w) £x (fcos¥ — #smﬂ)

‘/_pRs]l< ) . ~ 9 A )
W jQ dQ smﬂ[ﬂsﬁq)ﬂ - 60319]1/1,,1(19, 9)- ¢
\/_PRS]1< )

_ —j dQysin ® 957, (8, ¢)
I(1+ 1)7c

‘/_pRs]l<
I(1+1)7c

)
4\/_pRst( )f dQ Y10(8, )Y (8, 9)

Bl + 1) ©

40R? [ wR,
- S]1( c )5115m0

Vac

In the above lengthy manipulations, we have started with the relation between

de 088 Y} (8, 9)

tm and te mode functions, to benefit from the simpler expression of the te
ones. Then, we have used integration by parts on the curl. Then, the diver-

gence vanishes directly because p = 0 at |[r] > R,. As for the curl, it can be
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written in terms of the charge density’s gradient, which yields a —é(r — Ry)t.
We next express Z in spherical coordinates through z = #cos ¢ — @ sin ¢, and
take the vector product ¥ x # = @. The radial integration is trivial, recalling
the definition of tpl(fs) from eq. (5.49). The remaining angular integral can be
evaluated through integration by parts, and then using the orthonormality of
the spherical harmonics. Thus, only the I = 1,m = 0 element is non-zero. If
we had not neglected the displacement, there would be further contributions
of O(z,), but those are negligible in the small oscillation limit.

Let us finish by evaluating the A = te terms:
I (w) = fd3r e I)

2 wir| . 9y
— 3, |z —
pfd’ 1(z+1)m:]l( c )Z [0smz9 9”3&]1%(19 P)

wr
= T 3f dQ 9, Yy, (4, (p)f drr ]1< ):O.
+ 1)mc

In the last line, we have used
09V = g (0] + BYT™) = im(@¥] — Y™,

where Y]" are the usual complex harmonic oscillator, together with [ dQ Y] o
00, to find that the whole integral cancels. Consequently, in the limit of small
oscillations, the sphere only couples to tm, I = 1 and m = 0 modes.

F.2 DeTtAILs OF THE FANO DIAGONALIZATION

The integrals involved in the Fano diagonalization itself, and in the reexpres-
sion of the interactions in terms of the polaritonic eigenmodes can all be re-
lated to the formulas in appendix A.2. Here, we find the explicit expression
of ¢1(w) given in eq. (5.67), which comes from imposing [Z(w), E(w')] =
ihd(w — w"). This relation is equivalent to

d(w—w") =ci(w)e (') + fdQ Co(w, D)y (W', Q)
= ¢ (w)ey (W) {A(w)d(w — ') + B(w, ')} (E7)

236



F.3 PHOTON-INDUCED SHIFT

where we have used the defitions of ¢, (w, w"), eq. (5.65), and F(w), eq. (5.66),

together with the partial fraction decomposition formula in eq. (A.7c), and

(w? —Q%,—F(w))2 n?

_ T2
Alw) = @) el (@) (F.8a)
, F(w) —F(«")
B(w, ") = —
w? —w
1 (e 1 1
+w—w’ fdQ (w+Q)(w'+Q)[w’—Q_ aJ—Q] (F:8b)

It turns out that B(w, w") vanishes, since

Flw)-F(w') ; 1 40 Y2 (Q) 1 1
2wt w—d f W+ +Q |0 -Q w-0
_ 1 72(Q) wt+w w+w
B wz_wrzpfdﬂ (w+Q)(w’+Q)[aﬂ—Q_ w—Q]
_ 1 7 (Q) 72 (Q)
_wz_w,zp.[dﬂ[wa_gz (W + Q) (w+ Q)
RO 7 (Q)
w?+ P2 (W + D) (w+O)
1 F(o') = F(w)
- wZ wrz / (F9)

and, accordingly,

2 _ 02 _ F(e)? 2

d(w—w') =cq(w)ey (') (@) 12

(F.10)
Therefore,
7% (w)
(w? - 032 - F(w))2 + 4”—;74(w)

3(w) = (F.11)

By taking the square root we arrive at eq. (5.67), which corresponds to one
particular choice of the coefficient’s phase.

