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Abstract

English

Understanding and controlling light-matter interactions are long-standing
goals in the field of quantum electrodynamics. One of the main challenges in
doing so is the wide variety of photonic setups and quantum emitters that can
be used, so that many different effects can take place, both due to the spectral
complexity and the lossy character of the photonic environment, and due to
internal complexity of the emitters, respectively. Due to the huge number of
degrees of freedom, theoretical descriptions of these setups are often focused on
the inclusion of the complexity for one of the components, via the inclusion of
many different levels and number of emitters while the electromagnetic field is
considered a single mode, or via the inclusion of many (lossy) photonic modes
while considering a single two-level system as the emitter. In this thesis, the

latter situation has been treated.

When describing (cavity-supported) light-matter interactions, the spec-
tral density is a fundamental physical quantity that completely defines the
action of the electromagnetic environment on the emitters. Therefore, a suc-
cessful description of the spectral density ensures a good theoretical repre-
sentation of these interactions. In the single-emitter case, the spectral den-
sity is a frequency-dependent scalar function, while in the multiemitter case
(which can also represent, for example, different orientations of the dipoles

of the emitter) a generalized spectral density can be defined that fully de-
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scribes the interaction between the electromagnetic field and the emitter, in-
cluding their photon-mediated interactions. This generalized spectral density
is a matrix-valued function. One of the most powerful approaches to describe
light-matter interactions is macroscopic QED, which provides a way to quan-
tize the medium-assisted electromagnetic fields in arbitrary photonic struc-
tures, and can be used to show that the spectral density is fully determined by
the Green’s function of classical electromagnetism. In this thesis, we develop
different approaches for which macroscopic QED is a “starting point”, so that
all degrees of freedom of the photonic environments are included, and also

incoherent effects are described without further assumptions.

Chapter 1 gives an introduction to the topic, while chapter 2 provides
an overview of the theoretical concepts and approaches forming the basis of

the description of light-matter interactions in this thesis.

Chapter 3 presents the cumulant expansion method. This method is
based on solving the Heisenberg equations of motion for cumulants (or corre-
lations) of the system operators. The expansion is truncated at some order,
so that the dynamics of a quantum emitter is obtained without high compu-
tational cost and avoiding the inclusion of ad-hoc parameters. This approach

is compared to a quasi-exact method.

Chapter 4 uses the chain-mapping model, which consists in transforming
the Hamiltonian describing the photonic environment modes into an infinite
chain in which the emitter is only coupled to one (collective) mode, while each
mode of the environment interacts only with its nearest neighbors. Different
strategies to truncate the chain while reproducing long-time dynamics are ex-
plored and compared again with quasi-exact methods. We then show that a
chain of N lossy modes with next-nearest neighbor interactions can be used
to obtain a minimal model for an arbitrary environment, in the sense that the

number of effective independent degrees of freedom is equal to that of a system
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with the same number of modes but coupling between all of them.

Chapter 5 extends a recently introduced few-mode model for EM field
quantization to the case of multiple emitters. The model can represent arbi-
trary spectral densities using a few discrete interacting and lossy modes, and
thus allows a direct mapping to the typical models of quantum optics and cav-
ity QED. This fit allows a great liberty in the election of the emitter parameters
so that it is possible to describe the emitter dynamics and their population
transfer even beyond the single-excitation subspace. As an example, we find
that by placing a “control” emitter in its ground or excited state in the system,

the transfer between other two emitters can be suppressed or enhanced.
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Castellano

Entender y controlar las interacciones entre la luz y la materia son objeti-
vos historicos en el campo de la electrodinamica cuéntica. De cara a lograrlos,
uno de los mayores retos consiste en la gran variedad de configuraciones fo-
tonicas y emisores cudnticos que pueden usarse, de forma que muchos efectos
diferentes pueden tener lugar debido tanto a la complejidad espectral y las
pérdidas del entorno foténico como a la complejidad interna de los emisores.
El gran niimero de grados de libertad hace por tanto que las descripciones teo-
ricas de estos sistemas estén mayormente enfocadas a incluir la complejidad de
uno de los componentes, considerando bien muchos niveles y emisores mientras
el campo electromagnético se describe como un tinico modo, bien incluyendo
muchos modos fotonicos (y sus pérdidas) mientras el emisor se describe como

un emisor cuantico. En esta tesis se considera la segunda de estas situaciones.

Cuando se describen interacciones entre luz y materia (en cavidades), la
densidad espectral define completamente la accién de un entorno electromag-
nético en los emisores. Por tanto, una descripcion precisa de la misma asegura
una buena representacion de estas interacciones. En el caso de un tinico emi-
sor, la densidad espectral es una funciéon escalar dependiente de la frecuencia,
mientras que en el caso de miltiples emisores (lo que puede representar tam-
bién otras configuraciones como, por ejemplo, diferentes orientaciones de los
dipolos de un emisor) se puede definir la densidad espectral generalizada, que
consiste en una matriz de funciones, de forma que describe completamente la
interaccion entre el campo y los emisores, asi como su interacciéon mediada por
fotones. Esta densidad espectral generalizada es una matriz de funcoines. Uno
de los modelos mas poderosos que permite describir las interacciones entre luz

y materia es la electrodinamica cuantica macroscopica, que proporciona una
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forma de cuantizar el campo electromagnético soportado por un material en
una configuracion fotonica arbitraria, y que puede usarse para mostrar que la
densidad espectral estd completamente determinada por la funciéon de Green
del electromagnetismo clasico. En esta tesis, desarrollamos diferentes modelos
para los cuales la electrodinamica cuantica macroscopica es el punto de partida,
de forma que todos los grados de libertad de los entornos foténicos se incluyen
en la descripcion, asi como los efectos de incoherencia, que se introducen sin

asunciones adicionales.

El capitulo 1 da una introduccion del tema, mientras que el capitulo 2
ofrece un resumen de los conceptios y los modelos que forman la base de la

descripcion entre luz y materia en esta tesis.

El capitulo 3 presenta el método de la expansion de correlaciones. Este
método se basa en resolver las ecuaciones de Heisenberg del movimiento para
las correlaciones (o cumulantes) de los operadores del sistema. Esta expansion
se trunca a algtn orden, de forma que la dindmica de un emisor cuéntico se
obtiene sin requerir un gran coste computacional y evitando la inclusion de

pardmetros “ad hoc”. Este modelo se compara con un método cuasi-exacto.

El capitulo 4 usa el modelo de transformacion de la cadena, que consiste
en reemplazar el Hamiltoniano original por uno en forma de cadena infinita
donde el emisor esta acoplado tinicamente a un modo (colectivo) mientras que
el resto de modos del entorno interaccionan con su vecino més cercano. Para
truncar la cadena reproduciendo la dindmica a tiempos largos, se exploran
diferentes estrategias y se comparan con métodos cuasi-exactos. Después se
muestra que una cadena con N modos con pérdidas e interaccidén con sus
primeros y segundos vecinos puede usarse para obtener un modelo minimo
para un entorno foténico arbitrario, en el sentido de que el nimero efectivo
de grados de libertad independientes es igual al de un sistema con el mismo

nimero de modos pero permitiendo acoplamiento entre todos ellos.
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El capitulo 5 extiende un modelo recientemente presentado en el que
se cuantiza el campo electromagnético utilizando pocos modos para el caso
de multiples emisores. Este modelo puede representar densidades espectrales
arbitrarias usando un pequeno nimero de modos con pérdidas que interactiian
entre si, y por tanto permite hacer un mapeo directo a los modelos tipicos de
Optica cuantica y electrodinamica cuantica en cavidades. Este mapeo, ademés,
permite una gran libertad en la eleccion de los parametros de los emisores
de forma que es posible describir su dindmica y su transferencia de poblacién
incluso mas alla del subespacio de una tnica excitacion. Como ejemplo, en-
contramos que colocando en el sistema un emisor “de control” en su estado
fundamental o en su estado excitado, la transferencia entre otros dos emisores

puede suprimirse o favorecerse.



Chapter 1| Introduction

1.1 Quantum Electrodynamics

UANTUM light-matter interactions have been a matter of interest
for a long time. When characterizing them, a complete theory is
quantum electrodynamics (QED) [1], which describes not only

the interactions between light and matter, but also the interaction of particles
with each other, in a quantum-mechanical way. In the 1920s, Paul Dirac laid
its foundations, and in the 1940s, Richard Feynman, Julian Schwinger, and

Tomonaga Shin’ichiro developed this theory.

Many physical effects have been explained within the QED framework,
such as the Lamb shift [2] or the Casimir effect [3]. Moreover, its understand-
ing allows the control and manipulation of physical and chemical systems. In
particular, when light is confined within a cavity, one can modify the proper-
ties of a quantum emitter (QE) [4, 5|, which constitute the matter part of the
interaction at the microscopic level. The framework that studies the modifica-
tion of the properties of a QE due to its interaction with a confined EM field
is cavity quantum electrodynamics (cQED)I6, 7.

Embedding an emitter (with frequency w,) inside a cavity (in which exists
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a resonant mode with frequency w.) can lead to a modification of its properties
due to a change in the optical density of states. One interesting consequence
is the Purcell effect [8], which consists of an enhancement of the emission of
an atom when it is in resonance with the electromagnetic modes of the cavity,
or suppression of the decay rate of its spontaneous emission when the emitter
and the modes are off-resonance. The Purcell factor controls this behavior and
it is given by the decay rate of the emitter enclosed in the cavity with respect
the free-space, Fp = v/~y. This effect is a characteristic feature of the weak
coupling (WC) regime, in which the nature of the material constituent and the
EM field remains well separated and the energy exchange between light and
matter is slower than the individual decay and dephasing of each constituent.
Moreover, this process is irreversible and the description of the interaction can
be done using perturbative approximations [9]. In this regime the resonant
Purcell factor takes the form

3\ Q

Fp— =
P g3 Ve’

(1.1)

where A, is the light mode wavelength, n is the dielectric cavity constant, @)
is the so-called quality factor, which measures the light confinement, and Vg
is the effective cavity mode volume [10-12]. The ratio @)/Veg therefore defines

the enhancement or suppression of the emitter decay.

If the emitter and a cavity mode are (nearly) resonant and the coupling
strength between light and matter is strong enough so that it overcomes the
losses of both constituents, the physical system can reach the strong coupling
(SC) regime. In this regime, the light and matter components become pro-
foundly mixed and exchange energy coherently [13|. Then, both elements
become indistinguishable from one another and hybrid states, the so-called
polaritons, arise [14-16]. The formation of polaritons allows new phenomena
to emerge, including but not limited to Bose-Einstein condensation [17], su-

perfluidity [18], polariton lasing [19], quantum information processing [20, 21],
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long-range excitation transport [22| or photochemical reactions |23, 24].

There are many different parameters, belonging to both matter and light
components, that can be tailored in order to explore different interaction
regimes. One example is to increase sufficiently the ratio @/Veg of the cavity.
Another is to choose emitters with sizeable dipole moment g and orient them
in the same direction as the EM field, or embed a collection of emitters so
that the coupling increases due to collective effects [25-27]. This thesis focuses
on describing the “cavity” component in detail, while the QEs will be approx-
imated as 2-level systems. Before presenting the principal characteristics of
cavities and various examples in the next section, a brief description of some

of the main features that characterize quantum emitters is presented.

1.1.1 Quantum emitters

Quantum emitters refer to material systems for which the quantum me-
chanical nature of the matter becomes apparent, so that they show a discrete
set of states that gives rise to resonant light-matter interactions when some
conditions are fulfilled. The emitter parameters that characterize the interac-

tion between light and matter are:

= The energy separation between levels. Resonant light-matter interac-
tions thus occur when the photon energy matches the energy difference
between two levels of the QE. Moreover, if the emitters are approxi-
mated as two-level systems, only the ground state |g) and one excited
state |e) are included in the matter description. Therefore, the energy
gap between both levels is given by E. — E; = hw,. This is a suit-
able approximation for emitters whose higher excited states E; are far

enough in energy from the first excited state E,, i.e., £y — E, > hw, and
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the interacting photons are in resonance with the two-level system, i.e.,

hw,. ~ hwe.

» The transition dipole moment p,. This quantity is a vector, so the ori-
entation of the emitter with respect to the EM field inside the cavity
matters when tailoring the light-matter interaction. The small dipole
moment of a single atom requires very high finesse cavities or small vol-
umes, which is technically demanding. However, when many emitters
are placed in a cavity, many dipoles can contribute to the coupling and

the effective dipole moment becomes larger.

= The lifetime of the emitter, i.e., the inverse of the decay rate, which also
affects the regime of the interaction. This decay rate has two contribu-
tions, the radiative and non-radiative rates, 7, and 7,,, respectively!.
Moreover, emitters can also suffer dephasing, a loss of coherence in the

system.

There are many different types of emitters, each of them with different
properties, that can be used as the matter component in cavity QED imple-
mentations. Atoms are well-understood and can often be approximated as
two-level systems, as their levels are well separated. They also present sig-
nificant dipole moments and lifetimes [11, 28]. Quantum dots (QD) [11, 29],
which are semiconductor particles, can also be approximated as two-level sys-
tems and their dipole moments can be tailored by changing their size [30,
31]. Figure 1.1(a) shows a schematic representation of a two-level system.
Molecules however present a significant internal structure that prevents them
from being a good fit for the two-level approximation, as they have some sep-
arated electronic states and each of them present vibrational states, which are
also excited when the molecule and a photon interact and once they are ex-

cited, their relaxation process involves different times scales. Figure 1.1(b)

IThe total decay rate is given by v = v, + Ynr-
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(a) (b)

hw,

Fig. 1.1.: (a) Two-level system with an energy gap hwe. (b) Molecule

approximated as two harmonic oscillators with vibrational levels.

shows a schematic representation of a molecule described as two harmonic os-
cillators. In particular, organic molecules and molecular aggregates present
sizeable dipole moments, up to several tens of Debye. In the latter systems,

light is absorbed collectively and the dynamics present coherent properties [32].

1.1.2 Cavities

A cavity is a material structure that confines the EM field in a specific
arrangement. Over the last decades, it has been shown that a large variety of
physical implementations can be used as the “cavity” that provides the electro-
magnetic field confinement, and different parameters are used to characterize

them:

= Quality factor (), which is defined as

Q=" (12)
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where w, is the frequency of the cavity mode and k is the full width
half maximum (cavity field decay rate). For a given cavity frequency we,
higher () indicates a lower energy loss and, therefore, an increase of the
cavity lifetime 7 = 1/k. Experimentally, the @ factor can be calculated

using the measured transmission spectrum of the cavity.

= In cavities where many equally spaced EM modes are allowed, for exam-
ple in optical Fabry-Pérot cavities, the finesse F'is a useful value. It is

defined as
Aw,

K

F== (1.3)

where Aw, is the separation between the resonances allowed in the cavity.

This separation is inversely proportional to the cavity length.

= The mode volume Vg, which gives the volume of space in which the
electric field E is concentrated. For lossless, dielectric (e > 0) materials

the mode volume is given by

Jer) |B(r)]* dr

Vet = ,
" max (e(r) [E(r))

(1.4)

where €(r) is the permittivity of the material. Therefore, small Vg

increases the field localization and the light-matter coupling strength,

1 o).
related to the mode volume as g N The definition of the mode

volume in nanophotonic devices has been the object of intense theoretical

activity [33-35].

Cavities with a high @ factor and a small mode volume are preferable to
study strong light-matter interactions (microcavities confine the EM field in
a volume close to or below the wavelength of light, and therefore they have
fewer optical modes than in bigger cavities), although the critical parameter
in the achievement of strong coupling is the density of molecules [36], as will

be discussed in section 1.2. Therefore, in particular in the strong coupling
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regime when a collection of molecules are embedded inside one cavity, i.e., in
the collective regime, different types of cavities may be used, while few- or
single-emitter strong coupling at room temperature necessarily requires deep
subwavelength confinement of light, so the number of structures that can be
used as cavities decrease. Reference [12] reviews many different types of cavi-

ties. In the following, some of them are summarized.

Optical cavities

Optical cavities are formed by reflective mirrors in which standing light
waves can arise [37|. In this case, the energy is mostly stored in the electric
and magnetic fields, and the dielectric functions of the materials can often
be treated as approximately constant within the relevant range of frequencies.
The size of these cavities is relatively large, and the wavelength of the EM field

is similar to the free-space wavelength.

Fabry-Pérot microcavities consist of two parallel reflective mirrors. The
distance between them defines the wavelength of the allowed modes within the
cavity so that the spectrum inside is discretized. In this case, mode volumes
are above the diffraction limit V' ~ A3 and depend on the cavity length. Fabry-
Pérot cavities can be realized using just one reflective metallic layer for each
mirror, but the () factors in these cavities are limited at optical frequencies
because a high () requires the penetration of light in the barrier material to

be small compared to the wavelength.

The @ factor can be improved by using a periodic pattern of dielectric
materials called Bragg mirrors. These mirrors can be made from inorganic
semiconductors (38, 39] and they can reach extremely high quality factors,
Q ~ 108 [40]. Figure 1.2(a) shows one example of a sketch of a Fabry-Perot

cavity. Planar mirrors confine the light in only one direction, so to control
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(a)

(b)

Fig. 1.2.: Examples of cavities: (a) Fabry-Perot resonator, (b) 2 dimen-

sional photonic crystal.

the photonic modes, confinement in the other two dimensions can be achieved

using spherical mirrors or pillar microcavities [41].

Another configurations when still using dielectric materials as microcavi-
ties are those that support whispering-gallery modes via total internal reflec-
tion, such as microdisks [42], microspheres [43] and toroids [44]|. Ultrahigh

Q-factors of @ ~ 10° — 10! have been measured in these structures [45-47].

Photonic crystals are formed by periodic dielectric arrays, intercalating
high and low refractive indexes [48]. In a photonic crystal the refractive in-
dex contrast gives rise to Bragg scattering of photons, creating a bandgap
for particular wavelengths?, so photons with energies corresponding to these
wavelengths can not propagate through the crystal. A defect placed in this

structure creates some modes inside the gap. Thus, the EM modes are confined

2In 3D photonic crystals, the bandgap is produced in all directions, while in 2D
photonic crystals it is created in a plane. In these systems, the confinement
in the third direction is due to total internal reflection at the interface of the
membrane [49, 50].
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within the defect, and it acts as a cavity. These microcavities support small
mode volumes V = A3 and @ factors above 10° [51]. Figure 1.2(b) shows a
sketch of a 2D photonic crystal.

Plasmonic cavities

Plasmons are collective oscillations of the free electron gas in a metallic
structure due to their resonant interaction with light. They can occur in the
bulk of a metal or be confined in the interface between a conductor and a
dielectric medium, forming surface plasmon polaritons (SPPs). By geometri-
cal restriction of the free electron motion in metals, plasmonic structures can
concentrate light in subwavelength volumes, leading to an enhancement of the
EM field. Therefore, they can be tailored to manipulate light-matter inter-
actions, i.e., they can act as a cavity, allowing strongly subwavelength field
confinement [52-55]. In plasmonic resonances, the energy is stored in the elec-
tric field and the kinetic energy of the electrons [56]. Despite their relatively
high losses, the SC regime can be achieved with one (or a few) molecules due

to their small mode volumes [57].

Plasmonic configurations can operate at room temperature, but they are
lossy (@ ~ 10 — 100), so the mode volume needs to be decreased to achieve
strong coupling. Still, it can be observed in metallic planar surfaces [58]. If
the surface is modulated with holes of sub-wavelength sizes, a bandgap can be
created. SP modes can be excited at the edges of the bandgap, and a strong
enhancement of the EM field takes place [59].

Nanoparticles allow the creation of localized surface plasmons (LSP).
They alone have low quality factors, but their low volume (V ~ 1074 . \3)
also permits to achieve strong coupling when the emitter couples to the near-

field of the nanoparticle [60]. Moreover, nanoparticle arrays allow the hy-
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(a) (b)

SEE <2

Fig. 1.3.: Examples of cavities: (a) Nanoparticle array embedded in a

dielectric material, (b) Bowtie antenna.

bridization of the LSPs in the nanoparticles and the diffracted light of the
array [61]. Nanoparticle-on-mirror (NPoM) geometries [57, 62] and bowtie an-
tennas [63, 64 create large field enhancement and extremely low mode volumes
(V ~ 1077 - A3) , making it possible to achieve strong coupling even for one or

few emitters. Figure 1.3(a),(b) shows different examples of plasmonic cavities.

Hybrid cavities that combine plasmonic nanoparticles and planar micro-
cavities have been demonstrated to achieve strong coupling in regimes where
neither of the structures by themselves can, as they present higher @) factors
than the plasmonic particles and smaller mode volumes than dielectric cavi-

ties [65-67).
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1.2 Theoretical descriptions of complex EM
fields

When describing light-matter interactions, in particular in the strong cou-
pling regime, including all the degrees of freedom in both constituents is an
arduous task. Then, many models concentrate on taking into account the com-
plexity of one of them, i.e., the theoretical effort is focused on describing the
complexity of the photonic structures or including more degrees of freedom in
the description of the emitters. As this thesis focuses on the description of the
EM structure, a review of some of the theoretical tools available to characterize

the EM complexity is presented.

In general, any setup that confines the EM field is determined by “macro-
scopic” structures consisting of large numbers of atoms, such as Fabry-Pérot
cavities, photonic crystals, and metallic nanoparticles or surfaces described
in section 1.1.2. Within these setups, one or several microscopic quantum
emitters are placed. It is then customary to treat the macroscopic structure
through Maxwell’s equations and formally treat the modes arising from these

equations as the EM modes of the system.

However, what should be called a “light mode” in a specific arrangement
is actually somewhat subtle, and to some degree arbitrary. The only “pure”
light modes are free-space modes in vacuum. As cavities are material struc-
tures that confine the EM field, the “cavity photon modes” are always partially
material excitations [68, 69]. As an operational definition, the confined cav-
ity modes are usually understood as the modes supported by those parts of
the full system for which the relevant dynamics can be well-approximated

through macroscopic electromagnetism under linear response. This distinc-
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tion naturally leads to macroscopic QED framework |68, 70-76|, presented
in section 2.1. The resulting EM modes then include those of the different
setups presented in the previous section, including both optical cavities and
plasmonic resonances. However, it is important to note that the nature of the
EM modes that arise in both kinds of cavities is physically distinct. In particu-
lar, the dominantly electrostatic character of the fields in deep-subwavelength
cavities also has fundamental consequences on the light-matter interaction, as
the electric fields are then to a good approximation purely longitudinal and
not represented by the vector potential in the standard Coulomb gauge [68,
69, 77|

In order to describe light-matter interactions on a quantum level, these
EM modes have to be quantized, which is significantly more challenging than
the quantization of free EM modes in conventional quantum electrodynam-
ics (QED) (see Appendix A). For one, the presence of material structures
complicates the solution of the eigenmodes, which often is only possible nu-
merically. This shortcoming can be solved by the use of numerical packages
that solve Maxwell’s equations. Nowadays, many commercial and open source
packages can be used to this purpose. Furthermore, the material losses and
the leakage to the far field cause the modes that arise to be lossy, and only
in some approximations do lossless states exist, e.g., when assuming the exis-
tence of perfectly conducting mirrors or infinitely long lossless and defect-free
waveguides, etc. None of these are typically good approximations for many ex-
perimental realizations in nanophotonics. Therefore, taking into account these
losses appropriately is necessary. When losses are small enough, one reason-
able strategy is to quantize fully bound modes in a fictitious lossless system,
and then treat the losses as small perturbations on top of that. However this

is not valid in more general descriptions.

When dealing with small enough nanoparticles with localized resonances
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(such as plasmonic nanoparticles) and sub-wavelength confinement, for which
radiative losses are small due to inefficient emission, the so-called quasistatic
approximation is often applicable. In this approximation, retardation effects,
and therefore EM propagation into free-space (or bulk dielectric media) is
neglected, resulting in purely longitudinal fields. Therefore, light-matter inter-
actions are due to the electrostatic interactions, which simplifies the treatment
of beyond-dipole interactions [78-80]. Semi-analytical solutions are then often
possible, e.g., using transformation optics [62, 81, 82|, with the resulting modes
being fully bound while still describing the material losses. Since subwave-
length confinement is a prerequisite for the quasistatic approximation, these
material losses will always be significant [56]. Moreover, for metals described
by a dielectric function of Drude form, the resulting eigenmodes in the qua-
sistatic approximation will always correspond to uncoupled Lorentzians in the
spectral density (discussed in more detail below), which allows for a straight-
forward quantization procedure of the resulting modes |78, 80, 83|. Radiative
losses can also be included a posteriori, e.g., by calculating the effective dipole

moment of the localized resonances |78, 84].

When the quasistatic approximation is not appropriate and retardation
effects have to be taken into account, one of the most general and powerful
approaches to nonetheless obtain a quantized description of the EM field is
macroscopic QED. This is a formal approach that quantizes the EM field in
arbitrary structures, including dispersive and absorbing materials and it is the
initial point for the different models presented along this thesis. In this frame-
work the quantized modes are fully described by the dyadic Green’s function
G(r,r’,w) of the classical Maxwell equations, which can be obtained from any
numerical solver. This description will be presented in detail in section 2.1.
While this approach has proven hugely successful for treating problems where
the EM modes are treated perturbatively or integrated out in some other way,

it is not directly useful for applying cavity-QED-like approaches in which the
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modes are treated as explicit degrees of freedom of the system. For the sum-
mary presented in this section, it is important to note that, although the clas-
sical description of the EM environment is valid for a wide variety of physical
situations, it breaks down when the material and the emitters are physically
close enough so that electronic wave functions overlap [85], which happens at

subnanometer separations.