F.3 PHOTON-INDUCED SHIFT

Finally, we derive the effective classical equation of motion of the electronic
sphere from Maxwell’s equations, eq. (2.1), and the Lorentz force equation,
eq. (2.4). We start by deriving the equation of motion for the field variables

and the sphere, and then find a solution. Through the combination of the
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curl of Faraday’s law, eq. (2.1c), with the time derivative of Ampere’s law

eq. (2.1d), we arrive at

1.
6—215l — V2EL = —py0,ji. (F.12)

We next perform a mode expansion of the fields with the spherical-wave basis
introduced in section A.3.1:

Et(r) = Z fdcu El(irj’l)(w)lpl(f:l) (w,r) and (F.13a)
pim
—4p2,R2 . [ wR
-1 S*\s . S (tm)
js () = [ dw ——— (—)1/’ (w, 1), (F13b)
f \/5 ]1 c 10

where the current’s expansion has been retrieved from section A.3.2. Then,
the current acts as a source for the tm, I = 1, m = 0 modes only, and, for those
modes, eq. (F.12) becomes

) 40R? R
B (w) + W™ (w) = 2% j1<—w S)Zs. (F.14)
80@ ¢

The electronic sphere obeys Newton’s second law of motion, where the force
is due to the Coulomb field of the ionic sphere and the transverse EM field.
The first term is obtained from the derivative of the potential in eq. (5.48)

03
FE\I = —msTZSZ, (F15a)

The force coming from E! and B+ is harder to evaluate in general; however,
there are a few simplifying notions. First, we remark that the symmetry of
the configuration implies that the net force must be aligned with the z axis.
Consequently, the force due to E* is

FpL =2 j d3r p(1)z - Bt (r) = Z fdw El(f;)(w) fd3r 1)z - 1pl(51)(w,r)
pim

40R? [ wR
=~ [dw %j{%)};%ﬂkw)z (E.15b)
C

which can be easily related to the expansion of ji. As for the magnetic field,

Fp. = 2 f d3rz-j,(r) x BL(r) = 0, (F.15¢)
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because the vector product ensures that the force is perpendicular to the z axis,

and must vanish for symmetry reasons. Therefore,

2
z jd 4PR (wRS)E“m)() (E.16)

c

After reaching the coupled system of equations formed by eqgs. (F.14)
and (F.16), we proceed to solve them. To begin with, we define

4pR? [ wRy
g(w) = \/3_]1( - ) (E17)
c

for convenience. Then,

g()

E(tm) —
@ =4

{ f dt cos[w(t — T)]Z, (T)} (F.18)

q(w)

is a solution of eq. (F.14), with E;g“) (w,t=0) = Ei%“)(w,t =0) =
0, as can be checked with direct substitution. We plug eq. (F.18) ineq. (E.16),

and obtain

L S PO {z - [ dr costott - D1 <r>} (F19)
w?eymy

With eq. (A.24), the first term on the right-hand side becomes

2
4 (QpRs\",
— E ( c ) Zg (F20)

which reveals the frequency’s dependence on the radius written in eq. (5.68):

-1
L A RN]L L OB .y OB[), A (R
— [ = e _r 2 = ..
B\ ¢ )|[*7T3 > T R T G h
(F.21)
As for the missing term, we may write it as
802REV27r (min(2ct/R,) s o[ kRS 202R3
WJ.O dkjj[x h(x)](k)z (t—T> ~ 93 s(t)
(F22)

where k = c(t — 7)/R,, and we have used eq. (A.24) again. In the last approx-
imate equality, we have assumed t > 2R,/c, and then performed a Markov
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approximation. The final equation of motion for the electronic sphere is

2 2 273

[1 + %(QFRS) }zs %ZS - ZKS%RS’Z"SO‘) =0, (F23)

and we can interpret each term in an intuitive way: the first square bracket

corresponds to a sort of electromagnetic inertia, because the sphere drags the EM

field in its motion. The second term is the Coulomb force that the ions exert

over the electrons, and the last term, proportional to the jerk, represents the

dissipation rate due to the so-called radiation-reaction force. This kind of equation

of motion was considered in the Abraham-Lorentz model of the electron [304—
306].
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From weak to ultrastrong coupling
in light-matter interactions

Throughout history, the study of light, matter and their interactions has
guided our understanding of reality, and yet it is now as active as it has ever
been. In fact, we are not limited to learning about light-matter interactions
as they come in nature, but we can actually engineer them with cavities
nowadays. In this thesis, we explore fundamental aspects relative to the
interaction of a quantum emitter with light in the presence of a cavity, in
the weak and ultrastrong coupling regimes. The first part focuses on
analyzing the phenomenology of the weak coupling regime, and
developing methods that capture all the relevant effects. In the second part,
we address foundational questions about the ultrastrong coupling regime in
light-matter interactions. Specifically, we discuss the roles of transverse and
longitudinal fields in reaching the ultrastrong coupling regime with the
emitter. In both parts, our results highlight the general importance of taking
a step back to improve one’s perspective before moving forwards.
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