For the many situations where the classical Green’s function can be used,
the EM environment is then a continuum that can be treated as a bath, and
therefore the tool of open quantum systems, as will be shown in section 2.5,
can be used. In the weak-coupling regime, the so-called Markov approximation
allows the bath to be treated perturbatively [86]. Within this approximation,
the effects of the environment on the emitters are a frequency shift, which is
often considered included in the emitters frequencies and thus neglected, and
a radiative decay with a rate given by the value of the spectral density at the

frequency of the emitter.

When the Markovian approximation is not applicable, there are several
available methods to treat a bath of harmonic oscillators (the EM modes)
exactly using advanced computational tools. One of them is the cumulant
expansion method, based on solving the Heisenberg equations of motion for
the correlations between the operators. In practice, this expansion must be
truncated at some point. In chapter 3, different strategies to truncate the
cumulant expansion are studied, so that many degrees of freedom can be taken
into account at a relatively low computational cost. This treatment is in
some sense an extension of mean-field approaches up to an arbitrary order and

corresponds to Ref. [87].

Several other commonly used approaches rely on the so-called chain map-
ping, an orthogonal transformation that maps the Hamiltonian of one emit-

ter coupled to a continuum of modes to a chain-like Hamiltonian where the
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emitter is only coupled to the first site in an infinite string of modes coupled
through nearest-neighbor interactions. This first site consists of a reaction
mode, i.e., a collective environmental mode. In the chain form, tensor network
approaches that represent a high-dimensional wave function as a product of
many lower-dimensional matrices (a so-called matrix product state) become
highly efficient as the entanglement in an effective 1D system such as a chain
is limited. Tensor network approaches depend exactly on a truncation of the
possible entanglement between different parts of the system. The chain trans-
formation can therefore be employed to describe a photonic environment of
the degrees of freedom of molecules. In the context of molecular polaritonics,
tensor networks have been shown to allow the description of several molecules
coupled to complex environments [88, 89, 92]. When the vibrational modes
of a molecule are modeled as a series of displaced harmonic oscillators, they
can also be naturally represented in chain form and treated through the same
approach. A fully converged tensor network calculation gives exact results, but
becomes computationally challenging when long propagation times are desired

as the entanglement grows over time.

Furthermore, although formally in the chain representation the system has
an infinite length, when performing the calculations it has to be truncated, but
to prevent the formation of unphysical reflections due to the finite length of
the chain, it has to be linearly increased with time propagation. In order to
decrease the length of the chain one approach is to employ transfer tensors,
which can be used to propagate to arbitrary times with linear computational
cost [93]. Another approach is presented in chapter 4 and consists on intro-
ducing fictitious losses along the chain that lead to damping of the propagating
excitations. The addition of damping terms allows shortening the model chain
considerably for arbitrary photonic structures even before optimizing the pa-
rameters. Moreover, the fit to the chain-like spectral density can improve the

description of the dynamics for a given chain. If the chain representation is
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extended to allow next-nearest neighbor coupling, the number of parameters
used to describe the spectral density is the same as if it is written in its di-
agonal form. Therefore, the spectral density can be fitted and the dynamics
of the emitter can be described up to an arbitrary time, as demonstrated in

Ref. [94].

While the description of the EM modes as a structured continuum de-
scribed by the spectral density is formally exact, it is often advantageous and
desired to obtain a description of the environment in terms of a few discrete
modes, corresponding to the physical image of isolated cavity modes. When
losses are included, these are not true eigenmodes of the system, but resonances
with a given bandwidth embedded in the continuum. Several methods have
been developed to achieve such a few-mode quantized description in the past
few years. One relies on the quasinormal mode theory for Maxwell’s equa-
tions [95-97], based on forming superpositions of the modes of macroscopic
QED that correspond to the quasinormal modes of the material structure,
and then performing appropriate approximations to obtain the energies, decay
rates, and coherent and incoherent interactions of these modes [66, 98, 99]. In
particular, quasinormal modes (QNM) are eigenmodes of the Maxwell equa-
tions including losses [97] at complex frequencies. Their quantization allows

to expand the EM modes in terms of discrete bosonic modes [100].

An alternative that does not require calculation and explicit quantization
of quasinormal modes is based on the fact that two systems with the same
spectral density are indistinguishable from the point of view of an emitter.
This allows the construction of a model system consisting of a few coupled
discrete modes that are themselves coupled to a bath of background modes and
reproduces the full spectral density [101]. The parameters that are obtained
through the fit of the spectral density are the coupling between the emitter

and the discrete modes g;, the frequencies of these modes and their couplings
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wi; and their dissipation x;. This approach, developed for a single emitter in
Ref. [101], is extended for several emitters in chapter 5 and corresponds to

Ref. [102].



Chapter 2 | Light-matter

interactions

2.1 Macroscopic QED

S has been discussed in the previous chapter, the study of light-

matter interactions does not usually happen in free space, but

the EM modes arise in “macroscopic” material structures, i.e.,

assemblies formed by materials with a large number of particles. Macroscopic
QED is a formal approach that quantizes the EM field in arbitrary structures,
including dispersive and absorbing materials. The quantization scheme in this
framework is based on the expansion of the EM field operators in terms of
the dyadic Green’s function G(r,r’,w), which is the solution of the Helmholtz
equation, and therefore can be obtained classically, as will be mentioned in sec-
tion 2.1.1. This can be conceptually understood from the fact that Maxwell’s
equations are the wave equations describing the dynamics of EM fields, which

remains true after quantization.

The macroscopic QED approach has been widely used to describe disper-

sion forces, which are the ones responsible for the Casimir effect and Casimir-
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Polder forces [75, 76]. As this framework is the starting point of the different

models presented in this thesis, this section outlines its derivation.

2.1.1 Macroscopic EM in dielectric materials

In a dielectric material, Maxwell’s equations can be written, after doing

the Fourier transform E(r,w) = ffooo E(r,t)e™!dt, as

V- D(r,w) = p(r,w), (2.1)
V x E(r,w) = iwB(r,w), (2.2)
V-B(r,w) =0, (2.3)
V x H(r,w) = J(r,w) — iwD(r,w), (2.4)

where the time derivatives that appear in free space (see egs. (A.1) to (A.4))
are simplified, as only the factor iw appears with the variables. In the above
expressions, D(r,w) = ¢E(r,w) + P(r,w) is the displacement operator and
H(r,w) = poB(r,w)+M(r,w), where P(r,w) is the polarization of the material
and M(r,w) its magnetization. Moreover, within a medium, the charge and
current sources do not only describe the “external” sources, which are the only
ones existing in free space, but also include the induced ones that are generated
due to the material response. Therefore, p(r,w) = p(r,w) + ping(r,w) and
j(r,w) = J(r,w) + Jina(r,w).

In the case of an isotropic, linear, dispersive medium, the displacement

operator and the electric field are related by
D(r,w) = €(r,w)E(r,w). (2.5)

If furthermore the medium is non-magnetic, the wave equation of the electric

field can be written as

V x V x E(r,w) — w?upe(r, w)E(r, w) = ipowl (r,w). (2.6)
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At this point, in order to give a general solution, the dyadic Green’s function
G(r,r’,w) can be introduced. In particular, this function is a solution of the
wave equation for a point source current. Therefore, the wave equation can be

written as
V x V x G(r,r',w) — wuge(r, w)G(r, r',w) = pow?s3(r — '), (2.7)

so that, as it is linear, the electric field can be written as an integral of an

arbitrary source and the Green’s function

w

E(r,w) = i /d3r/G(r,r/,w) SJ(r,w). (2.8)

2.1.2 Macroscopic QED derivation

The huge number of particles in macroscopic structures is too big to de-
scribe the whole system as a collection of microscopic particles interacting
with the quantum free-space EM field. Therefore, one can assume that in
these structures macroscopic electromagnetism may be capable of reproducing
the fields that are formed and propagate along the material (as was pointed
out in section 1.2 this assertion is not true when the material and the emitters
are close enough for their electronic wave functions to overlap). Then, one

strategy is to generalize the free-space description.

When the EM field propagates through a dielectric material, there is a
coupling between the matter and the field, whose effect is encoded in the
dielectric function €(w) = ¢f*(w) + ie! (w). The imaginary part of the dielectric
function implies that an expansion in a plane wave representation (as in free
space) cannot be made, as the imaginary term leads to damped waves. They
are not solutions of the EM fields in free space, but of the combined field-

matter system. Then, a naive extension of the free-space derivation cannot be
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Fig. 2.1.: Collection of quantum emitters (pink) interacting with a ma-
terial (grey). The material is composed of a collection of microscopic
particles. The macroscopic QED framework describes the constitutive
relations within the material, while the quantum emitters are included

in the Hamiltonian maintaining their microscopic description.

done, and one must consider the EM field coupled to some reservoir that is

responsible for dispersion or absorption.

In their model, Huttner and Barnett considered a Hopfield model of a
homogenous dielectric material in which a harmonic oscillator field represents
the polarization in the material. This field is coupled to a continuum of har-
monic oscillators representing the reservoir (which models the absorption) |71,
103|. They assumed that the medium is an absorbing single-resonance dielec-
tric, so this is also presumed in the following. Nevertheless, this model has
been generalized to inhomogeneous dielectric bodies [104-106] and bodies with
non-local properties [107]. More extensive and alternative derivations can be
found in [10, 75, 108|. In this section, the quantization is done without includ-
ing microscopic particles. They are added in the following section similarly as

in free space (see Appendix A).
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Quantization in absorbing materials

The Lagrangian that describes the previous medium is given by £ =

LeM + Lmat + Lint, where

Lem = %O {(A : v¢)2 — 2 (V x A)2] (2.9)

Lo = & (X2 = u2X2) 4 2 /0 o (Yo —o?Y2),  (210)

Ling = —a (A-X—i—qbV-X) —/OO dwv(w)X - Y. (2.11)
0

In the previous set of equations Ly is the free Hamiltonian of the EM field
when external sources are included, L.t is the free Hamiltonian of the matter,
including the medium and the reservoir, and L;, gives the interaction between
the field, matter and reservoir. The polarization is modelled by X, which is a
harmonic oscillator field with frequency w;, while Y, accounts for the contin-
uum of harmonic oscillators that model the losses (both of them with density
1), « is the polarizability (that gives the coupling between the polarization
and the field) and v(w) is the coupling constant between the polarization and

the reservoir.

The canonical momenta of the relevant variables in the previous La-
grangian are IT = —egA, P = uX — oA and Q. = Y, — v(w)X respectively.
Going to the Fourier space (k,t), dividing the longitudinal and transverse
components and doing a mode decomposition similar to the one made in free

space, the mode amplitudes that correspond to each variable can be found. In
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particular,
= ]% lkcA,\ - HA(k)] (2.12)
:\/27 lwa + PA(k)] (2.13)
\/7 l—MYA (k,w) + Q,\(k w)] : (2.14)

where k2 = k% + o2/(pepc) and &% = w? + fooo dwr?(w)/p? reflect the level
shift due to the interaction between fields. Quantization can be performed by
replacing the complex amplitudes a)(k), by(k), by(k,w) by operators a)(k),

by (k), by(k,w), which fulfil the usual bosonic commutation relations

{a,\(k), al, (k’): — Sy nd(k — K), (2.15)
[bk(k), b, (k’): — Sy nd(k — K), (2.16)
[bA(k, W), bg,(k’,w'): = Sk — K)o(w — ). (2.17)

Furthermore, the resulting Hamiltonian can be diagonalized by a Bogoli-
ubov transformation. For the transverse components of the material and the

reservoir, this leads to
Huat = ) / 4’k / dwhwB! (k,w)By (k, w), (2.18)
A

where B)(k,w) and E;(/ﬁ,w) are dressed matter operators. Combining them
with the field operators, adding the longitudinal components and undoing the

Fourier transform leads to the final diagonal Hamiltonian
Hp = Z/d3r/dw huw £ (r, w)fy (r, ), (2.19)
A

where the modes f;\(r,w), f')\(r,w) represent the medium-assisted EM fields.
As they represent mixed light-matter interactions, they are called “polaritonic”

modes.
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Fig. 2.2.: Scheme of the quantization in macroscopic material structures.

If the vector potential is written in terms of the previous operators, one

finds that

Z/ /d3r/ Gi(r,r',w) - f\(r,w) + h.c, (2.20)

where functions G (r, r’, w) are related to the dyadic Green’s function G(r, r’, w)

through
, w? h , ,
Ge(r,r',w) = 20—2 W—Eolme(r ,w)G(r, ' w), (2.21)
h
Gp(r, v w) = ig\/——lmu_l(r’,w) [V’ X G(r’,r,w)}T, (2.22)
c TED

and electric and magnetic fields have similar expressions:

= Z/dw/d3r/ G,\(r,r’,w) . fk(r,w) + h.c., (2.23)
Z/ /d3r/ V x G)(r, r’ ,w) - fA(r w) + h.c.. (2.24)
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Interaction with particles

As pointed out before, EM fields can interact with microscopic particles
that must be described using a microscopic approach. They can be added in
an analogous way as in free-space (the derivation of the interaction between
the vacuum EM field and microscopic particles is shown in Appendix A), so
both the minimal coupling Hamiltonian and the multipolar Hamiltonian can

be written within the macroscopic QED framework.

The minimal coupling Hamiltonian for the medium-assisted fields in the

presence of microscopic particles is

qiq;
1 Y1 1 225
~ A (E) +Z4W60|rl_r]|+zq<ﬁ £), (2.25)

where Hp is the medium-assisted field Hamiltonian, given by Eq. (2.19) and
the last term in the previous equation accounts for the Coulomb interaction
between the particles and the material. This term is generally non-zero in the

Coulomb gauge'.

The long-wavelength approximation can be made in the minimal coupling
Hamiltonian (2.25). This approximation assumes that the particles are close
enough so that the spatial variations of the electric field are small in the volume
occupied by the particles. Then, an expansion with respect to the position of
the center of mass can be done in the variables. If the lowest term in the ex-

pansion is the only one considered relevant, the minimal coupling Hamiltonian

Now, the total electric field is the sum of the previous one derived in Eq. (2.23) and
the one generated by the particles, i.e., E=E-— ngASA(f'A), where (;ASA is the scalar
potential for the charged particles, while the magnetic field remains unchanged,
as in Eq. (2.24).
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is then reduced to

3 T _ 4%q
=~ fi( f
Z/d /dwhw r,w)fy(r,w 4—2:2771Z . 47reo]rl—rj\

(2.26)

where fi; = > i qﬁj is the dipole moment operator and p; and 7; refer to
the momentum and position of the center of mass. Therefore, it has become
explicit that the emitter-field interaction in material structures has two compo-
nents, one longitudinal given by the Coulomb interaction between the particles
and the macroscopic structure and one transverse described by the vector po-

tential.

The multipolar Hamiltonian can be obtained by applying the Power-
Zienau-Woolley transformation so that the transformed Hamiltonian uses the
global variables E and B instead of their longitudinal and perpendicular com-
ponents. When the charges are bounded in different emitters, this transfor-
mation also removes the explicit interaction between charges of different emit-
ters, as they are already taken into account in the fields. The multipolar
Hamiltonian allows a systematic expansion of the field-emitter interactions in
terms of the so-called multipolar components, allowing to discard non-relevant

interactions in a simple way. The Power-Zienau-Woolley transformation is

0 = UOUT, where

U = exp % / d3rzpi(r)~A(r) : (2.27)

. . . - S 1 2 .
is a unitary transformation, P;(r) = Zjei q;Tj fo dod (r —r; — arj) is the
polarization operator for the emitter i and r; = £; — F; is the relative position

of the charge j belonging to emitter 1.
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Applying Eq. (2.27), to the minimal coupling Hamiltonian given by Eq. (2.25),

the transformed bosonic operators are
. . 1 .
frw) =B + o [P Gire), (228)

so that the electric field E is changed, while the magnetic field B remains
the same (and therefore the vector potential A) The scalar potential ¢ also
remains unchanged. Furthermore, as the Power-Zienau-Woolley transforma-
tion is unitary, the commutation relation between the transformed operators

remains the same as before. The transformed Hamiltonian is

o=y / d°r / dw It (r, )} (r,w) = ) / dr P, - E(r)
A [
p? 1 . . .
+ Z [Z ﬁ + e /d3r P2(r) + /d?’r 2;(r) x B(r)

i Ljei

(2.29)

?

=~ A . A, A - 2 1
where E;(r) = ¢;0,(r) — Z;—Z Y ke quk(r)+%Pi(r) and ©; =r fo dood(r—
r; — af'j). If all the interactions with the magnetic field are neglected and the

long-wavelength limit is done, the Hamiltonian simplifies to

H ~ Z/d3r/dw ﬁwf//\T(r,w)f;(r,w) - Zﬂl B/ (1))
A i
~ /2
Pj 1 3. B2
0y 33 P
+Z[‘e' 2mj+260/ ' Z<r)]’
JE

1

(2.30)

where the transformed electric field operator E/ (r) can be expressed in terms

of the ladder operators through its relation with the vector potential.

Addition of classical fields

The macroscopic QED framework also allows the inclusion of external

fields that can be described classically, like laser pulses. This can be done by
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applying a time-dependent displacement operator [109]
T(t) — eZn a;(t)fn—an(t)fjl’ (2'31)

which makes a displacement of a mode n (which runs over {\,r,w}) in the

phase space by an amount oy, (t) = an(o)eﬂ'wnt

, where a,(0) correspond to
the classical amplitudes obtained when the laser is expressed in the basis of
these modes. In particular, when this operator is applied to the vacuum, the
resulting state is a coherent state (or in this case, a product of coherent states).
Then, when a classical field is applied to the empty EM environment, the initial

wave function can be taken as a product of coherent states,

= [Tlen() = T e @ o) (2.32)

Applying the inverse of the displacement operator given by Eq. (2.31), the
classical and quantum fields can be split in the Hamiltonian, in order to avoid
the necessity for explicitly propagating this classical field within the quantum
calculation. This transformation adds a time-dependent energy shift that does
not affect the dynamics but allows to write the electric field as a sum of two
different components ﬁ)(r) — E(r) + E4(r). Then, the classical component
can describe the action of an external field into the full system without any
additional terms. It is worth noting that E.(r) refers to the medium-assisted
classical pulse at the position of the emitters, so any deformation due to the
material structure must be included in this term. Moreover, as the medium-
assisted field operators E(r) and B(r), expressed in terms of f)(r,w), solve
Maxwell’s equations, the classical pulse can be obtained by classical solutions

of Maxwell’s equations.

Therefore, the wave function transforms as [¢)') = T'(¢)|¢), which corre-

sponds to transforming the Hamiltonian as

~

H=TOHT ) —iT(t)0,TH(t) Z fu - E(t,1s), (2.33)
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where E(t,r;) = > gn (an(t) + a;(t)) is the classical field at each emitter
position. From the previous transformation, also a term | wyo(t)og(t) =
>, wnlan(0)[? arises, but this can be neglected because it just corresponds to
a constant energy shift. Eq. (2.33) is the effective Hamiltonian that takes the

initial state as the vacuum state with the emitter in its ground state.

When the above transformation is applied to the Hamiltonian, the ob-

servables are also transformed according to

(W] A[) = @ |T(OAT()Y), (2.34)

such that, e.g., (¥|an|v) = (¢¥'|an + an(t)|¢)"). This takes into account that
the “quantum” field generated by the laser-emitter interaction interferes with
the classical pulse propagating through the structure, and ensures a correct
description of absorption of the pulse, coherent scattering, and similar effects.
The above properties imply that within this framework, the action of any
incoming laser pulse on the full emitter-cavity system can be described purely
by the medium-enhanced classical electric field driving the emitter, with no

additional explicit driving of any EM modes.

2.2 Two-level system interacting with the
EM field

Macroscopic QED describes general medium-assisted light-matter inter-
actions. However, as in the following the quantum emitters will be always
approximated as two-level systems, the general Hamiltonian can be special-
ized to this case. Then, the QE consists of an excited state |e) and a ground

state |g) separated an energy hw.. The state of the two-level system can be
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thus written as
(1)) = cg(t)]g) + ce(t)]e), (2.35)

where c4(t) and c.(t) are (normal) time-dependent complex scalars that de-
fine the probability amplitude of the system to be in the ground or the ex-
cited states, respectively. Applying the atomic Hamiltonian to the previous

(eigen)states gives
ﬁ6|9> = 0[g), ﬁe|e> = wele), (2.36)

where it is considered that the origin in energy is the ground state of the
two-level system. Imposing the closure theorem, |g){g| + |e)(e| = 1 and the

orthogonality between states, one finds that the atomic Hamiltonian is
H. = hwele){el. (2.37)

Moreover, |g) and |e) form a basis in the Hilbert space and they can be written

in the canonical basis as
l9) = , le) = : (2.38)

This representation allows to define raising and lowering operators, 6 and 6~

respectively, which can also be written in matrix form

B 0 1 A 00
6~ =|g)e| = : ot =le)(g| = - (2.39)
00 10

Both operators describe a transition between the ground and the excited state

and follow the anticommutation relation?

{6t,67} =1L (2.40)

2In general, [ai_ ) aﬂ = (1 — 2(7;|r o; ) dij, i.e., each emitter fulfil the anticommuta-

tion relation with itself (i = j) but the system is not fermionic, in the sense that

the wavefunction is symmetric under an exchange of two emitters positions.
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Moreover, these operators can be related with the Pauli matrices, so that the
interaction between one emitter and a photon can be expressed through them.

The Pauli matrices are

so that 67 = (67 +67),6Y=—i (67 —67) and 6 =676~ + 6767

The interaction between the field and one two-level system can also be
derived so that in the long-wavelength limit the dipole moment, shown in
Eq. (2.30), becomes (for i = 1) 1 = 9 (|e)(g] + |g) (el), where 0 = (glizle) =
(e|fr|g) is the transition dipole moment between the states of the emitter and

can be assumed real. Finally, the Hamiltonian (2.30) can be written as

7 3 r%I 1 We . At ~— i
H ~ ;/d r/dw hw £, (r, w)f) (r,w) + ?O'Z — (a +6 )“69 -E'(re).
(2.42)

2.3 Spectral density

To characterize the light-matter interaction, we will consider the sponta-
neous decay of an excited two-level emitter and the emission of one photon to
the vacuum, i.e., the classical Wigner-Weisskopf problem [110]. For simplic-

ity, starting with Eq. (2.42) the rotating wave approximation (RWA) is made.

+(wetw)t
Y

This approximation neglects the terms e which rotate rapidly and

can be averaged away, while the terms eEWe=wlt gurvive. Then, the Hamilto-
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nian (2.42) is of the form
H= Z/d?’r/dw hwfl(r,w)f}\(r,w) + —0
A
— Z / d?’r/dw (p,e - Gy (re, r,w)ﬂ(r,w)ﬁ' + H.c.) ,
A

where the electric field has been substituted by its expansion in terms of the

(2.43)

field operators given by Eq. (2.23). In the interaction picture, the total system
obeys the Schrodinger equation

S(t) = i HI()00), (2.44)

where Hp(t) is given by the second line of Eq. (2.43) and 1 (t) is the wave-
function, which in it most general form within the single-excitation subspace
is

|U(t)) = a(t)|e, 0) /dr/dwﬂ,\ r,w,t)|g, L) (2.45)

Here |g, 1y 0) = fT(r w)|g,0) and «(t) and By(r,w,t) are time-dependent
scalars that give the amplitude probability of the wave-function to be in one of
the states. Using the Schrodinger equation the decay of the quantum emitter
in the environment can be derived, so that the amplitudes of the emitter «/(t)

and the mode () (r,w,t) are given by

d _ [ —i(w—w 3
- ¢ t) - _ﬁ ;/d?’r/dwe ( e)t,Uze : G)\(reurvw>5)\(r7w7t)7 (246)

d ~ 7 -
EBA(r,w,t) — —ﬁe womwe)t ) G (re, r,w) By (r, w, 1), (2.47)

where the tilde variables are @(t) = a(t)e™<! and Br(r,w,t) = Ba(r, w, t)e™t,
Assuming that there are no excitations in the reservoir at the initial state, i.e.,

Bx(t = 0) =0, the closed equation for the quantum emitter is

t
50(0) = —/0 dt'K (t — t)a(t), (2.48)
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where K (t —t') is the kernel, which is given by

2
)ity _Tw

71'6002

o0
Kit—-1t)= / dwew=we e - ImG(re, re, w) - .. (2.49)
0

The previous expression is obtained by using the Green’s function identity,

2
Z/d?’s G)(r,s,w) - Gj{T(r’,s,w) = i
A

7T€()C2

ImG(r, v, w), (2.50)

where r = r’ = r.. The kernel can be written in terms of the spectral density,

J(w), which is is related to the Green’s function by [68, 74, 75, 111]

2

J(w) = ImG(re, re,w) - i, (2.51)

7T€002 He

Therefore, the kernel (2.54) can be rewritten as
Kt —1t)= / dw J (w)e!@e=w)t=t) (2.52)

so that the interaction between the quantum emitter and EM modes is com-
pletely determined by J(w). In general, the solution to the time evolution of
a(t) is very complicated, as the dynamics at time ¢ depend on all previous

times 0 < ¢’ < t. Therefore, in general it must be solved numerically.

Although the previous derivation has been done in the context of EM
modes, the same can be done for a general Hamiltonian describing the inter-

action between a quantum emitter and a collection of bosonic modes, which

reads

H=H.+A" H-A+g. (A+ A7), (2.53)
where AT = (ar,a2,...,an,... )T describes the collection of bosonic modes and
dr'= (91,92, 9a,- - )T describes the interaction operators between the mat-

ter component and the environment. Analogous equations to Eqs. (2.46), (2.47)
can be derived by simply substituting the interaction terms by g, (note here

that in the previous derivation the frequency was treated as a continuum and



35 CHAPTER 2. LIGHT-MATTER INTERACTIONS

now the collection of modes are discrete in frequency, so the integral must also
be replaced by a sum). In this notation, it is easier to see that the kernel (2.49)

is given by the correlation function
K(t =) = Trr {GOG (¢)pr} ™=, (2:54)

where G = § - A and pr is the state of the collection of modes. The spectral
density, defined as the product of the interaction strength between the emitter
and the reservoir mode n, weighted by the density of states of the environment,

is for T'= 0 (where pr = |0)(0| is the vacuum state of the reservoir)
Jw) =" lgnl* 6w — wn), (2.55)
n

and it is a physical quantity general for any quantum system (it is not limited

to the interaction between matter and EM fields).

When the temperature is non-zero, the density of the reservoir can be

assumed to be in a thermal state so that

efwff (w)f(w)/T

pR,w = TrReiwa(w)f(w)/Ta (256)

and the interaction between the emitter and the collection of modes is described

by both the spectral density and the temperature of the bath[112].

Using the Sokhotski-Plemelj formula, lim ——L — =P_1_ 4 irf(w’ —w),

) e—0 W —w—1€

the spectral density in Eq. (2.55) can be written in the form

J(w) = lim ~§Tm {;} it (2.57)

e—0 T H—w—c¢

This expression (and its generalization to multiple emitters and multiple dipole

moment operators) will be especially useful in chapter 5.
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2.4 Coupling regimes

When a QE interacts with a collection of EM modes, there are different
regimes of interaction that can be distinguished depending on the parameters
of the system. To discuss them, we consider a cavity or resonator in which the

spectral density can be approximated as a Lorentzian, so that

2 K
J(w) = % — wc)/2 2+ s (2.58)

where k describes the Lorentzian width, and therefore the cavity losses.

Weak coupling regime

The weak coupling regime occurs when the coupling strength is much
lower than the losses (¢ < k,7), so that the width of the spectral density
is large compared to its amplitude, and therefore J(w) is sufficiently smooth
so that in equation (2.52) the integral oscillates rapidly except for w ~ we.

Equation (2.48) can be written as

t o0
2@(t) = —J(we) / dt’ / elwe— )=t 51, (2.59)
ot 0 0

The same argument of rapidly rotating terms allows to replace the lower limit in
the integral by —oo, such that the frequency integral becomes a representation

of the Dirac delta function f_oooo e~ “ldw = 276(t), leading to
8 t

ad(t) ~ —QWJ(we)/ dt’ =~ —mJ(we)al(t), (2.60)
0

where the d-function has been split since the upper limit of the last integral is

centered at the function. Therefore, the decay of the QE is given by

a(t) = e 2, (2.61)
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where v = 27J(we) is the radiative decay rate. Therefore, the probability
of the quantum emitter to be in its excited state, which is given by |a(t)|?,
decays exponentially with rate v. The previous assumption is known as the
Markov approximation. In particular, when the cavity mode and the QE are

on resonance, the decay is v = 4¢%/x.

In free-space the spectral density in is given by
o WS’N6|2

Jolw) = 6m2hegc?’

(2.62)

where ¢ is the speed of light an ¢y the free-space dielectric permittivity. To

achieve the previous expression Eq. (2.55) can be used, knowing that for free

w?|pe|?
3mhegc? *

This decay rate is the same as the one given by Fermi’s Golden rule [10].

space ImGq(r,r,w) = w/6mc, so that the decay rate is given by vy =

The difference in the decay rates for an emitter enclosed in a cavity and in
free space is because the vacuum density of states at the position of the emitter
changes when the EM field is confined. Therefore, if one of the resonant cavity
modes and the emitter are in resonance, the emission is enhanced via the

Purcell effect [8]. The Purcell factor is defined as

v Jw) 67, .
Fp=—= = —1n-G(re,re,w) - 1, 2.63
e I ( ) (2.63)

where 7 is the unit vector defining the orientation of the emitter. Figure 2.3
shows a sketch of a two-level system inside a cavity in the weak coupling regime
(left). The spontaneous decay from the excited state of a resonant emitter to

its ground state is enhanced inside the cavity with respect to free space (right).

Purcell predicted the enhancement of the spontaneous transition rate of a
nuclear magnetic moment coupled to a resonant electronic device compared to
the free-space rate in 1946. However, the experimental observation of this effect
requires the dimensions of the device to be similar to the emission wavelength,

which was technically demanding. In 1966, the effect of planar interfaces on
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Free space
—— WC regime
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time

Fig. 2.3.: Sketch of one QE, represented as a 2-level emitter, inside a
cavity in the weak coupling regime (left). The coupling between the
QE and the EM field inside the cavity is smaller than the losses, so
an excitation of the emitter decays exponentially (right). The EM field
inside the cavity changes with respect to the free space, enhancing the

QEs emission.

the decay rate of molecules was observed [113] and the effect of a cavity on
atomic decay rates was studied in 1983 using Rydberg atoms [114]. Moreover,
the emitter’s emission can also be suppressed if the QE and the cavity modes
are off-resonance [115, 116]. Before Purcell’s prediction, it was believed that
the emission of an emitter was an intrinsic property that depended only on
it. However, these two effects demonstrated that it is not the case, but the

emission depends on the EM environment surrounding it.

Strong coupling regime

Considering a more general scenario in which the spectral density is not
necessarily dominated by the losses, but instead assuming that 1 < w, so that

the frequency integral can be extended to the whole real axis, a new expression
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for the interaction kernel can be written,

00 2 _i(we—w)(t—t) . .
~ g e K/2 2 —i(we—i%)(t—t'
K(t—t/)N/_ — ( NEFwEYY = g“e ( 5)( )7 (2.64)

oo

so that Eq. (2.48) transforms to

t
Zat) = —¢* / /e (wemig—we) =t g ¢y (2.65)
0

The previous dynamics are equivalent to those of one QE interacting with a
single cavity mode with frequency Q¢ = w. —i5. The Hamiltonian in this case

is, in the RWA3, the so-called Jaynes-Cummings (JC) model [118]
1
Hjo = hwele)(e| + hQ¢e (aTa + 5) —glo~a' +0"a), (2.66)
where the coupling strength ¢ is given by

hw,
=u-E — - . 2.67
g=p - Eypp=p-ng,/ eV (2.67)

Here p is the dipole transition moment of the emitter and ‘Elph| is the quan-

tized electric field strength of the mode, associated with one photon, at the

emitter position.

Writing the JC Hamiltonian in matrix form and diagonalizing, one finds

that the eigenvalues are

_we+Qc:|:

Ey 5

5V~ Qo)+ g (2:68)

In the previous equation the decay of the emitter can also be included by

simply substituting we — we — i3. Therefore, when g = 0 the dynamics are

3The Hamiltonian that describes the interaction between one QE and a single EM
mode including the counter-rotating terms is known as the Rabi model [117],
Hp = hwele){(e| + hQc (a’a+ %) — g0+ 4+ 07)(al + a). This Hamiltonian, in
contrast to the JC mode, does not conserve the number of excitations Nexe =

afa+oto.
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Fig. 2.4.: Sketch of one QE, represented as a 2-level emitter, inside a
cavity in the strong coupling regime (left). The coupling between the
QE and the EM field inside the cavity overcomes the losses, so Rabi
oscillations are seen in the QE population. As the system still presents

losses, the population is damped exponentially.

governed by the losses, which results in the exponential decay characteristic
of the weak-coupling regime. When the coupling increases and overcomes the
decay rates of both the cavity and the emitter, i.e., g > k,~, the system enters
in the strong coupling regime. Then, the dynamics change and show the so-
called Rabi oscillations, which indicate a coherent energy exchange between
the EM mode and the QE. On resonance, this exchange happens at the Rabi
frequency? Qr = 2¢. The left panel in figure 2.4 shows a sketch of a QE inside
a cavity in the strong coupling regime, and the right panel shows the decay
in free space (purple line) and the Rabi oscillations of an initially excited QE
(green line), which emits and reabsorbs a photon several times before it leaves
the cavity. The amplitude of the oscillations decreases exponentially® due to

the emitter and cavity decay rates.

4The coupling strength determines the Rabi frequency so that as it increases, Rabi

oscillations are quicker.
®The decay rate that gives the exponential damping of the population amplitude is

determined by the QE and cavity losses.
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This oscillatory behavior indicates that the QE and the field are not the
eigenstates of the system anymore, but both subsystems hybridize, forming
polaritons, whose eigenfrequencies are given by Eq. (2.68). The one with a
lower frequency is known as Lower Polariton (LP), while the one with a higher
frequency is called Upper Polariton (UP). Figure 2.5(a) shows a sketch of the
hybridization of the eigenstates and the formation of polaritons. The difference
between the polariton frequencies is the Rabi frequency 2. Panel (b) shows
the real part of the eigenfrequencies with respect to the energy difference be-
tween the cavity mode and the emitter for a fixed coupling g = 0.07w,, while
the detuning between the cavity and the emitter changes. Black dashed lines
correspond to the “bare” emitter and cavity frequencies, i.e., g = 0. For the
SC case, when the emitter and the cavity are off-resonance, the eigenfrequen-
cies are very similar to the “bare” ones. When they are resonant, there is an
anticrossing behavior. Here again, the distance between both eigenfrequencies

at 0 detuning gives the Rabi splitting.

Moreover, the real (panel (c)) and imaginary (panel (d)) parts of the
eigenfrequencies with respect to the coupling strength (normalized by the real
part of the emitter frequency) are shown in figure 2.5. Now, w, = w., while
k = 0.1we and v = 0.04w.. When the coupling is small compared to the losses,
the real value of the eigenfrequencies is degenerate and it is not affected by
changes in the coupling, while the imaginary part starts in —x/2 and —~/2 for
g = 0 and changes as the coupling increases (WC regime). When the coupling
exceeds the losses, the real part of the eigenfrequencies split, and their distance
increases linearly with the coupling, while the imaginary part is degenerated
and does not change with g (SC regime). The distance between the real part of
both eigenfrequencies at one fixed coupling strength corresponds to the Rabi

splitting.

Finally, it is noted here that although the diagonalization has been done
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Fig. 2.5.: (a) Scheme of the hybridization of one EM mode (purple)
with frequency hw. and a quantum emitter (yellow) with energy fwe.

The upper (UP) and lower (LP) polaritons are formed, separated by the

Rabi splitting h2r. (b) Real part of the eigenenergies for a coupling

g = 0.07we. The straight dashed lines show the “bare” frequencies of

both constituents. (c) Real and (d) imaginary part of Ey with respect

to the coupling strength.

for the RWA, the same conclusions can be made for the Rabi model in the scope

of this thesis, where the couplings achieved will always be small enough for the

counter-rotating terms to be negligible®. Moreover, the SC is not necessarily a

6The inclusion of counter-rotating terms also changes the lowest-energy state so

that while in the JC model it consists of an empty cavity and the emitter in

its ground state, in the Rabi model there can be some atomic and photonic

excitations. As the coupling increases, the system is more favorable to present

these excitations and the counter rotating terms become significant. Therefore,

the RWA approximation is justified in the weak and strong coupling regimes, but
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quantum effect and can often be modeled through classical electromagnetism
(EM) [14, 119]. In that case, the material excitations are represented through
the dielectric function of the medium (e.g., through a resonance of Drude-

Lorentz form) or through a polarizable dipole for single emitters [120, 121].

The first experimental observation of strong coupling was in 1965 [122]
between light and the bulk modes of a crystal, while surface exciton-polaritons
where observed approximately a decade later [123|. Strong coupling within a
high-(Q microwave cavity was realized in 1983 using a collection of Rydberg
atoms [124]. When an ensemble of N QEs interact with a single photonic
mode within a cavity, the coupling strength increases as gy = gv/N [125].
This phenomenon is known as collective strong coupling and is a common
approach when measuring strong coupling in optical cavities because the Rabi
splitting is increased at the same rate as the coupling strength, thus making
it more feasible to measure. It occurs because an excitation in this case can
be coherently distributed over the N emitters, forming a so-called bright state
with increased light-matter coupling. At the same time, all N — 1 orthogonal
ways of distributing an excitation over the emitters show negligible coupling to
the cavity mode due to destructive interference between the dipole transitions
in the different emitters. These superpositions are the so-called dark states
(DS), which play a major role in molecular polariton dynamics [126, 127].
Collective SC is theoretically described by the Tavis-Cummings model [128§]
when the RWA approximation is made and the Dicke model [129] otherwise.

When realizing collective SC, the maximally reachable Rabi splitting for
a given material is determined by the density of dipoles but independent of the
specifics of the photon mode [130, 132, 133|. This can be shown explicitly by
introducing Eq. (2.67) into the expression of the collective coupling strength

fails in the ultra strong coupling regime, where coupling strengths are comparable

to the transition frequencies.
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and using that the effective mode volume is related to the physical volume

occupied by the mode. Therefore,

g o< i/ NIV o< i/, (2.69)

where p is the density of the material. The number of emitters interacting
with the mode is thus proportional to the their density times the volume. A
more careful calculation shows that the Rabi splitting depends on the dipole
density multiplied by a “filling factor” between 0 and 1 that determines what
fraction of the mode volume is filled with the material (weighted with the

position-dependent quantized field strength) [35, 130].

For single emitters, achieving the strong coupling regime is noticeably
more challenging than in the collective regime. In this situation, the single-
emitter coupling strength g has to become comparable to the emitter and cavity
decoherence rates, which can only be achieved by either increasing the coupling
strength or decreasing the decoherence rate sufficiently. Nevertheless, single
atom SC interacting with a microwave cavity was measured in 1985 [134]. Rabi
oscillations were measured two years later [135], and strong coupling within an
optical cavity was observed in 1992 [136]. Along this decade, Rabi splittings
of 1 — 20 meV were measured for Quantum Wells (QW) in semiconductor
microcavities [38, 137, 138]. In 2004, the SC regime for a single quantum
dot in a semiconductor micropillar cavity was achieved, with a Rabi splitting
of ~ 100 peV [139]. These setups, where the absolute coupling strength is
a small fraction of the excitation energy, necessarily require very long-lived
emitters and cavity modes, which in turn implies cryogenic temperatures. Rabi
splittings from 100 meV to more than 1 eV have been measured using organic
molecules even at room temperature [39, 140-142] and the SC regime has
also been achieved for single organic molecules at room temperature by using
extremely localized surface plasmons in narrow gaps [57]. Very recently, strong

coupling and quantum nonlinearity have been observed for a single molecule
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at cryogenic temperatures [143]. The dependence of the Rabi splitting on the
density and the filling factor explains why similar Rabi splittings have been
observed in the literature for very different photonic systems: when a cavity is
completely filled with the material in question, the Rabi splitting is equal to
the bulk polariton splitting obtained by Hopfield in 1958 [144].

If the coupling strength increases more and becomes comparable to the
QE frequency g ~ 0.1we, higher-order processes, which hybridize states with
different number of excitations, become observable. These observations corre-
spond to the Ultrastrong Coupling (USC) regime, and this size of Rabi split-
tings was measured in 2009 in a microcavity-embedded doped GaAs quantum
well [145] and in 2010 in a superconducting circuit with a single two-level sys-
tem [146|. Several kinds of organic materials can reach the ultrastrong coupling
regime [147]. Although the limit between SC and USC is taken at g ~ 0.1we,
this is a historical convention and higher-order properties, such as the exis-
tence of excitations in the lowest-energy state of the emitter-cavity system,
scale continuously with the coupling strength. Apart from the molecule den-
sity, the alignment of the dipole moments of the molecules with the electric
field inside the cavity also modifies the Rabi splitting. Therefore, if instead
of randomly oriented molecules, aligned dipole moments are used, large Rabi
splittings up to 0 r = 1.8 eV have been measured [148|. These large values also
mean that cavity modes with very large decay rates k (or equivalently, short
lifetimes 7 = 1/k or low quality factors w./k) can be used while still reaching

the strong coupling regime.
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2.5 Open quantum systems

As mentioned in the previous section, the light-matter interaction is com-
pletely characterized by the spectral density, and the treatment of a quantum
emitter interacting with a collection of EM modes is analogous to a more gen-
eral description of an emitter (or even more general, a “system”) interacting
with an “environment” (or “reservoir” or “bath”) of bosonic modes. Therefore,
the framework of open quantum systems is also valid to study light-matter
interactions [86, 149, 150|. In a particular setup, the distinction between the
system and the environment is in principle arbitrary, but is often based on a
clear difference in their physical properties (for an atom enclosed in a cavity,
for example, the system corresponds to the bare emitter and the environment
is the medium-assisted ensemble of EM modes). Moreover, the system consti-
tutes the part of the whole arrangement whose dynamics are of interest, while
the environment is formed by a large number of modes that additionally are
not affected by the system. This framework is also valid for other quantum
systems, in which typical environments can be, for example, phonons [151], or

ensembles of auxiliary quantum systems [152].

To describe the interaction between some system and its surroundings the
master equation formalism is used for both closed and open quantum systems.
The time evolution of a quantum system is given, according to the Schrédinger
equation, by

d (A
Sho) = - HOl() (2.70)

The solution to this equation can be expressed in terms of the unitary evolu-

tion operator U(t,tg), which transforms one state from time tg to time ¢, i.e.,

|(t)) = Ul(t,t0)|v(to)). Substituting this expression in Eq. (2.70), one obtains

%U(t,to) = —%ﬁ(t)U(t,to). (2.71)
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If the whole quantum system is closed, i.e., it is isolated from its environment,

the Hamiltonian is time-independent and the evolution operator is

i

Ul(t, to) = e #Ht=t0) (2.72)

When the system in consideration is in a mixed state, i.e., consists of a mixture
of several states |¢,(to)), sometimes it is convenient to express it in terms of

the density matrix p. This matrix is defined, for an initial time #¢, as
Plto) = D walthn(to)) (n(to)], (2.73)
n

where w,, are normalized positive weights. As each of the states |1, (tg)) evolves

following the Schrodinger equation, the density matrix evolves in time as
p(t) = U(t. t0)p(to) U (8. to). (2.74)
so by differentiating it one can get the Liouville-von Neumann equation

Bup(t) = — [H(1), p(t)] (2.75)

St =

If the time-dependence is transferred from the density matrix to the op-
erators that act in the system one moves from the Schrédinger picture to
the Heisenberg picture. This picture is the one used in the cumulant expan-
sion derivation of chapter 3. To do the transformation it is assumed that
the density matrix in both formulations coincides” at the initial time tg, i.e.,
p(to) = pr(to). Considering an operator A, both pictures are related by the
transformation AH(t) = Ut(t,t9) AU (t,to), so that the expectation value of

the operators are the same in both pictures,

(A(t)) = tr {Ap(t) } = tr { A (t)p(to) } (2.76)

"To distinguish both pictures, all the operators in the Heisenberg picture will have

the subscript “H”. This subscript will be dropped in next chapters.
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Therefore, the differential equation for the operators in the Heisenberg picture,

which is called Heisenberg equation of motion, can be derived

A 0Ag(t)
T

(2.77)

in which the last term only appears when the operator Ap has an explicit
dependence on time, and H r(t) is the Hamiltonian in the Heisenberg picture,

which is transformed in the same way as the operators.

The Schrodinger and the Heisenberg pictures are limiting cases of an in-
termediate one, the interaction picture. The Hamiltonian in this picture can be
written as ﬁ(t) = Ho+H; (t), assuming that the “bare” Hamiltonian Hy, which
is the sum of the “bare” subsystems, is time-independent and Hj(t) describes
the interaction between the system and the reservoir. The time-evolution oper-
ator is now Ur(t, t) = ¢ HoU—0)U (¢ t5), so that pr(t) = Ur(t, to)p(to) U} (¢, to).
Therefore, the Liouville-von Neumann equation can be written just in terms

of the interaction Hamiltonian

t (2.78)

As we are interested only in the description of the system’s dynamics, and
it is assumed that it does not affect the reservoir, a reduced state space may

be used. The expectation value of a system operator can be written as

(Ag) = trg{Aps}, (2.79)

where pg = trr{p} is the partial trace over the degrees of freedom of the
reservoir. Therefore, one only needs to know the density matrix of the system,

and an effective master equation can be derived.
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Markov approximation

To know the time evolution of the density matrix of the system the starting
point is the Liouville-von Neumann equation (2.78). Taking the integrated
solution and inserting it in the original equation (with tg = 0) gives

i 1!

i) = =5 10 a0 = 5 [ 10 () ol s, (250)
where the density matrix on the right-hand side of the equation depends on
all the previous times 0 < s < t. In order to remove this dependence, the
integrated expression of py(t) given in Eq. (2.78) can be used again, so that
in the previous equation the double commutator contains only p(¢) but a new
term with three interaction operators is added. However, this last term is
neglected when the interaction between the system and the environment is
weak. This is the first Born approximation, i.e., perturbation theory to lowest
order. Finally, in order to obtain the evolution of the system density matrix,
the reservoir degrees of freedom are traced out and we perform the second Born
approximation, which consists in assuming that initially (¢ = 0) the system
and the reservoir are not correlated and that the reservoir is not perturbed by
the system, i.e., pr(0) = ps(0) ® pgr, where pr = pr(0). Finally, by assuming
that the reservoir is a thermal state, i.e., pp = E_HR/kBT/TrR (e_HR/kBT>,
the first term in the right-hand of the previous equation can be dropped [153|

and

Bips(t) = e /O (Hy (), [Hi(s), ps(t) © prll s, (2.81)

Next, we assume that perturbations of the environment caused by the
system do not act back on it at later times, i.e., the environment essentially
has no “memory” about the dynamics that the system underwent at earlier
times, so that the interaction is Markovian. This approximation requires to

assume that the reservoir correlations disappear quickly enough so that the
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integral (2.81) is only determined by times s close to ¢ and the equation of the

system density is finally given by

ps(t) = —Trr /O T HI ), [Hilt = 8, ps(t) @ prll s, (2.82)

Lack of memory does not necessarily require or imply that the environment
fully equilibrates to its original state — for example, a photon emitted from
an atom in free space will never interact with the atom again even if it is not

absorbed or otherwise affected by another object after being emitted.

Finally, from Eq. (2.82), the Lindblad master equation can be derived (for
example, Refs. [86, 153] show this derivation). The general master equation of

a quantum system is therefore
7

atPS = 7 [Hu pS] + Z’YZLAZ [pS]’ (283>

where Ly, [p] = AipAl-L - %{AZT-Ai,p} are the Lindblad dissipators, v; are

dissipation rates and A; are quantum jump operators.



Chapter 3 ‘ Cumulant

Expansion Method

3.1 Theory

N describing arbitrary photonic structures, in which there

are many degrees of freedom, macroscopic QED is the start-

ing point. However, including all of these degrees in a
quantum-mechanical way, i.e., using wave functions or density matrices, is
an intractable problem. One practical limitation is the scaling of the size of
the matrices that represent the quantum system. For example, for a collection
of 2-level systems (that can represent photons and emitters, each of them with
a single excited state), the size of the Hilbert space scales as 2NV where N is

the number of particles.

To reduce the size of the system many techniques can be used. One of the
most common assumptions is to consider that the quantum emitter interacts
only with a single mode of the EM field, as mentioned in section 2.4. This
leads to the Rabi and the Jaynes-Cummings model for one emitter and to

the Dicke and Tavis-Cummings models for a collection of emitters, depending
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on the approximations performed [125, 149, 154-156|, all of which have been
successfully used and extended to describe a wide variety of experimental im-
plementations. Nevertheless, the simplification to a single or few quantized
light modes in the treatment of the electromagnetic field is not always a good
approximation, and for many experimental realizations the EM field modes

are not well-described by isolated lossy cavity modes.

In some cases, the quantum character of the electromagnetic field may be
neglected and it is possible to rely on Maxwell’s equations. In such mean-field
approaches, the classical EM field is then coupled to the dipole of the quantum
emitters and the coupled Maxwell-Schrodinger or Maxwell-Bloch equations are
solved [157, 158]. This approach, in principle, allows for the description of
arbitrary photonic structures but misses all effects due to the quantization of
the EM field, such as spontaneous emission. To allow the description of some
quantum effects, and therefore a more complete description, some extensions
to the mean-field approach can be made. Some of them are based on an
Ehrenfest+Relaxation approach [159] or cavity quantum electrodynamics with

multi-trajectory Ehrenfest dynamics [160].

Another method that allows to give a more complete description than the
mean-field approximations is the cumulant expansion method, in which the
correlations between the operators that describe the system can be represented
as products of the expectation values of operators with less and the same order.
Truncating this expansion, just the correlations up to some order are taken into
account, while all the correlations above it are neglected. This can be done
if the operators are statistically independent from one another. Moreover,
instead of working with quantum operators, the magnitudes to compute are
complex values, so in the end there is a closed set of numerical differential
equations that, although still computationally demanding, allows to take into

account many quantum effects with a large number of degrees of freedom in a
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systematic way.

The cumulant expansion method has been shown to work in open quantum
systems problems such as lasing [161, 162]. It also has been used to describe
differences between lasing and condensation in the Dicke model [163, 164] and

to describe polariton condensation in organic microstructures [165].

3.1.1 Hamiltonian

Within the framework of macroscopic QED, the Hamiltonian that de-
scribes the interaction between one emitter and a medium-assisted electro-
magnetic field is given, within the dipole approximation [166], by Eq. (2.30),

which for a single emitter can be written (assuming h = 1) as,

H= )" /dr3 /OO dw w £l (r, W) (r,w) + Hem — f1 - E(re),  (3.1)
A=e,m 0

where f)(r,w) and fi(r,w) are the bosonic annihilation and creation oper-
ators, Hepy is the bare-emitter Hamiltonian, g is its dipole operator, and
E(r.) is the electric field operator, which is given by a superposition of the
bosonic operators f)\(r,w) with weights determined by the classical Green’s
tensor G(re,r,w). Within this framework, the EM field is created locally at
every point in space and frequency. As realized by Buhmann et al. [166] and
later independently by other groups [167, 168| a unitary frequency-dependent
transformation can be used to transform the general operators f)(r,w), f;[(r, w)
to a set of new modes in which the emitter interacts only with a single bosonic
operator a(w), af(w) at each frequency (under the assumption that only a

single polarization direction interacts with the emitter dipole operator).

Furthermore, the quantum emitter is approximated as a two-level system

described by the Pauli matrices o* (i € {x,y, z}), with transition frequency we
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and transition dipole moment p. The Hamiltonian then becomes

CL)e z

= OowwaTwaw —0 OowwaTw a(w)) o* )
i [ @)+ Fo [ o o) (o) aw) o 62

where g(w) is the coupling between the emitter and the electromagnetic modes,

g(w) = %cﬂu ImG(re, re,w) - p =/ J(re,w), (3.3)

where r, is the position of the emitter and J(r.,w) is the spectral density at

its position.

For the numerical implementation, the frequency integrals are discretized
on a grid with regular spacing Aw. To do so, the definition of the commu-
tation relation for the discrete operators [an, a;[n] = Opm is imposed, so the

normalized relation between them and the continuum modes is

wn+Aw/2
ol = VAw dw aP) (). (3.4)
wn—Aw/2

This leads to the discrete Hamiltonian
w
Hy = ana,ﬁan + ?eO'Z + Z gn (CL,TI + an) a’, (3.5)
n n

where g, = \/J(r4, wn)Aw.

As introduced in section 2.1.2, the action of an incoming classical EM
field can be introduced by applying a displacement operator (2.31), so that

the final Hamiltonian is

w
H = ana}:an + 760'2 + Z In (ail + an> o — u&(t)o”. (3.6)
n n
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3.1.2 Heisenberg equations

The evolution of any expectation value (A) = (/| A]¢)') can be described

by the Heisenberg equation of motion (derived in section 2.5)
0(0) = i([H, A]). (3.7)

In general, the time derivative of products of N operators (A1 Ay ... Ay) in-

cludes the contribution of N + 1 operators (A1 Ay ... ANAn11), 1€
Or(A1A2A3 ... An) x (A1 A2A3.. . AN) + (A1 A2A3. . ANAN 1), (3.8)

due to the bilinear matter-field coupling in Eq. (3.6), so one obtains an infinite
set of equations that represent the dynamics of the system. For the previous

Hamiltonian, the set of equations that arise for the fundamental operators is

O{an) = —iwp(an) — ign{c®), (3.9a)
By (0®) = —iwe<ay) (3.9b)
Oy (oY) = —2 Z gnlalo?) — 2 Z gnlano®) +2uE(t)(0%),  (3.9¢)

—22% T o) —|—22gn (anc?) — 2uE(t){0Y). (3.9d)

Cumulant expansion

The cumulant expansion method allows to express the expectation value
of a set of operators as sums and products of expectation values of a smaller
number of operators and their correlations. The expansion of the average of

N operators can be obtained using the general formula [169, 170]:

(ArAxy= > (=D =DP ] <HA> L. AN)e, (3.10)

peP(I)\Z Bep \ieB
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Fig. 3.1.: Conceptual scheme of the cumulant expansion for three emit-

—0qg +@g +

C

ters, corresponding to Eq. (3.11b).

where P (Z) is the set of all partitions (which are all the combinations of
expectation values for N operators), |p| is the length of the partition, and B
runs over the block of each partition. To illustrate the general equation (3.10),

the explicit cumulant expansion for two and three operators are derived:

(ab) = (a)(b) + (ab)c, (3.11a)
(abe) = (a)(b)(c) + (a){bc)c + (b){ac)c + (c){ab)c + {abc)c =
= —2(a}(b)(c) + (a){be) + (b)(ac) + (c)(ab) + (abc)c.

(3.11b)

Each of the equations above express the expectation values of a set of oper-
ators in terms of the expectation values of a lower number of operators and
the correlations of the original set of operators. Figure 3.1 shows the idea be-
hind the cumulant expansion schematically. The full interaction between three
operators (left hand of the equation) can be described by the contribution of
the individual operators (first term in the right hand), the contribution by
the correlations between two operators (middle term) and the correlations be-
tween the three operators (right term). Moreover, by substituting Eq. (3.11a)
in Eq. (3.11b), one can express the expectation values using only mean values
of singular operators and correlations. The cumulant expansion itself does not
imply any approximation. However, this method is useful when some correla-
tions are neglected, so a set of differential equations (for example in Egs. (3.9))
can be solved. In particular, the cumulant expansion method allows to discard

correlations in a systematic way.
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Then, the order of approximation indicates the maximum order of cor-
relations taken into account. It is worth noting that the meaning of “order
of the approximation” depends on which set of operators is used to represent
the system. For example, in Eq. (3.6) 0%, 0¥, and o* are used as the “funda-
mental” operators, but it would be equally possible to use only ¢ and o¥ (or
+

more conventionally oF = 10% £ Lo¥) as 0* = ot0™ — 070t = 2010 — L.

Similarly, for the photonic modes, a, and aIL are used, but it would be equally
possible to add the number operator ny and thus obtain photonic populations
at lower orders. This particular convention here is chosen because of the direct
connection to Maxwell-Bloch and other mean-field approximations, where the

population of the two-level system is considered explicitly within the set of

equations, while only the coherent part of the EM fields is treated.

In addition to the different levels of approximation for the dynamics ob-
tained by truncating the systems at various orders, it should be noted that
the order of the expansion needed to describe the system also depends on the
expectation values of interest. For example, the second-order correlation func-
tion 9(2)(0) contains expectation values of products of four operators and is

exactly equal to unity within the mean-field approximation.

Taking all the previous comments into consideration, the first-order (or
mean-field) approximation is made when neglecting all the correlations be-
tween fundamental operators, i.e., assuming (ab) = (a)(b), and therefore
(ab)c =~ 0. When the correlations of two operators are taken into account,
the description of the dynamics is beyond the mean-field approximation (and

one has the second-order approximation). Now, a new set of equations must
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be added to the previous one

Ay (al o®) = iwy (al o) — welal oY) + ign, (3.12a)
O{aho) = iwn(alo?) + welafo®) — gnlo®) — 2B + 2u€(t)(al0”), (3.12b)
Oal 07y = iwn(alo®) + gn(o?) + 2BY) — 2u€ (t)(alo"), (3.12¢)
Olal am) = i (wn — wm) (@) am) + ign(amo®) — igm(alo®), (3.12d)
Alalal ) =i (wp +wm) lalal ) + ignlal o®) + igm(alo®), (3.12¢)
where BV = 52 g ( (ahat,ov) + <aLamazay>). Since (ano?) = (aho')*

and (ailall) = (aman)*, Egs. (3.12) are enough to describe all combinations of

two operators. The set of equations written in terms of the correlations is

O{ao”) e = iwn(aho) o — we(alo¥)c + ign (1 — (0")(0™)), (3.132)
d:la Uy>c = iwpla T0y>c +we<a);0x>c — gn ((c%) —i{c")(c?)) (3.13b)
— 207 + 2p€(t)(a}o)
al 0%V o = iwp(al o* n ((0¥) —i(o®){0”
O(ano”)c {ano®)c + gn ((0¥) — i(0%)(07)) (3.13¢)

+2C4 — 2u€(t)(a}o) e,

T

Lam)o + ign{amo®)o —igm(alo®)c,  (3.13d)

t
n
dlahal)c =i (wn +wm) {ahaly)c + ign(aho®)c + igm{aho®)c,  (3.13¢)

Co* =Y gn((ah)aho" ") + (am){aho??)c + (V) (ahal,)e
m (3.14)

+ (0¥ N aham)o + (alal,o%*) o + (a:[tamayﬂc).
The cumulant expansion thus provides a systematic way to approximate the
true solution of the system. However, while Eqgs. (3.12) describing the expec-
tation values are linear, the corresponding correlation expansion, Egs. (3.13)
corresponds to a nonlinear system depending on products of the state variables
(expectation values and correlations). These nonlinearities make the obtained

set of equations numerically more unstable.
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In Egs. (3.13) no approximations have been made yet. To obtain a closed
set of equations that may allow the description of the time evolution of the
system, some correlations have to be neglected again. The second-order cumu-
lant expansion approximation means to neglect the correlations of products of
three or more operators, ({(abc)c ~ 0), so that equations (3.9) and (3.13) form

a closed set that can be solved.

The same procedure as above can be followed to obtain the equations up
to, in principle, an arbitrary order. The main problem going to high orders is
the number of equations, that increase fast with the order. In the following,
results up to the third-order are obtained, which imply neglecting correlations

of four or more operators. The third-order equations needed are:

A (ah ama™) = i0p.m ) amo®) — welahama?) +ign{am) — igm(al), (3.15a)
Orlabamo?) = i6p m{alamo?) + welahamo®) — Dy

+ 2u (t){al ama?),
8t<a,tamaz> = iénm<aT amo®y + DY —2uE(t)(a amay) (3.15¢)

(3.15b)

Olalal o%) = iApmlalal o®) — welalal o¥) + ign(al ) +igm(al), (3.15d)
O (alal oY) = iAnm(alal oY) + welalal o® —Dfl:n

1 ) (al, ) (a ) (3.150)

pé (t){afal, o),

8t<a,tajna>:2Anm<a al o >+Dy —2u&(t)(al al o), (3.15f)
0 oleaJr i0nmi{al, a a;) + ignla Taam

1 1) = (alal,a) (apa;0”) (3.15)

+igm<aLalUx> — igl(ajlajnag’%
0, aLaInaT =1iN,m aJr aJr al) +i n ainaTax
t< l> l< l> g < l > (3.15}1)

+igm{afalo®) +igi(afal, o).

In the precious set of equations 6,y = Wn — Wmy, Dnm = Wn + Wi, Onml =
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Wn, + W, — Wi, Apl = Wn + Wiy, + wy and
)
DY = gu(alh) 0% + gmlalo®)

+ 2291 ((a,ﬁa;ag)gy,@ + <GLG£;[L)alUy’Z>) ' (3.16)
l

Many of these equations have been obtained using the QuantumAlgebra.jl
package [171], which does quantum operator algebra for symbolic calculation of
quantum operator dynamics. The numerical implementation of the equations
is performed within the Julia programming language [172]. The code runs on
graphical processing units (GPUs), which provides a significant speedup (& 20
for our available setup) over the CPU variant of the same code. For the time

propagation, the DifferentialEquations.jl package [173] is used.

3.2 Results

3.2.1 Free space

To illustrate this method, first the free space is considered. As shown in

section 2.4, the spectral density of an emitter in free space is

2
3 |ul
6m2epc3”

Jo(w) = hw (3.17)

Discretizing this spectral density with frequency spacing Aw is equivalent to
describing an emitter in the center of a spherical box of radius R = mc¢/Aw [10],
where c is the speed of light in vacuum. Therefore, the maximum time propa-
gation that can be obtained is Tiax =~ 2R/c = 27/Aw, which corresponds to
the time that it takes a photon that leaves the emitter to reach the surface of

the sphere and return to the emitter. If time propagation is performed over too
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Fig. 3.2.: Excited-state population of the emitter in time in free
space. Comparison between Wigner-Weisskopf approximation (black
line), mean-field (light blue line), and second-order approximation (or-

ange dash-dotted line).

long times, exceeding Thax, artificial reflections of the emitted photons from
the boundaries of the sphere are obtained and they interact with the emitter

again.

As a first example, the spontaneous emission from an initially excited
emitter is treated, i.e., the classical Wigner-Weisskopf problem (introduced in
section 2.3). As the lifetime of typical emitters (atoms, molecules, quantum
dots) is on the scale of nanoseconds, an accurate description would require
a very small frequency spacing and thus a very large box, and additionally,
propagation over very long times. To avoid this, the emitter dipole moment is
set to the unrealistically large value of = 2565 D, for which the spontaneous
emission lifetime at the emitter frequency of w, = 2.72 €V is given by 7 = 46 fs.
N = 400 photonic modes on a regular grid in frequency from 0 eV to 5.44 eV
are taken. For these parameters, spontaneous emission occurs within a time

shorter than 2R/c.
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The spontaneous emission dynamics of an initially excited single emitter
in free space are shown in Fig. 3.2, which shows the excited-state population
of the emitter as a function of time, calculated using three different numerical
methods: Perturbative Wigner-Weisskopf theory (WW), which simply predicts
exponential decay with rate v = 2wJ(w,), mean-field (MF), and second-order

cumulant expansion (2).

The mean-field approximation neglects all the expectation values of two or
more operators (so in this approximation (aLam> ~ <aIL>(am>). Since (an) =
(o%y = (6%) = 0 at t = 0 and no external electric field affects the system,
no dynamics are predicted and hence, it does not predict any spontaneous
emission, as is well-known. The spontaneous emission can be explained as
the interaction of the emitter with the vacuum fluctuations (azam), which
are neglected in this approximation and therefore going beyond the mean-
field is essential to describe it [174, 175]. On the other hand, the second-
order cumulant expansion (and all higher-order approaches, not shown) already

perfectly describes the free-space spontaneous decay of (oo ™) due to the

vacuum fHuctuations.

Next, an emitter initially in its ground state is considered, i.e., (cTo7)(t =
0) = 0. A classical electric field £(t), which can have an arbitrary shape,
pumps the system. For the free space example, the electric field considered
is a short Gaussian pulse in resonance with the emitter transition frequency,
E(t) = Ege(t=10)* /21" iy (wet). To describe a more realistic system, the dipole
moment of the emitter is set to u = 2.56 D, corresponding to a spontaneous
emission lifetime in free space of 7 =~ 46 ns. The pulse parameters are tg =
77.76 fs and T = 24.20 fs. Now the comparison of the different cumulant
expansion approaches is made with a semiclassical approximation in which

no quantized light modes are present at all, and the interaction between the
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Fig. 3.3.: Excited-state population of a single emitter in free space under
driving by a short Gaussian pulse. The peak electric field amplitude
increases from (a) to (c) and is shown in each subplot. Comparison
between semi-classical approximation (black line), mean-field (blue line)
and second-order approximation (dot-dashed orange line). All lines are

indistinguishable for this case.

two-level system and the EM field is described via the equations

o (C\_ [ 0 —weEw (0

2 - , (3.18)
ot \ ¢, —p-E(L) We C.

where Cy and C, are the ground-state and excited-state amplitudes, respec-
tively. Figure 3.3 shows the excited-state population of the emitter for different
amplitudes of the electric field. In particular, & = 0.051 V/A in panel (a),
£ = 0.257 V/A in panel (b) and & = 0.514 V/A in panel (c). For the weakest
driving considered, the system is already in the nonlinear regime. Still, the
electric field is weak enough so that no Rabi oscillations are seen in the emitter
dynamics (subplot (a)), i.e., the emitter population increase just one time. In
contrast, the two stronger fields lead to a strongly nonlinear response with
driven Rabi oscillations (subplots (b) and (c)), with the number of oscillations

increasing as the coupling becomes stronger.

In this case, the coupling to the free-space modes is so weak that they are

not expected to have any influence on the dynamics, and this is indeed observed
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in Fig. 3.3. Both approaches (mean-field and second-order cumulant expan-
sion) accurately describe the emitter dynamics and they agree perfectly with
the semiclassical approximation. Therefore, while the classical pulse interacts
with the emitter, correlations between the photonic modes and the emitter
can be neglected. After the end of the pulse, only the second-order approach
can describe the slow spontaneous decay of any left excitation of the emitter,
while the mean-field approach predicts a steady value for the population after
the classical pulse vanishes. However, this difference is not noticeable in the

timescales investigated here due to the long lifetime of the emitter (7 ~ 46 ns).

3.2.2 Cavity

The cavity considered is the one whose spectral density represents a single

lossy cavity mode. This is achieved using a Lorentzian frequency dependence,

S =& /2 (3.19)

T (w—we)® + (v/2)°

When describing the interaction of a single emitter with a single quantized

mode, the dynamics predicted using this spectral density are mathematically

equivalent to those of the Lindblad master equation
Orp = —i[HR, p] + vLalp] (3.20)
where Hp is the Rabi Hamiltonian

Hp = %az + wea'a + gla+al)o”, (3.21)

while L4[p] = apa’ — ${a'a, p} is the Lindblad operator that describes the
cavity losses. The effective coupling g = pE1,y, is determined by the amplitude
of the Lorentzian spectral density, the effective losses are given by its width ~,
and the frequency of the photonic mode is the resonance frequency w, of the

Lorentzian [155, 176].
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The emitter and cavity frequencies are both set to we = w. = 2.72 €V.
A bandwidth of v = 0.027 eV is chosen, so the quality factor is Q = w./y =
100, while the coupling g will take different values. The number of modes
considered is N = 400 and the frequencies are taken from wpyi, = 2.04 eV to
Wmax = 3.40 €V (grid spacing Aw = 3.4 meV) so the range is wide enough
and the number of modes large enough to represent the Lorentzian spectral

density.

Spontaneous decay

The emitter is initially in its excited state (oo~ )(t = 0) = 1 and evolves
freely in the cavity, without any external electric field. In figure 3.4 the evo-
lution of the emitter population is shown for different coupling strengths, so
that from top to bottom it increases. In particular, g = 0.008 eV in panels (a)
and (b), g = 0.024 eV in panels (c¢) and (d) and g = 0.086 €V in panels (e) and
(f). For the weakest coupling considered here, shown in Fig. 3.4(a), 3.4(b),
the system is already close to the strong-coupling regime (4g > ) [14]. When
the coupling strength is increased to g = 0.024 eV and g = 0.086 eV, the sys-
tem is squarely in the strong-coupling regime where vacuum Rabi oscillations
are expected, as shown in Figs. 3.4(c), 3.4(d) for the former coupling and in

Figs. 3.4(e), 3.4(f) for the latter.

In contrast to the free-space case, even for the weakest coupling the
second-order approximation, shown in Fig. 3.4(a), now starts to show some
differences with respect to the exact solution obtained with the Rabi model,
with the population even reaching nonphysical values, (c7o™) < 0. As the
coupling increases, the non physical values introduced by the second-order ap-
proximation become more evident, as shown in panels (c) and (e) of figure 3.4.

However, the frequency of the Rabi oscillation is well described.
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Fig. 3.4.: Excited-state population for an initially excited emitter in a
cavity for different couplings. (a), (¢) and (e): Comparison between the
exact Rabi model solution (black line), 2nd order (orange dashed-dotted
line) and 2+1la (dashed green line) approximation. (b), (d) and (f):
Comparison between the Rabi solution (black line), 2-+1a approximation
(dashed green line), 2+1b approximation (dashed-dotted pink line), and
3rd order (dotted red line).

This implies that some third-order terms are required to obtain the cor-
rect dynamics, but it is not clear a priori which additional terms have to be
included. Then, different extensions of the second-order expansion can be com-
pared by successively adding higher-order terms. In the first one, the second-
order set of equations (3.9) and (3.13) is used, but in Eq. (3.13b), the term
(a};am(fz}(j and its dynamics are not neglected. In the following, this exten-
sion will be referred to as “2-+1a”. The importance of including this particular
third-order term has been previously pointed out in the literature [177]: it is

the third-order correction with the largest value. Taking into account that, to



67 CHAPTER 3. CUMULANT EXPANSION METHOD

a good approximation, the state during the dynamics is described by a single
excitation, |¢) ~ (o™ + ) Bnal,)|0), the relevance of this term can be seen
by inspecting the cumulant expansion of the third-order expectation values.

For (a;rlamaz>, the expansion is
(ahamo®) = (ah)(am){(o®) + (af) (amo®) o+

(3.22)
(am){abo®)o + (0%)(aham)c + (ahamo™)c.

The first three terms are negligible since {(a,) ~ 0, but the product (c*) <aLam>C

is non-negligible since both the emitter and photonic mode populations are

non-zero. At the same time, it does not approximate the value of <ailamaz>
well, so the correlation (a;rlamaz>g is necessarily non-zero. In contrast, the
expansion of (a,];amay) gives

(ahamo?) = (ah)(am)(0¥) + (af){amo?) o+ (3.3)

(am)(aho¥)c + (0¥){aham)c + (ahamo)c.
Here, all the product terms contain at least one negligible value as (%) ~ 0,

t

while (aya.,0?) is also zero for the single-excitation state given above. This

T

implies that the correlation (aya,0¥)¢c is in turn also negligible.

T

In the equation of motion of the new term (apan,o*), fourth-order ex-
pectation values appear, as shown in Eq. (3.15¢). Performing the cumulant
expansion on them and neglecting the fourth-order correlation, it is easy to see
that only third-order correlations that are neglected in the other equations ap-
pear, and by consistency, these terms are approximated up to the second-order

as well, leading to

O(a}amo?)c = G — ign ((0%){amo®) ¢ + (07} (amo®)c)

(3.24)
+ igm ((035)(&;0’2)0 + (0Z><a};az>o) + i (wp — W) <a;[ﬂm0’z>c,
where
Glam = gn(amo)c + gmlaho?)c +2  a (<a§a2>c<amay>c
: (3.25)

Hafam)claho")c + (dhar)clana’)o + (@an)clalo)c)
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The expansion for one of the fourth-order expectation value is

(adamaio?) = (ahamao?)c + (al) (am) (@) (0¥) +

(ab)(am)(@o?) e + (aham)c (@) (o) + (aham)clmo?) e + (ah) (amao?) o+

(ab) (@) (ama?) o + (ahar)clam) (0¥) + (ahar)olamo?) e + (am) (aharo?) c+

(ab) (oY ama)c + (o) clam) (@) + (alo?)clamar) o + (a){ahamo?)c,
(3.26)

and the terms (aLamalay)c, (amayo¥)c, (aLala?ﬁc and <ailamay>c are ne-

glected. The correlations inside the last bracket in Eq. (3.24) make this term
non-negligible, although the expectation values in Eq. (3.15¢) are analytically

Zero.

Going back to the spontaneous decay of a two level system in a cavity,
the 2+1a approximation changes the description of the dynamics. This can be
seen in subplots (a), (c¢) and (e) of figure 3.4. When introducing this extension,
the population never reaches negative values. However, it still does not agree
with the exact solution provided by the Rabi model and is now overestimated.
Moreover, when the coupling increases and Rabi oscillations are formed, it is

not reproduced well.

Inspection of the equation of motion for (a;rlamaz ), Eq. (3.15¢), shows that
this contains fourth-order terms that involve two photonic creation or annihi-
lation operators. For the current dynamics, where to a good approximation
only one excitation is present in the system, these fourth-order expectation
values are thus approximately zero. Within the 2+1a approximation, they are
however represented by products of non-negligible second-order correlations
that have non-zero values, as can be also seen in Eq. (3.24). Furthermore, the
correlations that appear in the equation of motion of (ailamaz)c interact via

the coupling, so if the coupling increases, the modifications produced by the

spurious correlations are also more noticeable.
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It is then possible to improve the approximation by not performing a
cumulant expansion on the fourth-order terms in Eq. (3.15¢), but by neglecting
them directly, i.e., Eq. (3.15¢) is again the only one added but instead of
doing the cumulant expansion of the higher-order terms that appear in this
equation, the condition (aila;amay) = <a2alamay> = 0 is imposed directly.
This approximation is referred as “2-+1b”. When using it, as shown in panels
(b), (d) and (f) of Fig. 3.4, the emission dynamics are now correctly obtained

even when the coupling is increased, since the system remains in the single-

excitation subspace even in strong coupling.

Finally, the full third-order expansion is shown. Now, the cumulant ex-
pansion is performed on all expectation values and fourth-order correlations are
neglected. The third-order approximation, which is also shown in Fig. 3.4(b),
3.4(d) and 3.4(f), provides identical results as the 2+1a approach, proving
that, indeed, all third-order correlations apart from <aLamaz>c can be ne-
glected. However, for good agreement with the exact results, the same correc-

tion as in the 2+41b approach would have to be performed, or alternatively the

full expansion would have to be done up to at least the fourth order.

Both approximations 2+1a and 2+41b are only slightly more costly nu-
merically than the second-order expansion, since the added term (a;rlamaﬂc
only contains two continuum indices n and m. In contrast, the full third-order
expansion contains terms of the form (ana;,a;)c with three continuum mode
indices (represented by N x N x N arrays), and is thus significantly more

expensive to implement.

Classical electric field

In this section, the same physical system and the same approximations are

examined, but now not for the case of spontaneous emission and vacuum Rabi
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oscillations, but for the emitter initially in its ground state, (c7c~)(t = 0) = 0,
and driven by an incoming classical electric field. Two different pulses are also

considered.

E(t) = { Eoe™ (1012 sinet)

o (3.27)
Eo sin(wet ) (0(tg — t)e~ 1) /217 L g(t — t4))

The former expression of the electric field corresponds to the same short Gaus-
sian pulse considered in free space (assumed to be the pulse reaching the emit-
ter after enhancement and distortion by propagating through the cavity struc-
ture, as discussed in section 2.1.2). The latter corresponds to an electric field
that smoothly turns on and then remains at a stationary intensity indefinitely
(0(t) is the Heaviside theta function), allowing to study if and how a steady
state is reached in the time propagation. In both cases, the pump laser fre-

quency is in resonance with the emitter and cavity resonances.

The dynamics, and in particular the emitter excited-state population,
produced by both lasers at different order of approximation is shown for the
weakest coupling (¢ = 0.008 eV) in figure 3.5 for the Gaussian pulse and in
figure 3.6 for the steady-state pulse. Again, all approximations are compared
with the exact Rabi model solution. The amplitudes of the electric field inter-
acting with the emitter are the same as in free space, given by u&y = 0.026 eV
(subplots (a) and (b), upper panel), u& = 0.132 eV (subplots (c¢) and (d),
center panel), and u& = 0.263 eV (subplots (e) and (f), lower panel).

In contrast to the free-space case, the quantum effects due to fluctuations,
such as spontaneous emission, are not negligible here, and the mean-field ap-
proximation, shown in subplots (a), (c¢) and (e), fails to capture the dynamics
as it can only represent the coherent contribution to the light-matter interac-
tion [175]. In the short-pulse case, Fig. 3.5, this is mostly seen in the dynamics
after the pulse, but is also reflected in Rabi oscillations during the pulses with

bigger amplitudes than the ones predicted by the exact solution. Still, the
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Fig. 3.5.: Excited-state population for an emitter initially in the ground
state within a cavity with g = 0.008 eV, driven by a short classical elec-
tric field pulse (see text for details), for three different peak amplitudes as

indicated in the subplots. Comparison between the Rabi solution (black

line), 2+1a approximation (green dashed line), (a), (c¢), (e): mean-field
(blue line), 2" order (orange dash-dotted line) (b), (d), (f): 2+1b ap-
proach (dashed-dotted pink line), and 3' order (dotted red line).

mean-field approximation does give a qualitatively correct prediction of the

behavior of the emitter. In the case of the long pulse, Fig 3.6, the initial

driven oscillations are well-described but, as there is no coupling between the
fluctuations and the emitter, the population keeps oscillating indefinitely with-
out achieving any steady state. When the decay rate of the emitter is known,
the mean-field description can be used and incoherent contributions to the
emitter dynamics can be incorporated ad hoc using phenomenological decay

constants [178]. However, obtaining these constants is not always easy and is



CHAPTER 3. CUMULANT EXPANSION METHOD 72

only straightforward in the weak-coupling regime where the light and matter
degrees of freedom are not mixed. In those cases, the validity and simplicity
of the mean-field approximation make it a common tool in describing a wide

range of systems pumped by lasers [155, 179].

The second-order approximation, shown in subplots (a), (¢) and (e), is suf-
ficient to describe qualitatively the dynamics for the weakest coupling. When
moreover the amplitude of the electric field is not to high (£ = 0.051 V/A) and
the pulse is short (Fig. 3.5(a)), the dynamics predicted by this approximation
are much more similar to the Rabi solution, as incoherent contributions are
taken into account via the second-order terms. For a long pulse (Fig. 3.6(a)),
the oscillations are not accurately described, neither in shape nor in ampli-
tude, but it also does give a qualitative prediction of the oscillations and the
steady state. If the driving electric field is more intense, shown in subplots (c),
(d), (e) and (f), the second-order approximation (subplots (c) and (e)) gives a
correct description of the shape of the Rabi oscillations, but their amplitude

is underestimated.

The extensions 2-+1a and 2+1b to the second-order change the dynamics
slightly just for the weakest electric field, while when the amplitude of the field
increases, the correlations introduced by both extensions are negligible. For
the weakest amplitude, the 2+1a correction maintains the qualitative descrip-
tion, but the extra correlations included lead to a decrease of the oscillation
amplitude. The 2+1b correction, in which the fourth-order expectation values
are enforced to be zero (subplot (b)), i.e, the system is enforced to have only
one excitation, hardly changes the prediction of the emitter dynamics. When
the driving is stronger (£ = 0.257 V/A and & = 0.514 V/A) the contribution
of the classical driving with respect the coupling is more important. Then ap-
proximations 2+1a and 2-+1b, shown in subplots (d) and (f), do not show any

difference with respect to the “bare” second-order. Thus, due to the interaction
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Fig. 3.6.: Like 3.5, but for a semi-infinite driving pulse with constant

amplitude after a smooth turn-on (see text for details).

of a strong laser pulse, the order of correlation needed to give a qualitative de-
scription of the dynamics decrease and correlations that change the description
of the dynamics completely in the case of spontaneous emission do not matter

much in the more classical case of driving by a strong laser pulse.

Finally, the third-order approximation is shown in subplots (b), (d) and
(f). Adding all the third-order correlations sufficiently modifies the dynamics
to achieve an accurate prediction in good agreement with the Rabi model.
Therefore, from the results in figures 3.5 and 3.6, it can be concluded that
when the light-matter coupling is not too strong, the second-order correlations
are the most important and in general this order of approximation is enough
to describe the main characteristics of the solution. If a more quantitative

description is required, the third-order approximation achieves almost perfect
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Fig. 3.7.: Like 3.5, but for emitter-cavity coupling of g = 0.024 eV.

agreement with the exact dynamics.

An effect similar to the one observed in the previous figures when the
amplitude of the classical field increases is observed when the coupling with
the cavity modes becomes stronger. The results obtained when the light-
matter coupling strength is g = 0.024 eV are shown in Fig. 3.7 for the Gaus-
sian pulse and in Fig. 3.8 for the semi-infinite pulse, with the same driving
pulses as in the previous case. When the amplitude of the electric field is
& = 0.051 V/A (subplots (a) and (b)), its magnitude is comparable to the
coupling strength. The mean-field approximation, shown in subplot (a), then
overestimates the population oscillations for both classical fields. This contin-
ues for more intense driving fields (subplots (c) and (e)). As mentioned above,
while the mean-field approximation cannot reproduce spontaneous decay by

itself, adding phenomenological decay constants to the mean-field equations
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Fig. 3.8.: Like 3.7, but for a semi-infinite driving pulse with constant

amplitude after a smooth turn-on.

can be used to achieve reasonable descriptions of the strong-coupling regime
for intense classical fields [180]. However, doing so means that the photons
emitted due to field fluctuations are not represented, so that, e.g., the spon-
taneous emission from polaritonic states [181] could not be monitored in the

emitted field.

Compared to the mean-field approach, the second-order approximation
better predicts both the short-time dynamics as well as the steady-state limit
for the semi-infinite pulse, but slightly overestimates the population at in-
termediate times, and the steady state in this approximation is achieved at
latter times than in the dissipative Rabi model. This overall picture applies
for all driving strengths studied. The corrections 2+1a and 2+1b somewhat

improve upon the bare second-order calculation, with 2+1a working slightly
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better for the semi-infinite pulses, Fig. 3.8, and 2+41b working slightly better
under short-pulse driving, Fig. 3.7.

Finally, as could be expected, the third-order approximation improves the
results for both the short and semi-infinite pulses. In particular, it perfectly
reproduces the exact results at short times and, for intermediate and strong
driving fields, during the first few Rabi oscillations. Although the description
of the dynamics is not accurate after these oscillations, it also converges to
the correct steady-state limit under the semi-infinite driving faster than the
lower-order expansions. However, even the third-order expansion does not fully
reproduce the dynamics at intermediate times, where decoherence starts to set
in and induces corrections to the coherent dynamics, which are reflected in
higher-order light-matter correlations at intermediate times. At longer times,
where the system becomes mostly incoherent, the light-matter correlations are
again well-described by lower-order expansions, and the steady state is thus

well-represented within both second-order and third-order approximations.

To push the approximations more to their limit, the emitter-cavity cou-
pling is increased to g = 0.086 eV. Again, the emitter population dynam-
ics under short-pulse driving are shown in Fig. 3.9, while for a semi-infinite
pulse in Fig. 3.10. The amplitudes of the classical electric fields and their
parameters are the same as in the previous figures. For these parameters,
the coupling is approaching the ultrastrong-coupling regime [147], as the Rabi
splitting Q2p ~ 2g = 0.172 eV becomes non-negligible compared to the emitter
frequency w, = 2.72 eV. As was discussed in section 2.4, now the counter-
rotating terms in the light-matter interaction become important and even the
ground state becomes dressed. Therefore, the system is coupled and its ground
state does not correspond to the uncoupled ground state, i.e., both the emitter
and the cavity modes in their ground states. However, this is the initial state

chosen in this situation, which leads to fast “quenching” or “ringdown” oscil-
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Fig. 3.9.: Like 3.5, but for emitter-cavity coupling of g = 0.086 eV.

lations at short times when starting the dynamics. These are seen for weak
driving fields in subplots (a) and (b) of figures 3.9 and 3.10. Additionally, the
very strong coupling implies that the polaritonic states of the coupled cavity-
emitter system at wy ~ w.+ g are now quite strongly detuned from the driving
pulse, which is tuned to resonance with the bare-emitter (and cavity) resonance
frequency. The excitation amplitudes and driven Rabi oscillation frequencies
in this case are therefore significantly smaller than for the previously treated

systems with smaller light-matter coupling strengths.

Here again, the validity of the various approximations is investigated. The
mean-field approximation cannot represent the ultrastrong-coupling induced
changes, which only show up in correlations but do not lead to coherent fields.
Therefore, neither the ground state nor the steady state of the system can be

described correctly. This is especially noticeable under weak driving, as shown
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Fig. 3.10.: Like 3.9, but for a semi-infinite driving pulse with constant

amplitude after a smooth turn-on.

in subplots (a) and (b), where the shape of the driven oscillations is predicted
reasonably well, but the final populations are underestimated for both types
of driving. When the driving field amplitude is increased (subplots (c) and (d)
in figures 3.9 and 3.10), the correction to the population due to the counter-
rotating terms becomes less noticeable since the laser-induced populations are
larger and for the most intense driving fields (subplots e and f in figures 3.9

and Fig. 3.10) the mean-field approximation breaks down .

The higher-order expansions improve on the prediction of the mean-fields
just for the weakest driving. The 2+41a, 2+1b and third-order approximations
all perform almost identically and neither of them manages to fully reproduce
the dynamics. For higher driving fields, the predictions of the cumulant expan-

sion methods start to diverge more and more from the exact results obtained
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within the dissipative Rabi model.

This failure is most likely due to the fact that the low-order correlation
expansions now have to reproduce both the ultrastrong-coupling induced cor-
relations as well as the driving-pulse induced correlations, so that overall,
higher-order correlations become more important than in cases with weaker
emitter-cavity coupling. Still, under weak driving, all approximations manage

to represent the overall dynamics reasonably well up to a global shift.

For strong drivings, the combination of them with the (ultra)strong light-
matter coupling induces large correlations between light and matter that fail
to be described within low-order cumulant expansions. In particular, in the
case of the semi-infinite pulse, the results obtained within the cumulant ex-
pansion fail to reproduce the steady-state results even qualitatively and lead
to significant shifts. It should be noted that these effects are expected to be

less relevant when many emitters are included in the cavity [182].

Finally, for the most intense driving, none of the approximations repro-
duces the Rabi model even qualitatively for the short pulse, with the 2+41b
and third-order results again reaching unphysical values of the emitter popu-
lation, (¢To~) < 0. For the case of the semi-infinite pulse, Fig. 3.10, a similar
picture presents itself. For these strong driving pulses, none of the approxima-
tions captures the emitter dynamics well. In particular, the simulations using
the 24-1a and third-order approximations break down even more dramatically
shortly after the start of the pulse, with the emitter population diverging to-
wards infinity. These results are therefore not shown here. These divergences,
as far as can be determined in this study, are not due to numerical issues that
could be solved by using better integration algorithms, but correspond to the
actual behavior of the system description at the chosen level, and thus indicate

a complete breakdown of the approximations.
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3.3 Conclusions

In this chapter the cumulant expansion method has been explored to
calculate the Heisenberg equations of motion for one emitter coupled to an
arbitrary number of EM modes with an arbitrary spectral density, as obtained
through the formalism of macroscopic QED in nanophotonic and plasmonic
systems. In order to benchmark the method, its results have been compared
to two well-known cases where quasi-exact solutions are available: An emit-
ter in free-space, where perturbative approaches to light-matter coupling are
valid, and a Lorentzian spectral density that can be mapped analytically to a
Lindblad master equation describing the dissipative Rabi model, i.e., coupling
of the emitter to a single cavity mode with losses. In the case of the cavity, the
change in behavior as the coupling strength is increased from the weak up to
the ultrastrong coupling regime has also been studied. Both the spontaneous
emission dynamics where the emitter is initially excited and the behavior when
a classical pulse pumps the system have been calculated and compared to exact

solutions with the predictions at different orders of approximation.

For the initially excited emitter, going beyond the mean-field approxima-
tion is essential to describe spontaneous emission. However, while in free space
the second-order approximation is enough to describe the emitter decay, in the
cavity the fact that the photon can be reabsorbed after emission leads to cor-
rections that are only well-described at higher orders of approximation. There
is a single third-order term that encloses the main contribution at that order,
(aILamoz>c, but the expansion of this term (via de 2+1a approach), although
is a systematic correction of the second-order that does not imply specific as-
sumptions, introduces non-neglgbible correlations that affect to de description

of the dynamic. Then, it is necessary to explicitly disregard a fourth-order
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expectation value, instead of performing the cumulant expansion on it (thus
using the approximation we call 24+-1b). Then, for this situation, assuming
that the correlation expansion is a better approximation is not correct, as ne-
glecting expectation values allows a better description of the dynamics without

including to high order correlations.

As expected, the mean-field approximation is able to describe the emit-
ter dynamics when a classical field pumps the system if coherent interactions
are predominant. In free space the description is accurate, although the slow
(nanosecond-scale) spontaneous emission and associated decay after the pulse
again cannot be represented. The second-order approximation again can re-

produce this decay.

In the strong coupling regime, i.e., when the emitter is coupled to a cavity
mode with coupling strengths similar to or larger than the cavity losses, the
second-order approximation fails to describe the dynamics in several cases. The
combined action of the coherent driving laser pulse and the strong light-matter
coupling with the cavity mode lead to an increase of light-matter correlations at
intermediate times which is proportional to both the driving field strength and
the light-matter coupling strength. In order to describe these correlations well,
the order of the expansion has to be increased, with the third-order expansion
being sufficient to describe most investigated cases. At later times, either after
the pulse in short-pulse driving or when a steady state is approached under
continuous driving, the required order of the approximation needed to describe
the system well again decreases. However, for large enough emitter-cavity cou-
pling strengths and driving intensities, the cumulant expansions at the orders
used here fail to describe the dynamics and become unstable. In general, the
order of approximation or even the validity of the cumulant expansion method
to describe the emitter dynamics depends strongly on the physical system and

the initial conditions and driving. This shortcoming in the cumulant expan-
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sion method can be addressed by increasing the number of emitters so that if
it is large enough, the second-order in the cumulant expansion converges much

earlier [165].



Chapter 4 | Chaln mapping

models

4.1 Motivation

N the previous chapter, the dynamics of a QE were described

without including any terms to explicitly account for the losses.

Some quantum behaviors, like spontaneous emission, can be

described by considering a huge number of modes. However, even when the
coupling strength is weak enough so that a low order expansion can describe its
dynamics accurately, this description can only be done up to some maximum
time (given by the number of modes), at which the emitter photons interact
again with the emitter. Therefore, the system was considered, in practice,
isolated. However, any quantum system is coupled to its external environment
with a large (essentially infinite) number of degrees of freedom, leading to the
notion of open quantum systems (as presented in section 2.5). Then, this
chapter is devoted to the development of an approach so that the light-matter
interactions between a QE and its surroundings can be done even for long

times.
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When perturbations of the environment caused by the system do not act
back on it at later times, the Markovian limit is reached, and the dynamics of
the system can be approximately described using a Lindblad master equation
(discussed in section 2.5). While the Markovian approximation is extremely
useful in many situations, there are many cases in which it does not apply and
thus require a more general treatment. Then, there is some memory time-scale
for which the energy from the system to the environment feeds back into the

system, and the interaction is non-Markovian.

4.2 Reaction coordinate mapping

Within this chapter, it is assumed that the environment is well-approximated
as a collection of harmonic oscillators and that all relevant environment modes
are of the same nature and thus interact with the system through the same
system operator Ag. The Hamiltonian that describes a system S interacting
with a harmonic environment, schematically depicted in figure 4.1(a), can then

be written as (with i = 1)

2
Wg (P
Hy=Hg + E 5 (a—% +0412<95%) + Ag E CkOE T, (4.1)
k k

where Hg is the bare system Hamiltonian, Ag is the system part of the system-
bath interaction operator, and zj = ﬁi (aL + ak) and pg = WTS (aL — ak>
are (generalized) position and momentum operators for the kth harmonic oscil-
lator with frequency wy, with an arbitrary scaling factor ay, that preserves the
commutation relation [z, p;] = idx;. The scaled variables agxy and py/ay are
unitless, such that the units of x;, and p; are determined by «y. For example,

the choice ay, = /mwy, gives the normal position and momentum operators for

a massive particle with mass m. The real constants c; characterize the cou-
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Fig. 4.1.: (a) Quantum system coupled to a discrete set of environment
modes. (b) Quantum system coupled to a reaction mode (a collective
environment mode), with this mode coupled to a residual bath of modes.
(c) Chain mapping for the environment modes after n steps, with a
residual bath of N — n modes at the end of the chain.

pling between the bath modes and the system, with units of frequency if Ag is
chosen unitless. The general form given in Eq. (4.1) can represent any physi-
cal system that can be (approximately) described by a collection of harmonic

oscillators.

As has been discussed previously, the information about the interaction
between a system and its surrounding environment is fully encoded in the
spectral density Jo(w) = >, ¢30(w — wg). In many cases of practical impor-
tance, the bath modes are either continuous in frequency or their density is
high enough that Jp(w) can be treated as a continuous function (for example,
the spectral density that describes the interaction between a two-level emitter
and the electromagnetic modes of an arbitrary environment described through
macroscopic electromagnetism, and is given by Eq. (2.55)). A structured spec-

tral density therefore indicates that the bath has “memory”, i.e., its influence on
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the system depends on interactions at earlier times, while featureless spectral

densities indicate memoryless (Markovian) environments.

Over the last decades, many methods to describe non-Markovian dynam-
ics in arbitrary environments have been developed, among them the hierarchi-
cal equations of motion (HEOM) [183-186], stochastic methods [187-189] and
time-adaptive density matrix renormalization group treatments [190-192|. In
general, these descriptions are computationally costly, especially if the dynam-

ics at long times are of interest.

In this context, a general conceptual approach is to transform structured
baths in such a way that they either become amenable to approximate treat-
ments or take a form for which specific numerical treatments become more
efficient due to the transformed structure of the problem. In particular, such
approaches are often based on taking the terms that contain the “memory”
and transforming them so that the final description is more amenable, while
this approximate system is also coupled to a residual bath that has little or no
memory. The idea to achieve this is to enlarge the system by including one (or
several) “reaction modes” of the environment that contain the memory. Among
these approaches are the pseudomode method [193-196], effective Lindblad

master equation procedure [197] and reaction coordinate mappings [198-201].

In the reaction coordinate mapping, an orthogonal transformation is ap-
plied to the bath modes such that the interaction between the system and the
full environment is captured by a single mode, which itself interacts with the
residual bath, as is shown in figure 4.1(b). Applying this approach iteratively
leads to a chain-like description of the environment, as shown in figure 4.1(c),
in which each mode is only coupled with its nearest neighbors [191, 202-204].
In particular, this representation allows a numerically efficient treatment based
on tensor networks /matrix product states [90, 205]. Still, this technique is lim-

ited by the scaling of the computational effort with the size of the system, as
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the size of the chain limits the maximum time at which the dynamics can
be calculated, and correlations in the system grow over time, leading to an
overall unfavorable scaling with propagation time. In some cases, this can be
mitigated by using the transfer tensor method, which makes the scaling linear

with propagation time [93, 206].

In this section, an overview of the reaction coordinate mapping is pre-
sented for a reservoir or bath of harmonic oscillators interacting with a general
quantum system, with Hamiltonian given by Eq. (4.1). The following deriva-
tion starts with the assumption that the spectral density is nonzero in the
interval [wy,wg|. The upper limit wg is assumed to be finite, either because of
physical constraints or because of the introduction of an artificial cutoff (with
higher frequencies assumed to only contribute a renormalization of the system
frequencies). The lower limit wy, is equal to zero in many cases of practical
interest. In particular, it can be assumed that the bath is at zero temperature

without loss of generality!.

An orthogonal coordinate transformation that replaces the interaction
term in Eq. (4.1) with a term involving a single coordinate can be performed,
so that X = OF and P = Op, where O is an orthogonal matrix, OOT =
OTO = 1. Then, the first basis vector, i.e., the reaction coordinate, is chosen

so that it contains the full coupling between the system and the bath,
_ CLOETE
Xy = zk: D - zk: O1 Tk, (4.2)

where D; is a normalization constant that ensures Zk O%k =1, ie., D% =

Zk cza%. The transformed coordinate X7 is unique, apart from the election

LA special case is given by baths at finite temperatures, which can be replaced by
an effective bath at zero temperature with an extended frequency range starting

at wr, = —wp [112].
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of a,. The Hamiltonian after the transformation is thus

w P, P;
Hi = Hg + D1As X + Z EkOikojk (a—zj + Oé%XiX]‘) . (4.3)
k

kyi,j
Since this transformation is orthogonal, the orthogonality of the new coordi-
nates X; and P; is ensured, i.e., [X;, Pj] = id;;. From now on, two particular
elections of oy, will be considered. These two elections correspond to the so-
called “particle” and “phonon” mappings, which in the literature have been
derived based on a parameterized Bogoliubov transformation [204], and are

natural consequences of performing the mapping with differently scaled pa-

rameters (i.e., different choices of oy, in Eq. (4.1)).

4.2.1 Phonon mapping

The first election consists of ap = aj = /wg, which corresponds to the
phonon mapping. This picking of aj corresponds to mass-scaled coordinates
in which the kinetic term has the same form for all oscillators. Then, the

transformed Hamiltonian is
. . - 1 - o
Hi = Hg+ D1Ag X1 + 3 <Z P+ Z C’inin> . (4.4)
i ij

In this scaling, the momentum operators are diagonal, but the potential energy
includes linear couplings between the oscillator coordinates, given by C’ij =
Zk w%OikOjk, while the diagonal elements Cyi determine the frequencies of
the transformed bath modes. In particular, the reaction coordinate frequency

follows from the definition of X7 as

2,3
~ ~ ~ CL.w
O =Cn=> 2/ D7 = 2k Bk 45
1 11 ; Chwi/ D1 S (4.5)

Apart from Oqp, the transformation is not specified. This allows signifi-

cant liberty to choose the form of the coupling matrix C’U One possibility is
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to choose the coupling matrix for 7,7 > 1 to be diagonal. The Hamiltonian

then is

. . 3 . -1 P
7—[1:HS+D1A5X1—|—X1§:CZZ‘X¢—|—§Z(PZ-Q—{—QZ' E), (46)
=2 7

where ; = C’u and JZ = C’li. In this Hamiltonian, both the system and all
the environmental modes are coupled to X;. The schematic picture of this
representation corresponds to figure 4.1(b). Moreover, the coupling between
the coordinate X; and the rest of the modes defines a new spectral density

J1(w), which can be related to the original spectral density Jo(w).

Another possible election for the Hamiltonian is to be tridiagonal (and
explicitly constructed as such by using, e.g., the Lanczos algorithm), which
directly describes the bath as a chain of harmonic oscillators coupled through
nearest-neighbor interactions [204]. For sufficiently well-behaved (in particular,
gapless) spectral densities, at each step in the chain, the spectral density of
the “residual” bath, i.e., the rest of the chain, can be obtained analytically
from that of the previous bath [199, 200, 204, 207]. As the reaction coordinate
mapping is independent of the system, the relation between one “residual”
spectral density and the “previous” one can be found by swapping the system
to a classical coordinate s and finding the equation of motion of this coordinate.
Making the Fourier transform of the equation of motion, one can relate both
spectral densities to the same operator so that, at the end, the relation between

them is given by

- D2 Jp(w)
T ) = 2z, @
Wi (w)]
where W, (w) is
- .
W (w) = lim / %dy. (4.8)
e=0% Jo  v2 — (w+ ie)

For sufficiently long chains (n — o0), the spectral density in this mapping
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converges to

w2 — w2) (w2 — w2
T V2 =) (4 ) o)

™

which is independent of any properties of the original spectral density apart
from its frequency support. In this limit, the mode frequency and coupling

also tend to limit values

2 | 2 2 9
G2 _ WRTWL P - YrRTWL

4.2.2 Particle mapping

If the reaction coordinate mapping is instead done using aj = 1, which
corresponds to “natural” coordinates in which z; and p; are unitless and appear
symmetrically in the Hamiltonian, the Hamiltonian after the transformation
is

1
Hq :HS+D1ASX1+§ZCU (Pipj—i-Xin), (4.11)
0,J
with C; = Zk w0 Oj. This is the so-called “particle” mapping. The
diagonal elements after this transformation again determine the new mode
frequencies, €2; = CY;, with the reaction coordinate frequency in this mapping
given by
2
ciw
0 = M (4.12)
PN
k“k
Rewriting Eq. (4.11) in terms of ladder operators A, = - (X} + iP;), and

V2
choosing Cj; to be diagonal for 4, j > 1 leads to

He = Hs + MAs(A+ A+ 2uaf4+ 3, <AiA§ + A}Al) . (4.13)
i i=2
where d; = Ci;, M1 = %Dl and a constant contribution ZZ %Qz has been

dropped. In the same way as before, the interaction between the reaction

coordinate and the rest of the bath defined a new spectral density J;(w).
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Choosing Cj; to be tridiagonal leads to a chain Hamiltonian of the form

He = Hs + MAs(A+AD + 32l 4 3 A (AiAZT ot A}AM) .

(4.14)
Now, it is seen immediately that the coupling between the different chain sites
conserves the number of excitations. The absence of counterrotating terms
that do not conserve the excitation number is not due to a rotating wave or
similar approximation, but is exact and directly follows from the choice of

coordinate scaling.

In the particle mapping, the recursion relation for the residual spectral
density can be found following the same procedure as with the phonon map-

ping. After n steps this relation is given by

2 w
Jua() = A}V;—J@f)) (4.15)
where
_ = Jn(v)
Wil (w) = lim, /0 T (wrig (4.16)

with the limiting spectral density for n — oo being

(w—wr) (wr —w)
2 ’

Joo(w) = v (4.17)

with limiting values

(4.18)

4.2.3 System

The particular system under consideration is a two-level emitter with
transition frequency w, and transition dipole moment . placed in the central

gap of a nanoantenna consisting of a bowtie coupled to a nanosphere, as shown
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Fig. 4.2.: (a) Sketch of the physical system under consideration: A
bowtie antenna and a nanosphere. In the center of the gap, a quantum
emitter is placed (dark red arrow). (b) Spectral density for the emitter
in the combined sphere-bowtie antenna. The emitter has a frequency
chosen close to the maximum of the spectral density (indicated by the

thin vertical line).

in figure 4.2(a). For this setup, the system operators are Hg = weoto™
and Ag = o7 + 0, where 0" and o~ are the two-level raising and lowering
operators, respectively. Note that the transition dipole moment . is included
in the definition of the spectral density and Ag is unitless. The spectral density,
given by Eq. (2.55), is shown in figure 4.2(b) and is calculated using the

SCUFF-EM package [208, 209].

The results of the frequencies and couplings at different sites of the re-
sulting chains for the phonon and particle mappings are shown in figure 4.3.
Initially, when the number of transformations is small, i.e., at the beginning
of the chain, they vary strongly, but then quickly converge to their final values
and stay constant. Sufficiently far from the system, the infinitely long tail
of the chain thus becomes translationally invariant. The chain mapping thus
provides a description that closely resembles a spatial discretization of one-
dimensional motion in a short-range “potential” that disappears at a sufficient

distance to the system. This implies that any excitation that propagates along
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Fig. 4.3.: Chain mapping frequencies ,, Q, and coupling parameters

D,,, A\, for the phonon and particle mapping.

the chain will not be reflected anymore after reaching a sufficient distance and
can thus not affect the system. This general structure implies that the chain

mapping naturally provides a separation of any bath into

(i) a non-Markovian part close to the system, where excitations can be re-
flected due to the position-dependent coupling and energy at each site,

and then interact again with the system, leading to memory effects,

(ii) a Markovian part far enough away from the system where excitations
propagate along a featureless continuum, such that their “momentum”
along the chain is conserved and they are just transported away without

ever affecting the system again.

However, there is no sharp boundary between the two parts, and the transition
is gradual. This evolution of the parameters as the chain length increases can

also be seen in the spectral densities. Figure 4.4 shows the “residual” spectral
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densities after some transformations (indicated by the number in the legend of
each plot). Panel (a) corresponds to the phonon mapping and panel (b) to the
particle mapping. For both transformations, it can be seen how the spectral
density tends to the limiting value in a short range, although small differences
persist up to longer chains, thus making slight changes in the frequencies and

coupling shown in figure 4.2(b) at intermediate longitudes.
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Fig. 4.4.: “Residual” spectral densities for the phonon mapping (a) and
the particle mapping (b). The legend in each plot shows the position
in the chain for which the spectral density is obtained, while the dotted

line corresponds to the limiting spectral density.

4.3 Chain truncations

Throughout this section and in the following, results only for the particle

mapping are shown, as is this mapping where the number of excitations in the
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chain is a conserved quantity, which is advantageous for quantum simulations.

The previous results prove that the chain mapping is then a transfor-
mation that allows the exact description of arbitrary photonic environments.
However, in practical calculations, it is not possible to explicitly treat an in-
finite chain, and it has to be truncated at some maximum length. When this
truncation is performed by simply removing all chain sites after a given dis-
tance to the system, the wave packets propagating along the chain are reflected
back and interact with the system again after some time. If time propagation
simulations are performed for maximum times smaller than the ones given by
the length of the chain, this direct truncation can be done and the description
of the light-matter interactions are accurately done. However, this is not usu-
ally the case, and such an approach thus limits the numerical simulations to
propagation times smaller than roughly twice the propagation time along the
chain [90, 93, 210, 211|. This is demonstrated in figure 4.5, which shows the
Wigner-Weisskopf dynamics of a quantum emitter with frequency w, = 3.6 eV
for different chain lengths. The shortest chain shown (Ngo = 40) is already
long enough so that both €2, and A, have essentially reached their limiting
values. Still, the emitter dynamics are clearly not well described for ¢ i 25 fs
due to unphysical reflections from the end. As the chain length increases, the
unphysical reflections travel more distance and the maximum time for which
the dynamics are well-described also increases. The results using No = 300
are exact for the whole range of times considered here (up to 7' = 120 fs), and

will be taken as the reference result in the following.

The truncated chains have to become very long to be able to correctly de-
scribe the system dynamics at long times. However, the emitted wave packets
should not influence the system anymore after having propagated far enough
along the chain, and it thus should not actually be necessary to treat them

explicitly at larger distances. Therefore, the main question in this study is
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Fig. 4.5.: Excited-state population of an initially excited two-level quan-
tum emitter with frequency w. = 3.6 eV and dipole moment p, =
0.6 enm coupled to the antenna shown in figure 4.2(a), calculated using

chains truncated after different numbers of sites N¢.

whether or not a finite chain can describe the dynamics of the infinite sys-
tem. Since the residual spectral density describing the rest of the chain far
enough away from the system is relatively smooth, as is shown in equations
(4.9) and (4.17), the most straightforward approach to attempt to reproduce
the losses of the perturbation away from the chain is to simply treat that rest
as a Markovian bath acting on the last chain site. This approximation replaces
all chain sites with n > N¢ by a Lindblad term in the master equation for the

density matrix p describing the system and chain up to site n = N¢:

Oup = —i[H,p) + 1Ly, [7], (4.19)

where v = 27.Jn, (2n,) and Lo[p] = OpOT — {070, p}.

In the particle mapping, and assuming that N¢ is chosen large enough
so that the limiting residual spectral density is reached, the residual spectral
density is symmetric about Q. and there is no Lamb shift (i.e., bath-induced

energy shift) on the mode frequency. The emitter dynamics using this ap-
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Fig. 4.6.: Population of the same emitter as in figure 4.5 for two different
chain lengths: N¢ = 30 (orange) and N¢ = 25 (blue) compared with a
long chain (N¢ = 300), which is considered exact. Comparison between
the chains without any absorbing terms (dashed lines) and chains with

a single absorbing term at their end, given by v = 271Jn, (2N, )-

proximation, shown in figure 4.6, are much more similar to the exact results
compared to the abrupt truncation for the same chain length. However, they
clearly do not provide perfect agreement. As the chain length is again long
enough for the limiting values of the chain to be achieved, these differences
are because they still suffer from residual reflections. This outcome agrees
also with the spectral shape of the residual spectral densities, given by equa-
tions (4.9) and (4.17). They are structured and not actually Markovian (which
would correspond to a constant spectral density spanning an infinite frequency
range). This implies that a “naive” Markovian approximation that just adds

losses on the last chain site will necessarily lead to reflections.

One can thus take inspiration in the fact that the chain resembles a dis-
cretized continuum, i.e., the goal of minimizing reflections on the chain is
similar to the goal of absorbing outgoing waves in numerical simulations of

continuous systems. This suggests that smoothly increasing losses along the
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chain, similar to the complex absorbing potentials (CAPs) used in quantum
mechanics [212-214], could significantly suppress reflections along the chain.

The corresponding master equation then becomes
n

where the v, have to be chosen so as not to affect the dynamics close to
the system, avoid reflections due to abrupt changes in the decay rate, and
simultaneously absorb all outgoing wavepackets before reaching the end of the

(truncated) chain.

A functional form inspired by standard CAPs is used to parametrize the
decay rates,
Yo = O(xp)(axy + f22), (4.21)

where x,, = ]\TZLCT—_]VJ%, O(z) is the Heaviside theta function, Ny determines the

chain site at which losses start, and a and S are real numbers that determine
the strength of the absorption. To ensure a good description of the dynamics,
N4 must be chosen large enough (roughly such that the chain mode frequen-
cies and coupling strengths have reached their asymptotic limits). In figure
4.7(a), again the decay of the QE is considered, but now the decay rates are
parametrized using the above equation, i.e., the emitter is initially excited
(we = 3.6 €V) and different chains with smoothly increasing absorption are
presented. In particular, o = 0.02 and § = 0.1 for all chains and the combi-

nations considered are (N¢, Ng) = (30,8), (25,7), (15,5).

With this choice of parameters, the emitter dynamics are well-reproduced
for long enough chains, and no reflections of the population are observed.
Although here the dynamics are shown within the single-excitation subspace
(i.e., for the Wigner-Weisskopf problem), it is known that, as discussed in
section 1.2, if the effective spectral density of the chain with losses agrees with

the full spectral density, the results will be identical regardless of the number
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Fig. 4.7.: (a) Population for the quantum emitter for three different
chain lengths: N¢ = 30 (orange), N¢ = 25 (blue) and N¢ = 15 (green)
compared to the “infinite” chain (black). An absorbing function has been
added to the first three chains. The parameters are chosen to give a good
description of the dynamics, but a wide range is valid for the first to
lengths. When the chain is very short, as for No = 15, the prediction of
the dynamics starts to break down. (b) Effective spectral densities when
the absorbing terms are added in the Hamiltonian for the same lengths
as in (a). For No = 30 and Ng = 25, the effective spectral density
is similar to Jy(w), although neither of them describe it in detail. For
N¢ = 15 the effective spectral density presents a shift in the frequency
of the main peak of Jy(w), affecting the dynamics.

of excitations. The effective spectral density for the lossy chains used here is
shown in figure 4.7(b), where it can be seen to indeed agree quite well with

the exact spectral density of the longer chains.

However, while the approach of treating the chain index like a “spatial”
coordinate and adding an absorbing potential at the end indeed works, it
requires relatively long chains to produce good results, i.e., the frequencies
and nearest-neighbors couplings have reached their limiting values before the
decay rates become significant. For shorter chains, the requirement that the
chain is approximately translation-invariant by the time the absorption sets

in cannot be satisfied, and absorption necessarily leads to loss of information
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about the dynamics. This is, e.g., the case for No = 15, for which both the
emitter dynamics and the effective spectral density are seen to not agree as well

with the exact results as for longer chains even after optimizing the parameters

a and .

4.4 Fitted chain

In the previous section, the parameters o and [ were chosen “by hand”.
This election is possible because there is some liberty in it, i.e., small differences
in the chosen parameters do not change the correct description of the dynamics
for long enough chains. This fact raises the question of whether or not an
optimization can be done in the choice of the parameters so that the length
of the chain needed to do a complete description of the open quantum system
can be decreased. In particular, this optimization is performed for a given
chain length, so it is useful if the system is well-described for a shorter chain
than the minimum one found when manually imposing a smooth “absorption
potential”. This approach is inspired by related methods to replace an arbitrary
bath by a system of auxiliary oscillators with losses [101, 195], where the
auxiliary modes are restricted to form a chain, i.e., they are only allowed to
have nearest-neighbor interactions. Then, the emitter is only coupled to the
first mode. However, instead of using the analytic chain transformation to
obtain the parameters of this new chain, the chain parameters are fitted to

optimally reproduce the actual bath.

As mentioned along this thesis, the quantity that fully characterizes the
bath is the spectral density J(w). Moreover, as it is related with the classical

dyadic Green’s function G(r,r’,w) is an easily known quantity for arbitrary



101 CHAPTER 4. CHAIN MAPPING MODELS

systems. Another equivalent quantity, the correlation function C(¢), can be

defined by doing the Fourier transform of the spectral density

C(t) =6(t) /_OO J(w)e “tdw. (4.22)

o0

Here, zero temperature is assumed?. The correlation function C'(t—#') encodes
the action of the bath on the system at time ¢ due to the system dynamics at
time ¢'. This suggests that fitting C'(¢) up to some maximum time could be
a promising strategy when only short-time dynamics are of interest, since one
explicitly discards the information about long-time dynamics that is implicitly
encoded in J(w). In order to test this strategy, the fit of either the spectral
density J(w) or the correlation function C'(¢) up to the maximum propagation

time is presented.

For the model used here, the effective spectral density of the chain is given

by [101]

A2 1
Jmod(w) = ZIm < —= , 4.23
mod( ) . {H —w }11 ( )

where H is a tridiagonal complex symmetric (not Hermitian) matrix, with
the tridiagonal real part containing the coupling matrix of the chain, and
the diagonal imaginary part encoding the losses, i.e., 1311;171' = IJIi,i,l =\
and ICI“ = Q; — %% By diagonalizing H = VQVT, where V is a complex
orthogonal (not unitary) matrix containing the eigenvectors, with V'V = 1,
and () is a diagonal matrix containing the (complex) eigenvalues @;, both the

spectral density and the correlation function can be written as a simple sum

2A zero-temperature chain can represent any finite-temperature bath by adjust-
ing the chain spectral density to reproduce the (temperature-dependent) power
spectral density of the bath [112].
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of independent terms,

o) = 2 S { (121)

Cuno(t) = 0() L 3" Ve, (4.25)

This shows that if the fit is fully converged, fitting the spectral density or the
correlation function is completely equivalent. However, both quantities weigh
differently different aspects of the dynamics, so their convergence behavior
when fitting to one or the other quantity can be different, and using each of

them may be advantageous depending on the time scale of interest.

When fitting the correlation function, a weighted error is used,

err — / ) = Cong (O x |C(0)[de. (4.26)
0

so that it has a more significant contribution when the correlation is stronger.
This definition gives better results than a “naive” fit without weight, as it
improves the fit in regions where the correlation function is larger and thus

more important.

In both approaches, the parameters of the truncated chain €2; and \; are
the initial guesses for the fit, but they can vary freely in the fitting process.
For the decay rates +;, the initial guess consists on small random numbers.
Figure 4.8 shows the decay for the same quantum emitter for a chain of length
N¢ = 15 after using both optimizations. In both cases, the descriptions of the
emitter dynamics are comparably good using a much shorter chain than with
the previous approaches. While both methods offer similar results, we have
found that the fit to the correlation function is more stable and less sensitive

to initial parameters than the fit to the spectral density.
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Fig. 4.8.: Population of the quantum emitter for No = 15 after the fit
to the spectral density (orange) and the fit to the correlation function
(blue).

4.5 Next-nearest neighbor coupled chain

In the previous section, although the chain parameters were allowed to
vary freely to obtain an optimized description of the bath spectral density, the
topology of the chain was maintained, i.e., only nearest-neighbor coupling, and
only the first site coupled to the emitter. This restricts the possible freedom
and implies that a chain with V sites has less flexibility to represent an ar-
bitrary spectral density than a system of N modes with arbitrary couplings
between each other and to the emitter, as used in [101]. The current section
is devoted to prove that relaxing these conditions to allow next-nearest neigh-
bor coupling between the chain sites and the chain and the emitter actually
appears to be sufficient to represent an arbitrarily complex spectral density
for a given number of sites N. To motivate this, first the model developed
in Ref. [101] is summarized. A more complete derivation of this model for

multiple emitters can be found in chapter 5.
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The starting model consists of a QE coupled to an arbitrary number N
of discrete modes. Each of these modes is at the same time coupled to a
Markovian (i.e., spectrally flat) bath represented by a continuum of modes.
Moreover, these N discrete modes are mutually interacting modes, leading to

the model spectral density

1, 1 .
Jmod(w) = ;g ’ Im{I:I } 9, (427>

— W

where H is a complex symmetric N x N matrix with real off-diagonal terms,
I:Iij = wjj — ©0;5%i, and § = (g1,92,...,9n) is a real coupling vector. The
expression given in Eq. (4.23) is thus simply the specialization of this expression
to the case where w;; is tridiagonal and ¢ = (A1,0,...,0). In the general
form given here, the number of fit parameters is quite large, being equal to
N(N +1)/2+ N + N real numbers for w;;, v;, and g;, respectively. However,

when H is diagonalizable, H = VQV7T, the same expression can be rewritten

as

1 .1 1 G?
Jmod(w):;lm{G.Q .G}:%Zhﬂ{wi_w}, (4.28)

where G = GV is the coupling vector transformed to the eigenbasis of H. In
this form, the effective number of distinct parameters in the system is much
smaller than in the original form, and is given by the 4N — 1 real parameters
necessary to describe the N complex eigenvalues w; and N complex coupling
parameters (G;, with one less parameter due to the constraint that G.G= g g
is real, i.e., Im) . G? = 0. This shows that the original form, Eq. (4.27) has
many more parameters than required to characterize the spectral density. On
the other hand, the tridiagonal chain form chosen in Eq. (4.23) has only 3N
free parameters (2N — 1 for the real symmetric tridiagonal w;;, N decay rates

i, one coupling A1), and thus necessarily induces hidden correlations in the

values of G; and w; that determine the spectral density.
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It is thus tempting to directly use the diagonal form Eq. (4.28), in which
the spectral density is written as a sum of simple poles (and the correlation
function a sum of complex exponentials). However, in practice this turns
out to be difficult, as recently discussed in some detail in [196]. First, since
G is complex, this form of the spectral density cannot be directly mapped
to a physical system. Second, there are physical constraints that are not
easily satisfied in this form. In particular, Jyoq(w) has to be non-negative
for any w, which is guaranteed when the loss rates v; are all non-negative in
the original form [101], but not automatically fulfilled when fitting &; and Gj.
Furthermore, even when such a set of parameters has been found, it is a highly
nontrivial problem to find a complex orthogonal transformation matrix V' to
“undo” the diagonalization such that the resulting ¢; are real and H can be
mapped to a physical system, which furthermore requires that its imaginary
part is positive definite. We are not aware of any constructive algorithm to
achieve this, apart from the one developed for the case N = 2 in Ref. [196].
It is thus advantageous to perform the fitting in the original form, where the
physicality can be guaranteed by constraining all +; to be nonnegative, and no

additional work to find a physical system is necessary after the fit.

Given the above, an interesting question is whether the number of pa-
rameters in H and § can be reduced while keeping the full flexibility of the
method. By maintaining the chain form, but allowing next-nearest neighbors
for all the modes in the chain, including the emitter, the number of free param-
eters is exactly 4N — 1, equal to the number of actually independent degrees of
freedom after diagonalization. The matrix H is then pentadiagonal complex
symmetric, with off-diagonal entries being real, while § = (g1, g2,0,...,0) has
two (real) nonzero entries. This suggests that this form might be sufficient to
obtain the optimal fit of any spectral density with a given number of modes NV,
while still maintaining the computationally advantageous property of a chain

form with only short-range interactions between sites. In figure 4.9(a), it is
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Fig. 4.9.: (a) Fit of the spectral density of 4.2(a) when allowing next-
nearest neighbor interactions in the chain, compared to a fit with only
nearest neighbor interactions with the same number of modes (N = 15).
(b) Fit of the spectral density of Ref. [101] using a chain with next-
nearest neighbor interactions. Black line: Original fit using a full matrix
wij, with all modes coupled to the emitter. Yellow line: Fit of the same
data using a chain with only next-nearest neighbor interactions, and the

emitter only coupled to the first two sites.

shown that this form indeed permits a significantly improved description of

the spectral density with the same number of modes.

While we are not aware of any formal proof that the chain with next-
nearest neighbor interactions is indeed sufficient to represent any N-mode
spectral density, we furthermore show the fit to the spectral density of the
system treated in [101] (i.e., the spectral density for the limit of a single emit-
ter, in particular Gap, in section 5.4), which consists on a dual plasmonic
nanoparticle antenna embedded inside a high-dielectric microsphere. The hy-
bridization between whispering gallery modes of the microsphere and the plas-
monic nanoparticle resonances leads to a complex spectral density with strong
interference features |65, 66]. As seen in figure 4.9(b), this complex spectral
density is also well-represented when the fit is performed for a chain with next-

nearest neighbor coupling. However, it should be mentioned here that while
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the final fit does indeed reproduce the full spectral density, obtaining that fit
is far from trivial. In particular, the fit with the next-nearest neighbor chain
converges significantly worse and is much more sensitive to getting stuck in
local minima than the fit with the full matrix. Obtaining a good fit for a com-
plex spectral density then requires significant manual intervention (although it
is possible that more advanced fitting methods than used here could mitigate

this).

4.6 Conclusions

The interaction between a quantum system with an arbitrary complex
environment can be described by doing a reaction coordinate transformation
so that the representation of the system has the form of a chain. In particular,
for nanophotonic systems, a particular transformation that preserves the num-
ber of excitations can be chosen. After this transformation, the value of the
frequencies and couplings in the chain tend to a limit constant value, which
indicates that the environment does not act back into the system. However,
when treating finite chains, some reflections effects are encountered, as in prac-
tice the excitations never leave the system. This forces to use very long chains,
but in practice it needs a computational effort that scales badly with the size

of the system.

Then, in this chapter, several approaches for truncating chain mappings
of open quantum systems while maintaining an accurate description of the
system dynamics have been studied. The approaches are based on adding
dissipation to the chain modes in a way that minimizes reflections and thus

reproduces the system dynamics optimally. As a first approach inspired by
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complex absorbing potentials, gradually increasing decay rates along the chain
are used, which requires relatively long chains to work efficiently. After that,
it has been shown that the chain length can be reduced significantly by not
using the formal chain mapping and then adding losses a posteriori, but by
adjusting the chain parameters in a fitting procedure to reproduce either the

environment spectral density or its correlation function.

Finally, relaxing the restriction on the chain form of the transformed sys-
tem and allowing next-nearest neighbor coupling (also for the system itself)
has been found to be enough to describe any spectral density characterized by
N¢ resonances with a chain of N¢ sites, i.e., the degrees of freedom given to
the system are sufficient and adding more (such as longer-range coupling along
the chain) is not necessary for achieving the optimal description. Chains with
next-nearest neighbor coupling could thus be seen as the “sweet spot” where
the chain length is minimized and computational complexity is still limited (in
particular, tensor network approaches can be expected to work well due to the

quasi-1D nature of the problem).



Chapter 5 ‘ Few-mode
Quantization for

multiple emitters

5.1 Introduction

TRATEGIES to describe the photonic environment when only
one quantum emitter is placed within one setup have been
presented in previous chapters. In the following, however, the

description of multiemitter situations is attempted. In particular, this chap-
ter presents the generalization of the method discussed in Ref. [101] for one
emitter, to several ones. The previous model can treat arbitrary photonic
structures, but in the formulation presented therein, it is only suitable for sit-
uations where only a single emitter is present in the system and all considered
emitter dipole transitions are co-aligned. Therefore, in this chapter these re-
strictions are lifted and the approach is extended to a collection of emitters
with arbitrary orientations of the transition dipole moments. This generaliza-

tion allows to study interactions between QEs (mediated by the EM field) such
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as, for example, population transfer.

The theoretical description of the photon-mediated interaction between
quantum emitters and their control has generated great interest over the last
years, since it is essential for quantum technology applications, such as quan-
tum networking, quantum information and quantum computation [215-218|.
Nanophotonic devices constitute promising platforms to engineer such interac-
tions because they support subwavelength light confinement, as the large con-
finement achieved at this scale enables large emitter-photon coupling strengths
and thus fast dynamics. At the same time, achieving strongly subwavelength
confinement typically relies on the use of highly lossy constituents, such as
metallic nanoparticles with plasmonic resonances [56], and furthermore re-
quires that the quantum emitters are brought close to the material surfaces.
In these conditions, the EM mode spectrum typically contains a series of broad
and overlapping resonances [62]. Quantizing the electromagnetic field in such
systems is highly nontrivial, as losses cannot be neglected nor treated pertur-

batively, such that standard approaches of quantization fail [9, 219].

Omne powerful approach is the macroscopic QED framework (introduced
in section 2.1). However, within this quantization scheme, the EM field is
described by an extremely large continuum of bosonic modes, as they exist for
any positive value of the frequency w. While this approach has proven hugely
successful for treating problems where the EM modes are treated perturba-
tively or integrated out in some other way, it is not directly useful for applying
cavity-QED-like approaches in which the modes are treated as explicit degrees
of freedom of the system. This shortcoming, combined with the increasing
interest in metallic and metallodielectric subwavelength cavity QED systems,
in which highly lossy resonances act as effective cavity modes, has led to the
development of several approaches that allow the construction of few-mode

quantized models in which the full quantized EM field is approximately de-
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scribed through a (small) collection of discrete quantized modes. One approach
relies on quasinormal modes, as was summarized in section 1.2. This approach
is powerful but relies on being able to select just a few quasinormal modes of
the system. In the case of nanometric-sized metallic structures, a similar quan-
tization strategy has been used, but greatly simplified through the quasi-static
description of sub-wavelength-confined plasmonic fields [62, 80, 220, 221].

The approach employed in this chapter exploits the fact that, due to its
linearity, a system of harmonic oscillators (such as EM modes) is fully deter-
mined by its linear response to the quantum emitter, encoded in the spectral
density. This offers the possibility to construct a model system that shows the
same response, but is significantly easier to solve than the original problem.
One important advantage of this model lies in the fact that it can account for
a peak consisting of many underlying resonances (quasinormal modes) with
just one or a few model modes. Such a situation is often encountered in the
so-called pseudomodes in plasmonic systems, which arise due to the collective
response of high-k modes in planar systems [176] or high-order multipoles in

spherical ones [220)].

In order to do so, first the definition of the spectral density is generalized
to the case of several light-matter interaction operators [78, 83, 222]. The
spectral density J(w), which is normally a scalar function that fully charac-
terizes the interaction between a quantum system and a bath mediated by a
single interaction operator [86, 195|, then becomes an M x M matrix-valued
function. Here, M is the number of distinct interaction operators that are
treated (M = 3M, for M, dipolar emitters with all three possible dipole orien-
tations taken into account for each emitter). Then the few-mode quantization

approach presented in Ref. [101] is extended to this case.
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5.2 Theory

The starting point is a general model consisting of a matter part (which
can represent multiple emitters) linearly coupled to a collection of bosonic
modes (which will later represent the medium-assisted EM field). This model
is a generalization to multiple material components presented in section 2.3.

Here and in the following A = 1, so that the Hamiltonian is
H = Hp+ ATHA+ (VT M- A+He.), (5.1)

where H,, describes the matter (the emitters), A= (a1,a9,...,aq,...)" col-
lects all EM modes, and V = (Vi,Va, ..., Vp,..)7T collects the emitter oper-
ators describing the interaction with the bosonic modes. The main difference
between this Hamiltonian and the one for the single-emitter is that the emit-
ter operators (which in the case of the single emitter corresponds to the dipole
moment ) in the multi-emitter Hamiltonian are explicitly separated from
the interaction operator, while in Eq. (2.53) M includes the emitter operator.
Therefore, in the case considered below, V will contain the dipole operators
(up to three per emitter if all polarizations are taken into account). The prop-
erties of the bosonic environment are thus fully encoded in the matrices H (size
Ny X Ng) and M (size M x Ng), where N, is the number of bosonic modes

and M is the number of matter interaction operators.

The generalized spectral density associated to the bosonic environment in
Eq. (5.1) is defined as

J (w) = lim l1\/IIm

M. 5.2
e—0 T {H—w—ie} (5:2)

This definition is a straightforward extension of the single-emitter spectral

density to the case of multiple light-matter interaction operators, obtained by
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replacing a 1 x N, vector of light-matter coupling elements by the M x N,
matrix M. This generalized spectral density has been previously obtained in
the context of the Wigner-Weisskopf problem (i.e., within the single-excitation
subspace) [78, 83, 222|. It is an M x M matrix-valued function of frequency
and fulfils J(w)! = J(w). If H is diagonal, H,s = wadag, analogously to

the single-emitter case, the Sokhotski-Plemelj formula im —L — —p_1_ 4

e—0 w' —w—1te w'—w

imd(w’ — w) can be used to get
T ij(w ZM M7, 0(w — wa), (5.3)

which is a form where the relation to conventional single-emitter spectral densi-
ties T (w) = Y, [Ma|*6(w—wa) appears even more clearly. In its general form
J (w) also encodes the full information about the environment the emitters in-
teract with. It is important to note here that in the limit of a single emitter,
the relation between the generalized spectral density and the “conventional”

one (as defined in Eq. (2.55)) is p?J (w) = J(w).

To connect the general Hamiltonian (5.1) to the particular physical sys-
tem, which consists of a collection of emitters interacting with the EM field
supported by a material structure, macroscopic QED framework is again used.
The Hamiltonian in the multipolar coupling scheme (Power-Zienau-Woolley

picture) and within the dipole approximation can then be written as Eq. (2.30)

H = Z/d3r/0 dw wf'i(r,w)ﬂ(r,w) + Z H, — Z pn - E(ry), (5.4)
A n n

where A\ = {e, m} labels the electric and magnetic contributions, f,\(r,w) and
f;\(r,w) are the bosonic annihilation and creation operators of the medium-
assisted field, and H, and u, are the bare Hamiltonian and dipole operator

of emitter n. The electric field operator is given by

oo
= Z/d3r'/ dwGy(r,r',w) - £ (', w) + H.c, (5.5)
A O
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where G (r,r’,w) are the electric and magnetic Green’s functions, which are
closely related to the dyadic Green’s function [74]. This Hamiltonian can be
rewritten in the form of Eq. (5.1) by formally discretizing space and frequency
and renaming f) (r,w) = aq, with a combined mode index o = (\y, ro, Wa, Ny ),
where n,, labels the Cartesian directions z,, z. This means that H,g = d,swa

and Mo = —n; - G (rj,To, Wa) - Ng.

Inserting the expression for M;, in Eq. (5.3), taking the continuum limit
(i.e., replacing the sum over o with the corresponding sums and integrals), and

using the Green’s function integral identity,

2
Z/d3sG,\(r,s,w) . Gf\T(r',s,w) - 5 Im G(r, 1, w), (5.6)
\ TepC
leads to
w2
Jij(w) = 7T€()C2ni -Im G(r;,rj,w) - nj. (5.7)

The diagonal elements of J(w) are equal to the “conventional” spectral den-
sity for a single transition divided by the square of the corresponding dipole
moment, i.e., Ji;(w) = Ji(w)/u?. From Eq. (5.7), it can be seen that J(w) is
a real and symmetric matrix for any frequency w, and due to the properties of
the EM dyadic Green’s function, it is also positive definite. This means that it
can be decomposed in the form J(w) = g(w)g(w)', where g(w) can be chosen
real and is unique up to unitary transformations g'(w) = g(w)U(w). More-
over, g(w) is exactly the coupling matrix that appears in the expansion of the
multi-emitter problem using emitter-centered modes in macroscopic QED [68]

(a derivation of the emitter-centered modes can be found in Appendix B).

5.2.1 Few-mode quantization

Then, the few-mode quantization model presented in Ref. [101] can be

extended in order to obtain an effective few-mode description of the multi-
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emitter problem. The idea is again to find a model system that is equivalent to
the actual EM environment, but has a structure that facilitates its numerical
solution and interpretation of the resulting dynamics. In order to do so a
discrete set of NV mutually coupled discrete EM modes a; is introduced. Each
of these modes is coupled to an independent bath of “background” modes b; o
with frequency-independent coupling determined by v; = /k;/(27), and also
to the emitter interaction operator V,, with coupling strength ¢,;. The model

Hamiltonian is then given by H = Hg + Hp, where

Hs = ZHn + waa a; + ZVngm a; +a ) (5.8a)

Z / ijQ o+ yz<bj’ﬂal- + bigal)] 4, (5.8b)

Since the coupling of the discrete modes to the background baths is spec-
trally flat, it is Markovian. The dynamics of the system are then equivalently

described [195] by the Lindblad master equation

—ilHs.pl+ Y miLa[] (5.9)

where p is the system density matrix and Lo[p] = OpO' — 3{O070, p} is a
Lindblad dissipator.

The model Hamiltonian # can also be rewritten (after formal discretiza-
tion of the bath continua, with N, modes for each continuum) in the form of
Eq. (5.1), where A = (ar,...,an,b1iays -, bioy, b2, bv.ay, ) s while
H consists of the block matrix w;; in the top left, a series of diagonal blocks
for each continuum, and constant off-diagonal coupling elements between all
modes of a block and the discrete mode associated to it. Finally, M is an

M x N(Np+ 1) matrix whose ith row is given by M; = (¢g;1,...,in,0,...,0).

A compact form of the generalized spectral density of the model system

can be obtained from Eq. (5.2) by following the approach of Ref. [223] or by
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explicit diagonalization of H. In the next section, the derivation following this

last method is shown.

5.2.2 Compact form of the generalized spectral

density

For N continua, the diagonalized Hamiltonian can be written as

N
Hp = Z/dw w el (w)em(w), (5.10)

where there are N degenerate eigenmodes ¢, (w), with associated eigenstates

|®,,(w)), and which obey the usual bosonic commutation relation {cm (w), CIL(U)/ )] =

Sm,m0(w — w').

Then, the Fleshbach projection can be used to split the Hamiltonian in
two orthogonal subspaces. One of them is defined by discrete modes given by
a;, while the other is described by a continuum of bosonic bath operators given

by 0;(£2). The projections are

N N
A=Yl B2 [am@@el. G
P =1

where A corresponds to the discrete mode space and B to the continuum
bath space. As they are orthogonal, the states obey (A4;|B;(2)) = 0 for any
1,7. Also, they satisfy A + B = 1. Projecting the Hamiltonian in all the
combinations, one can obtain the projected Hamiltonian in each subspace,
Haa, Hgg and the coupling between the discrete and continua modes Hga .

Furthermore, it is imposed that each discrete mode interacts only with a single
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continuum, so that

(Ai|H|Aj) = wij, (5.12)
(Bi(Q)|H|B;()) = 2 6:,;5(2 — ), (5.13)
(BiQH|A}) = Z20:,, (5.14)

where w; j describes the modes energies and their interactions, €2 is the eigenen-
ergy associated to the continuum and /k;/27 is the coupling between the
discrete and the bath spaces. Therefore, the eigenstates can be expanded as
superposition of both subspaces, so that the modes ¢, (w) can also be expanded

in terms of the discrete and bath operators

N
cole) = 3 [ + [asn@em@|. 61
j=1
where ajm(w) = (AP (w)) and B, (Q, w) = (Bj(w)|Py,(w)) are expansion

coeflicients. This allows to write the model Hamiltonian H.

Starting with the Schrodinger equation and using the Lippmann-Schwinger
equation for each subspace and the expansions of the subspaces shown in

Eq. (5.11), the coefficients can be written as

RKm 1 K, 1
jm (w) Z\/;<Aj|m|flm> = \/; (w - I:I)jm7 (5.16)

By () =85mB(Q — ) + [ — O — e PV g ) =

2 w —

8imd(Q — w) + lim — V" (1> ,
im

E*}O27T(W_Q+i€) w—H

(5.17)

where H is an NV x N matrix with entries H;; = w;;j — 5k;0;;.

Once the expressions of the coefficients are derived, the interaction Hamil-
tonian between multiple emitters, that give M interactions operators, and the

eigenmodes can be used to obtain the compact form of the spectral density.
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This Hamiltonian is given by

M N
Hy = Z V- Z/dw Rim (W) (em(w) + ¢l (w)), (5.18)

where hj,(w) is the coupling strength between the emitter ¢ and the mode
m. The coupling between each emitter and eigenmode can also be expanded
on a discrete basis, so that hjmy,(w) =) i Gij0jm(w), where g;; is the coupling
strength between the emitter ¢ and the discrete mode j. Now, for each fre-
quency w one emitter-centered (or bright) mode per emitter can be defined
(see Appendix B). Each bright mode then corresponds to the unique linear
superposition of the eigenmodes that contains the full coupling of the emitter i,
h2(w) = >, |him(w)|>. These modes can be expanded in terms of the discrete

and continuous modes of the model, so that

. 1 _ .
Gi(w) = o > him(@)em(@) = laij(w)aj + / dQﬁij(Q,w)bj(Q)l .
7 .
m j
(5.19)
Therefore, the coupling strength is given by h;(w) and the spectral density

for each matter operator is Jpoqi(w) = hi(w)?.

Moreover, the generalized
spectral density is given by J meq(w) = h(w)-h'(w). Using the expansion of the
coupling in the discrete basis and equations (5.16),(5.17), the new coefficient

&;j(w) reads

1 1
ai(w) = Im — ], 5.20
Z]( ) Whi(W) (g w—H)Z] ( )
where g is a M x N matrix that includes the coupling between all the matter

interaction operators with the discrete modes. In a similar way, the coefficients

Bij(w, Q) are

Bz’j(W;Q>—W[(g' 1~> +llimﬁlm<g. 1~>]
ij i

hi(w) w—H Tes0w —
(5.21)
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Finally, using the relation between the model generalized spectral density

and the coupling h(w), it can be written

e (5.22)

w —

where g is the real M x N matrix describing the interaction between the
emitters and the discrete modes, with elements given by g, see Eq. (5.8a).

Conversely, H is a complex symmetric N x N matrix with elements given by

H;; = w;j — %/{iézj. When H is diagonalizable, H = VOVT, where Q is
a diagonal matrix containing the (complex) eigenvalues and V is a complex
orthogonal (not unitary) matrix, VIV = 1, this expression can be rewritten

as a suin over resonances,

Tl = 1100 |7 (5.23)

where g = gV. The complex eigenvalues of H are thus the poles of the spec-
tral density and are closely related to the quasinormal modes of the classical

Green’s function.

As in the single-emitter case, the relatively few parameters in Eq. (5.22)
can be adjusted to best reproduce the generalized spectral density given by
Eq. (5.7), calculated from the dyadic EM Green’s function, and thus parametrize
the model Hamiltonian H. J (w) is a symmetric matrix, which means that this
corresponds to a simultaneous fit of M (M + 1)/2 real-valued functions. The
diagonal elements of the generalized spectral density correspond to the “con-
ventional” spectral densities and therefore they are non-negative in all the
frequency range, i.e., Jpn(w) > 0 for all w. The off-diagonal elements do not
present this restriction and can have negative values, as they encode the inter-
action between the emitters mediated by the EM fields. The spectral density
is fully determined by the position of the emitters, with no restriction on the

emitter properties. In particular, this approach is not restricted to two-level
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systems. However, if only one or two dipole orientations are relevant for the
transitions of any emitter, the number of necessary interaction operators and

thus the dimensionality of J(w) can be reduced.

Finally, before presenting the results using this model, a brief comment on
the number of parameters is presented. For the typical case N > 2M + 1, the
number of free parameters in the diagonal form of Eq. (5.23), 2N (M + 1) real
numbers, is (significantly) smaller than in the non-diagonal form of Eq. (5.22),
which require N (N + 2M + 3) real numbers. It would thus seem that this
form is more convenient for fitting than the non-diagonal form. However,
this turns out not to be the case, as has been discussed in chapter 4 for
the single-emitter case: First, it is not straightforward to enforce that the fit
parameters correspond to a physical system where J ,0q(w) is real positive
semidefinite for all frequencies. Second, even when that constraint is achieved,
implementation of the dynamics through a Lindblad master equation (which,
as discussed above, is the final goal of this approach) requires a form in which
the imaginary part of the complex symmetric H is negative semidefinite, while
g is real. This would require an algorithm that finds a complex orthogonal
matrix V which “undiagonalizes” the system and can be used to obtain physical
H=VOVT and g = gV7 for any given Q and g. Therefore, in the following
the non-diagonal form (5.22) is used when fitting.

5.3 Simple case: 5 emitters near a sphere

To first illustrate the few-mode quantization model, a simple example in
which the number of EM modes and the number of emitters is the same is cho-

sen, i.e., M = N. It consists of five quantum emitters near a metallic sphere.
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Fig. 5.1.: Five quantum emitter, numbered from 0 to 4, are placed at a

distance d = 5 nm from a metallic sphere with radius R = 2 nm.

The sphere has a radius R = 2 nm and the emitters are placed radially at a
distance d = 5 nm from its surface. All emitters are oriented perpendicularly
to the surface of the sphere and distributed in the xz plane. They are num-
bered so that the first one, emitter “0”, is placed at x = —d and the last one,
emitter “4”, at x = d. Each emitter forms an angle § = 7/4 with its nearest

neighbor, as is shown in figure 5.1.

Figure 5.2 shows the fit of the generalized spectral density. Since two-
level quantum emitters with a single dipole transition are considered, they are
included within the spectral density, J;;(w) = pip; Jij(w), with values given by
1= 0.55 enm. The interaction operators are then just V; = J;L + o0, . Within
this physical system, the number of independent functions to fit is 15. Panel (a)
corresponds to the “conventional” spectral densities J;;(w), that are equal for all
emitters, while .J; ;11, J; ;1 corresponds to the interaction between one emitter
and its nearest neighbors. The rest of the spectral densities, which correspond

to the interaction between one emitter and its next-nearest neighbor and the



CHAPTER 5. FEW-MODE QUANTIZATION FOR MULTIPLE EMITTERS 122

X 0.00
0.6 — Ji(w) 04 — Jiir1(w) /
(a) i (b) i (c) j |

fit

= —0.02
()

203 0.2

\ —0.04
| — Ja,u(w)
0.0 fit

0.0
0.0 § 0.00
0.0 -
@ © ® )
= —0.02 0.2
(5]
£-02
3
=
—0.04 —04
— Ju,03(w) — Ji3(w) — Ju(w)
—0.4 fit fit fit
2 4 6 2 4 6 2 4 6
w (eV) w (eV) w (eV)

Fig. 5.2.: Fit (orange line) to the generalized spectral density for 5 emit-
ters near a metallic sphere when 5 modes are used. The black line is the

classical spectral density obtained via de Green’s function.

interaction between the first and the last emitter, are shown specifying the
number given explicitly to each of them. In this simple setup, using just

N =5 modes all spectral densities can be reproduced faithfully.

Moreover, the dynamics obtained by this model reproduces also faithfully
the dynamics of the original model, i.e., the representation of the EM modes
and the photon-mediated interactions between emitters are well-described us-
ing this model and therefore the few-mode multiemitter model is completely
equivalent to the original one. The dynamics of all emitters are treated for the
Wigner-Weisskopf spontaneous emission of one of the two-level emitters. As in
this problem there is only one excitation, the Wigner-Weisskopf problem can
be solved for arbitrary spectral densities. Figure 5.3 shows the excited state
population of the emitters when emitter 2 is initially in its excited state and
the rest of the emitters are in their ground state. This figure shows that the

model is capable of reproducing the dynamics of all the emitters, and only very
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small differences can be encountered for the small populations, due to slight

discrepancies in the fit.
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Fig. 5.3.: Population of the excited state of all the emitters when emitter
2 is initially excited and the rest are initially in their ground states.
Continuous thick lines show the exact population in each case, while

dashed lines show the population given by the model.

This physical system allows not only to compare the exact dynamics but
also to arrive to an expression for the mode profiles of the model. This is only
possible when the number of emitters and the number of discrete modes used to
model the generalized spectral density is the same, as their derivation is done
through the emitter-centered modes. To do so, the initial point is Eq. (B.7),
which represents the electric field written in terms of the orthogonal emitter-

centered modes. As these modes can be expanded in terms of the discrete and



CHAPTER 5. FEW-MODE QUANTIZATION FOR MULTIPLE EMITTERS 124

continua modes of the model, the electric field can finally be expressed as
EF(r) =" lgfaj + / a0 Sf(Q)bj(Q)] =
J
> / dw Ei(r,w) Y Vig(w) ) {dkm(w)am—i— / A B (0, )by ()|
i Y0 k m
(5.24)

where Ej‘?‘ and Ejﬁ (Q) are expansion coefficients. Applying the commutation
relation between the discrete modes, the expression for the field profiles as-
sociated with both the discrete and the continua modes can be obtained. In

particular,

Y = /O dwjzkej(r,w)Sj_kl(w)&kn(w), (5.25)

~ -~ _ w2 I Bn —I Bn Q
EP(Q) = TReB,(Q) + ImB,,(Q) log (“’2 w) i / m By (w) — Im By (€2) .

w—wi . w— €

(5.26)
where €;(r,w) is given by Eq. (B.9), S is the overlap matrix of the non-
orthogonal emitter-centered modes, wy and w9 are the limits of the solution of
the principal value of the integral and

B = S5 G (L) L e
ik kn

mhi(w) w—H

In this physical system, the number of modes profiles given by the emitter-
centered modes and the ones given by the discrete modes (which are the modes
that couple to the emitters) is the same. In order to compare them, as in the
spontaneous emission problem the electric field is zero, i.e., (a;) = 0, the

intensity can be used.

For the emitter-centered modes, the electric field in the position of the

emitter is given by Eq. (B.7) and their wavefunction can be explicitly obtained,
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Fig. 5.4.: Intensity at the position of emitter 0 (excited at ¢ = 0). The
black line corresponds to Eq. (5.28) and the orange line corresponds to
Eq. (5.29).

V) = cele) + Y, ¢i|1;). Therefore, the intensity is given by

Ie, o (W[EC) ZE Eicie; = [EP, (5.28)

where only the expectation values <C’ZC'Z> are non-zero, while for the discrete

modes the intensity is given by

Io, < (EDVEM)) = " groep(alay), (5.29)

ij

and the expectation values of all the modes must be included. At the position
of one emitter, the intensity is accurately calculated using the field profiles as-
sociated with the discrete modes. It is important to note here that at different
positions, the electric field is not given just by &, but Eiﬂ also contributes
to the field. However, in contrast to the field given by the emitter-centered
modes, the mode profiles for the modes of the model can be obtained for any

point in space.
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Fig. 5.5.: Sketch of the system consisting of a silver dimer nanoantenna
embedded in a dielectric microsphere. (a): Physical parameters of the

metallodielectric setup. (b): Positions of the three emitters.

5.4 Metallodielectric setup

In the following, a physical system that presents a more structured EM
environment, in which there is a strong interference between modes, is pre-
sented because the theoretical procedure described in the previous sections
has the ability to describe arbitrary photonic structures. In particular, there
has been an increasing attention focused on hybrid metallodielectric setups,
with the objective of combining the strong field confinement and enhanced
light-matter interactions of plasmonic resonances with the long-lived nature
of microcavities. Therefore, to illustrate the generalization to the multiple
emitter case in a complex system, the physical setup considered is shown in
Fig. 5.5(a). It consists of two silver nanoparticles (ellipsoids with a long axis

of 120 nm and a short axis of 40 nm), separated by a 3 nm gap, and embedded
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in a dielectric GaP (egpn = 9) nanosphere of 600 nm radius, with the rods sub-
stantially displaced from the center of the sphere. Therefore, the microsphere
supports many long-lived Mie resonances, while the nanorods allow the for-
mation of confined surface plasmons with subwavelength volume. Within this
setup, three two-level emitters are placed in different positions, indicated by
red dots in Fig. 5.5(b). In the following, the emitter positions will be referred

as:
(i) Gap (in the center between the rods),
(ii) Top (1.5 nm above the upper rod) and

(iii) Bottom (1.5 nm below the lower rod).

5.4.1 Fit to the spectral density

This arrangement permits us to show that the use of metallodielectric
structures allows great control in the population transfer between emitters close
to resonance to a hybrid mode, with slight changes in the emitter parameters

inducing qualitatively different dynamics.

The generalized spectral density for the physical system described above
is characterized by six independent functions (three diagonal and three off-
diagonal). Here again, two-level quantum emitters with a single dipole tran-
sition are considered, so that they are included within the spectral density,
Jij(w) = pip;Jij(w), with values given by pitop = fBottom = 0.55 enm and
UGap = 0.257 enm. The interaction operators are again V; = O';_—I—O'i_. Fig. 5.6
shows the generalized spectral density (black lines) obtained from classical sim-
ulations performed with the Maxwell equations solver implemented in COM-

SOL Multiphysics. The first row shows the diagonal functions (in logarith-
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mic scale), i.e., Ji(w), which correspond to the “conventional” spectral den-
sities, while the second row shows the off-diagonal functions, Ji2(w), Ji3(w),
and Joz(w), which encode the field-mediated interaction between the emitters.
As Top and Bottom are symmetric positions with respect to the plasmonic
nanoparticles, their diagonal elements and their interaction with the emitter
in Gap behave quite similarly, with slight differences due to the nonsymmetric

placement of the dielectric sphere.

In its most general form, there are no restrictions on the form of H apart
from symmetry. However, it is possible to choose any desired structure, e.g.,
inspired by the physical structure of the problem, to restrict the number of
free parameters. In chapter 4 it was shown that for the single-emitter case,
it is generally sufficient to use a chain form with only next-nearest neighbor
coupling between the modes (i.e., I:Iij = 0 if |i — j] > 2), although this choice
makes it more challenging to obtain converged fits. Therefore, here instead a

block-diagonal form is chosen,

H 0 0
H=|0 H#H, o], (5.30)
0 0 H;

where I:L are full N; x N; matrices. This form allows to significantly decrease
the number of parameters while still giving a good fit for the spectral density.
The physical reasoning behind this election is that there are many independent
modes in the system that do not interfere significantly (e.g., the high-order
“pseudomodes” coupling to each emitter [220]), and it is thus not necessary to
allow arbitrary couplings between all modes. In the present case, the size of

each block was chosen as N; = 14, giving a total of N = . N; = 42 modes.

The orange lines in Fig. 5.6 show the model spectral density obtained
after fitting. Despite the complexity of the structure and the spectral densities,

the fit is well-converged with a relatively small number of modes. The small
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Fig. 5.6.: Generalized spectral densities for z-oriented emitters at Gap,
Top and Bottom positions (thick black line), fitted model spectral density

(orange line), and spectral density when the microsphere is replaced by
a dielectric background (green line).

differences to the numerical spectral density visible at low frequencies for the
diagonal functions and at high frequencies for the non-diagonal ones could be
reduced by increasing the number of modes employed in the fit, but were found

not to affect the dynamics studied in the following.

In Fig. 5.6 there is additionally shown the spectral density corresponding
to the two plasmonic nanoparticles when the sphere is replaced by an infinite
GaP background medium (green lines). In this case, Top and Bottom are com-
pletely equivalent positions, and their spectral densities are identical. Addi-

tionally, this change removes the Mie resonances supported by the sphere, such
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Fig. 5.7.: Dynamics of Gap (a), Top and Bottom (b) in the single-
excitation subspace when the first is initially (¢ = 0) excited. The colored
lines correspond to the population given by the discretization of the
photon continua in frequency in the emitter-centered modes description
and the dashed white lines correspond to the dynamics predicted by the

few-modes approach.

that the spectral density is overall much simpler and contains fewer peaks. In
particular, there are no visible interference structures, and the spectral density
corresponds to a series of broad but mostly independent modes. The fitting
procedure then converges much more easily and achieves even better agree-
ment with the numerical results, with |J pmoq(w) — J (w)| < 0.015 meV over
the full spectral range of Fig. 5.6 using N = 30 modes. As the fit is visually
indistinguishable from the exact spectral density, it is not shown separately in

Fig. 5.6.

To benchmark the model in this setup, first the dynamics of the three
emitters are presented in comparison with the ones predicted when employing
the emitter-centered modes. Figure 5.7 shows the dynamics of the Wigner-
Weisskopf spontaneous emission of Gap, i.e., Gap is at time t = 0 excited,
while Top and Bottom are initially in their ground states. Moreover, all the

photonic modes at the initial time are in their ground states, i.e., the initial
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state is given by [¢g) = aérap|0), and the population of each emitter monitored
is P(t) = (0; 0, ), where i = Gap, Top, Bottom. The dynamics predicted by
the few-mode model are indistinguishable from those predicted by the “exact”

model.

5.4.2 Energy transfer dynamics

After successfully fitting the generalized spectral density, so that the
model system is equivalent to the original one, and testing the dynamics de-
scribed, the approach presented in section 5.2 is used to study energy transfer

between emitters for three different situations:

(i) transfer of a single excitation from a coherent superposition of two emit-

ters to a third emitter;

(ii) transfer of a single excitation from one emitter to another, mediated by

the third one;

(iii) excitation transfer to a third emitter from a doubly excited state where

two other emitters are initially excited.

This method is able to calculate the dynamics for these different exam-
ples at low computational cost. In particular, in the following the population
transfer between the emitters is studied focusing on how the formation of hy-
brid modes affects it. Therefore, the emitters are chosen with frequencies close
to the lowest-energy hybrid mode at ~ 1.14 eV. Fig. 5.8(a) shows the spec-
tral density of the Gap emitter in that frequency range, both for the hybrid
metallodielectric cavity (orange line) and for the plasmonic dimer embedded
in an infinite dielectric medium (green line). For the hybrid cavity, there is

significant mode hybridization and destructive interference around that fre-
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quency, while for the bare dimer, only a single broad resonance peak appears.
The dark-red arrows point to three different particular frequencies around the
hybrid mode. Later, the emitter frequencies will be chosen to be at one of

these three values.

First, situation (i) is investigated. In particular, the population transfer
of interest in this scenario is the one that occurs from a coherent superposition
of the Top and Bottom emitters to the Gap emitter, as schematically shown
in the lower insets of Fig. 5.8(b),(c). To be precise, the initial state is |¢g) =
\%(Uﬁp + 05 iom) |0) and the frequencies of the Top and Bottom emitters are
fixed to be equal wtop = WRottom = wo. The Gap emitter frequency however
vary, wgap = wo + 6w. The population Pgap(t) = <agapaéap> as a function of
time and dw is shown for three distinct values of wy, indicated by the dark red

arrows in Fig. 5.8(a).

Panel (b) corresponds to the case of a dielectric background, for which
only wg = 1.142 €V is considered. This is because the results for the other
two frequencies are very similar due to the broad nature of the peak, as can
be seen in panel (a) for the three arrows. In this setup, there is a significant
excitation of the Gap emitter for a narrow range of frequencies, which however
does not coincide with dw = 0 as could be naively expected. This is due to
the fact that the EM modes induce a significant Lamb shift on the emitters,
which is larger for the Top and Bottom emitters due to their higher dipole
moments (even though the EM mode density at the Gap position is higher
due to the interaction with both ellipsoids). Their effective frequencies are
thus lowered more than that of the Gap emitter, and resonant energy transfer
is only possible when the Gap emitter is detuned to a slightly lower frequency,

dw ~ —3 meV.

In panel (c), the same situation is explored for the hybrid cavity, where

the peak splits due to the interaction between the Mie resonances of the mi-
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Fig. 5.8.: Subplot (a) shows the spectral density of the Gap emitter
around the hybrid mode for the dielectric sphere (orange line) and the
dielectric background (green line). The three dark-red arrows point to
the different frequencies considered. Subplots (b) and (c) show popula-
tion transfer to Gap when Top and Bottom are fixed at a frequency wy
and Gap is detuned from that frequency for the dielectric background.
The initial state 1y is a superposition of Top and Bottom excited, as
shown in both sketches in subplots (b) for the dielectric background and
(c) for the dielectric sphere, where three different frequencies are consid-

ered (shown in each subplot).
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crosphere and the plasmonic dimer modes. Now, in the frequency range of
interest, there is significantly more structure, so the energy transfer for three
values of wg are considered: 1.132 eV, 1.14 eV, and 1.142 eV. As shown in
Fig. 5.8(c), these small changes in frequency have a significant effect on the
efficiency of energy transfer even when the detuning is optimized to compen-
sate for the difference in Lamb shifts. In particular, the maximum population
reaching the Gap emitter is decreased by a factor of more than two simply
when changing wg by just 10 meV. This demonstrates both the sensitivity of
energy transfer at the nanoscale to the details of the EM environment and
the large degree of control that hybrid metallodielectric structures offer for

influencing emitter dynamics.

In the dynamics presented before, the emitters are not in the regime of
strong light-matter coupling (no Rabi oscillations are visible on resonance).
Nevertheless, the effects observed here could not be reproduced with tradi-
tional methods based on the weak-coupling approximation [224-227|. In that
approach, the EM environment is traced out fully, with the real and imagi-
nary parts of the Green’s function giving coherent and incoherent interactions
between emitters (with the diagonal parts corresponding to Lamb shifts and
decay rates). However, that approach is only valid when all emitter frequen-
cies are equal (and the emitters are two-level systems characterized by a single
frequency), and furthermore does not capture the fact that the effective fre-
quencies of the emitters are affected by the EM environment (and by the
emitter-emitter coupling mediated through them). Thus, the Green’s function
is evaluated at the bare (unshifted) frequency. For highly structured spectral
densities as in the present case, this can be a significant source of error. More-
over, the effects discussed here are not correctly represented either when only
the EM modes close to resonance with the emitters are taken into account, as

the Lamb shift is dominated by off-resonant contributions.
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Fig. 5.9.: Subplot (a) shows the spectral density of the Bottom emitter
around the hybrid mode for the dielectric sphere (orange line) and the
dielectric background (green line). The three dark-red arrows again point
to the different frequencies considered. Population transfer to Bottom
when Top and Bottom are fixed at a frequency wy and Gap is detuned
from that frequency. The initial state vy corresponds to only Top excited,
as shown in both sketches in subplots (a) for the dielectric background

and (b) for the dielectric sphere (shown in each subplot).
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Next, situation (ii) is considered. In particular, the population transfer
chosen is the one from Top to Bottom, as depicted schematically in the insets
of Fig. 5.9(b),(c). The system and parameters remain the same as in the
previous setup, but now the system is initialized in |1g) = 0¥Op|0>, and the

. . . _ + —
population monitored is PRottom () = (0B ttom Bottom, -

Panel (a) shows the spectral density of the emitter Bottom again around
the hybrid mode in the metallodielectric cavity (orange line), which results
in a single peak for the metallic dimer (green line). Panels (b) and (c) in
Fig. 5.9 again show the population of Bottom for wy for different values of the
detuning dw for Gap emitter frequency. In particular, panel (b) corresponds
to the purely plasmonic nanocavity. Population transferred to Bottom is then
essentially unaffected by the presence of the Gap emitter unless that emitter
is in resonance with the others (after taking into account the differing Lamb
shifts). On resonance, energy transfer is significantly suppressed and the Gap
emitter acts like an intermediate absorber. This simple picture is again mostly

independent of wy, so only a single value is shown in Fig, 5.9(b).

However, in the hybrid cavity, Fig. 5.9(c), the picture changes drastically.
In that case, the intermediate emitter can act to either enhance or suppress
the population transfer depending on wy and dw, with a clear asymmetry with
regards to the sign of dw. For wg = 1.14 eV, the maximum population reaching
the Bottom emitter has a clear Fano-like interference shape with a maximum
followed by a steep minimum as a function of dw. When the frequency of the
Top and Bottom emitters is further increased by just 2 meV, to wg = 1.142 eV,
the minimum essentially disappears and the presence of the Gap emitter on
resonance leads to an enhancement of energy transfer. Therefore, the hybrid
modes offer the possibility to change the role of the Gap emitter from inhibiting
energy transfer between two emitters to enhancing it within a narrow frequency

range.
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Fig. 5.10.: Population of Bottom for two-photon emission (black line)
and one-photon emission (orange line) when Top and Bottom have fre-

quencies wg = 1.142 eV and Gap is detuned dw = —3.78 meV.

Finally, situation (iii) is studied. This corresponds to the energy transfer

from the Top to the Bottom emitter and how it changes when the Gap emitter

+

is excited as well, i.e., the initial state is now |¢p) = O Top

+
O Gapl0)- Now,
the frequency chosen is wy = 1.142 eV, corresponding to the final dataset
in Fig. 5.9(c), and the frequency of the Gap emitter is chose so that in the
single-excitation case studied previously the population transfer to the Bottom

emitter is maximized, which corresponds to dw = —3.18 meV.

Fig. 5.10 shows Ppottom(t) for the three cases where Gap is initially in
its ground state (black line, same data as Fig. 5.9, excited state (orange line),
or is not present at all (dashed blue line)). When the Gap emitter is initially
excited, there is a fast initial population transfer (presumably directly from
the Gap to the Bottom emitter), but the maximum population reached is
significantly lower than for the previous situation where energy transfer is
enhanced by the presence of the (ground-state) Gap emitter. In particular,
when the Gap emitter is initially excited, the maximum population in Bottom

remains smaller than for the case where no emitter is present in Gap. This
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shows that the energy transfer between the Top and Bottom emitters can be
controlled by exciting the emitter in the Gap, pointing toward a possible path

for implementing quantum gates based on hybrid metallodielectric structures.

5.5 Conclusions

In this chapter, an extension of the few-mode field quantization approach
to the case of several emitters has been introduced. First, it has been demon-
strated how to define and obtain the generalized spectral density J(w), a
matrix-valued function that fully determines the properties of the EM envi-
ronment interacting with the emitters. It has then been shown how to obtain
a few-mode quantization of the EM field in this situation. The resulting model
can be adjusted to represent arbitrary material structures by fitting the model
parameters to reproduce the numerically calculated generalized spectral den-
sities (which requires only the calculation of the dyadic Green’s function of

Maxwell’s equations and can be done with any standard EM solver).

This approach has first been illustrated in a very simple physical problem
in which five two-level emitters are placed near a metallic sphere. Within this
setup, not only the emitters population can be reproduced faithfully, which
demonstrates that the model system is completely equivalent to the original
system, but the fit of the parameters can be done by using the same number of
interacting modes as emitters, i.e., N = M = 5. Therefore, the mode profiles
for the discrete, interacting modes can be calculated at any point in space,
while it has been shown that the intensity at the position of one emitter is the

same in the case of the discrete modes and the emitter-centered modes.

Following this simple model, the validity of the approach to describe arbi-
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trary photonic structures has been illustrated by choosing a metallodielectric
structure consisting of a metallic dimer embedded in a dielectric sphere, which
produces a complex generalized spectral density. N = 42 modes are then
required to obtain a well-converged representation of the generalized spectral
density. Once the fit is obtained, the emitter dynamics can be again calculated
using standard approaches of quantum optics, such as solving the Lindblad
master equation. This is used to study energy transfer between three emitters
in three different situations, so it has been found that hybrid metallodielectric
structures can enable significant control, strongly enhancing or suppressing

energy transfer for slight variations of the emitter parameters.



Chapter 6 ‘ Conclusions

6.1 General Conclusions

65 HROUGHOUT the research activity summarized in this thesis, the

main topic that has been addressed is the description of pho-

tonic systems in which there are a large number of degrees of
freedom, with particular applications in the strong coupling regime of light-
matter interactions. In practice, these degrees of freedom are a consequence
of the use of a large number of emitters, which moreover can present com-
plex internal structures, and photonic environments where a large number of
(lossy) photonic modes arise. Although the focus of this thesis is on photonic
setups, the majority of the conclusions presented are also valid for general open
quantum systems, in which the photonic modes can be substituted by other
environments which can be constituted, for example, by phonons or ensembles

of other quantum particles.

Due to the complexity of the description of realistic light-matter interac-
tions wherein both the quantum emitters and the photonic environment are
included with all the degrees of freedom, the theoretical efforts here focused on

a complete description of only one of the components. Therefore, the emitters
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have been considered as two-level systems (which is a good approximation for
some QEs, such as atoms and quantum dots), while many degrees of freedom
have been considered in the photonic environments. Here, the quantum emit-
ters embedded in a photonic structure constitute the system whose dynamics
are of interest, while the environment constitutes those degrees of freedom of
the whole setup whose importance lies in their effect on the system. Within
any setup, the “cavity” modes that arise are not “pure” photonic modes (as
they only arise in vacuum) but dressed by the material where they evolve.
Therefore, another distinction must be made when theoretically describing
light-matter interactions. In general, the photonic cavity modes are considered
to be that part of the full system that can be well-approximated by Maxwell’s
equations. Moreover, these photonic structures cannot confine light perfectly,
and all setups in practice present losses, which must also be well-described,

especially when dealing with plasmonic systems.

The light-matter interaction between a quantum emitter and the EM field
that arise in a particular setup is completely described by the spectral density.
When more than one emitter is present in the system, a generalized spectral
density can be defined. This matrix-valued function describes not only the
interaction between each emitter and the photonic environment, but also the

(photon-mediated) interaction between emitters.

Single emitter

The inclusion of many environmental degrees of freedom and their descrip-
tion in a quantum-mechanical way is fundamental in order to get incoherent
effects, such as the spontaneous decay of a QE, which cannot be described by
classical or mean-field approaches (that are widely used when classical lasers

interact with a quantum system). Usually, these effects can be introduced
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ad-hoc by adding external terms, but their contribution to the system must
be assumed. Therefore, some attempts to extend the mean-field descriptions
so that these effects are included, while maintaining a manageable computa-
tional complexity, have been made. One of them is based on the cumulant
expansion method, presented in chapter 3, which consists of the inclusion of
the description of the operator correlations up to some order. Therefore, a
closed set of (numerical) equations can be solved using standard solvers. How-
ever, even for simple and known environments (in particular free space and a
Fabry-Pérot cavity with a Lorentzian spectral density) the particularities of
the environments and the strength of the interactions (between the QE and
the cavity and the QE and the classical incident laser) modifies the order of
the correlations needed to give a good description of the system, such that
general statements about the validity of the mean-field expansion up to any

given order are difficult to make.

Another strategy to describe light-matter interactions in photonic envi-
ronments consists in transforming the latter so that the dynamics obtained in
the final system are the same as the dynamics given by the original one. One
common transformation is the chain mapping, in which the quantum system
(a quantum emitter) interacts only with the first mode of an (infinite) string in
which the bosons that describe the environment interact only with their nearest
neighbors. Tensor network approaches, for example, use this mapping in order
to describe complexity in both quantum emitters and photonic environments.
However, in this transformation the maximum time described accurately is
limited by the length of the chain, as EM field excitations (photons) “travel”
along the chain and are reflected when they reach the end, and then “travel
back” and interact with the emitter again, therefore giving some non-physical
dynamics. This shortcoming in the chain mapping description forces us to
use very long chains that increase the computational resources needed to re-

produce long times. In chapter 4, different strategies to describe long-time
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dynamics by using short chains have been explored. In particular, even in
complex photonic structures, frequency and coupling parameters achieve their
limiting values for relatively short chains. Therefore, the inclusion of decay
at sites of the chain far enough from the system can absorb these wavepack-
ets and suppress reflections. However, only a smooth function to describe the
losses is able to reduce spurious reflections sufficiently. When optimization is
performed in the spectral density or the correlation function, the chain length
can be further decreased. However, the fit to neither of these quantities can

be reproduced accurately in the chain form.

An accurate description of the spectral density is in fact necessary to de-
scribe light-matter interactions correctly, so that if two approaches give the
same spectral density, the interactions modelled are completely equivalent to
one another from the point of view of the emitter. By extending the interac-
tions allowed along the chain to next-nearest neighbors, the number of param-
eters in the diagonal form of the spectral density is the same as the number
of parameters of the “extended” chain for the same number of modes. There-
fore, a faithful description of this quantity can be done, and the dynamics of

a quantum emitter can be exactly reproduced even at long times.

Multiple emitters

Finally, by extending the previous concepts to multiple emitters (or in
general multiple light-matter interaction operators) the generalized spectral
density can be defined. Now, this quantity describes the light-matter interac-
tion and the photon-mediated interaction between emitters. As in the single
emitter case, if the generalized spectral density can be reproduced by using
some approach, the behavior of the whole system can also be reproduced. In

particular, an extended few-mode interacting approach is derived in chap-
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ter 5. This approach consists in describing the setup with a Hamiltonian in
which a small number of interacting discrete mode are coupled to the emitters,
while each of these modes is also coupled to a Markovian (i.e. spectrally flat)
continuum. This model can reproduce hybrid plasmonic-dielectric setups, so
that complex photonic environments and in particular hybrid modes can be
described. The generalized spectral density consists now of a matrix-valued
function so that the fit to the whole density can be performed. In general,
the number of discrete photonic modes in the model will be larger than the
number of emitters, but for those setups where the generalized spectral den-
sity can be described using the same number of bosonic modes than number of
emitters in the system, the mode profiles and the intensity can be obtained (in
particular in the position of one emitter, the intensity of the discrete modes of
the model coincides with the intensity given by the emitter-centered modes).
In more general structures, once the fit is done, the population transfer be-
tween the emitters can be studied. This is done in particular for frequencies
around the lowest-energy hybrid mode, and it is concluded that by changing
the frequencies of the emitters slightly the population transfer can be tuned,
both for a single excitation and beyond the single-excitation subspace. In the
latest situation, the population transfer can be enhanced or suppressed by the

inclusion of a third emitter in its ground or excited state.
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6.2 Conclusiones generales

lo largo de la actividad de investigaciéon que se resume en

este documento, el tema principal que se ha tratado es la des-

cripcion de sistemas foténicos en los que hay un gran ntimero
de grados de libertad, en particular con aplicaciones en el régimen de aco-
plamiento fuerte en la interaccion entre luz y materia. En la practica, estos
grados de libertad son consecuencia del uso de un gran ntimero de emisores,
que ademés pueden presentar una estructura interna compleja, y los entor-
nos fotonicos donde un gran ntimero de modos fotonicos (con pérdidas) tienen
lugar. Aunque el ambito de esta tesis son las configuraciones foténicas, la ma-
yoria de conclusiones que se han presentado son validas también para sistemas
cuanticos abiertos en general, donde los modos foténicos pueden ser substitui-
dos por otros entornos que pueden estar formados, por ejemplo, por fonones y

conjuntos de otras particulas cuanticas.

Debido a la complejidad en la descripcion realista de interacciones entre
luz y materia, donde se incluyen todos los grados de libertad tanto de los
emisores cuanticos como del entorno fotonico, los esfuerzos teéricos se han
concentrado en describir de forma completa solamente uno de estos elementos.
Por tanto, los emisores cuanticos se han considerado como sistemas de dos
niveles (lo cual es una buena aproximacién para algunos emisores, como los
atomos y los puntos cuanticos), mientras que para los entornos foténicos se han
considerado muchos grados de libertad. Aqui, los emisores cuanticos forman el
sistema cuya dindmica nos interesa, mientras que el entorno constituye aquellos
grados de libertad de todo el sistema cuya importancia radica en su efecto sobre
el sistema. En una configuracién, los modos “de cavidad” que surgen no son

modos foténicos “puros” (estos tnicamente surgen en el vacio) sino que estan
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vestidos por el material donde se desarrollan. Por tanto, es necesario hacer otra
distincion cuando se describen interacciones entre luz y materia teéricamente.
En general, los modos de cavidades fotonicas se consideran la parte de todo
el sistema que esta bien aproximada por las ecuaciones de Maxwell. Ademas,
las estructuras fotonicas no confinan la luz de forma perfecta, y todas las
configuraciones presentan pérdidas, que también deben describirse de forma

correcta, especialmente cuando se esté lidiando con estructuras plasmonicas.

Las interacciones entre un emisor cuéntico y el campo electromagnético
que tienen lugar en una configuraciéon particular estdn completamente des-
critas por la densidad espectral. Cuando multiples emisores se encuentran en
la misma configuracion, se puede definir la densidad espectral generalizada.
Esta matriz de funciones no solo describe la interaccién entre cada emisor y
el entorno foténico, sino también la interaccion entre los distintos emisores

(mediada por fotones).

Un emisor

La inclusién de muchos grados de libertad y su descripcion de forma cuan-
tica es fundamental para obtener efectos incoherentes, como el decaimiento
espontaneo de un emisor cuéntico, que no puede ser descrito clasicamente o
con aproximaciones de campo medio (que si se usan cuando un laser clésico
interacciona con el sistema cuantico). Normalmente, estos efectos se pueden
introducir anadiendo términos externos ad-hoc, pero su contribucion en el siste-
ma debe ser asumida. Por tanto, se han hecho algunos intentos para extender
las representaciones de campo medio para incluir estos efectos manteniendo
una complejidad computacional manejable. Uno de ellos se basa en el método
de expansion de correlaciones, presentado en el capitulo 3, que consiste en la

inclusion de la descripcion de las correlaciones de los operadores hasta cierto
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orden. Por tanto, un sistema cerrado de ecuaciones (numeéricas) puede resol-
verse utilizando métodos estandar. Sin embargo, incluso para sistemas simples
y conocidos (en particular el espacio libre y una cavidad Fabry-Pérot con una
densidad espectral lorenztiana) las particularidades del entorno y la intensidad
de las interacciones (entre el emisor y la cavidad y entre el emisor y el laser
clasico incidente) modifica el orden de las correlaciones que se necesitan para
dar una buena descripcion del sistema, de forma que una conclusién general
sobre la validad de la expansion de campo medio hasta un order cualquiera es

dificil de hacer.

Otra estrategia para describir las interacciones entre luz y materia en en-
tornos foténicos consiste en transformar el dltimo de forma que la dindmica
que se obtiene en el sistema final es la misma que la del sistema original. Una
transformacion comin para ello es la transformacion de la cadena, donde el
sistema cuantico (el emisor) interacciona solo con el primer modo de una cade-
na (infinita) donde los bosones que describen el entorno interaccionan solo con
sus vecinos mas cercanos. Los modelos de redes de tensores, por ejemplo, usan
esta transformacion para describir la complejidad tanto de los emisores como
de los entornos fotonicos. Sin embargo, en esta transformacion el tiempo maxi-
mo descrito de forma precisa esta limitado por la longitud de la cadena, ya que
después de la transformacion las excitaciones del campo (fotones) “viajan” a lo
largo de la cadena y se reflejan cuando llegan al final “viajando de vuelta” e in-
teraccionando de nuevo con el emisor, dando por tanto una dinamica no fisica.
Este inconveniente en la descripciéon de la transformacion de la cadena obliga
a usar cadenas muy largas que aumentan los recursos computacionales nece-
sarios para reproducir tiempos largos. En el capitulo 4 se exploran diferentes
estrategias para describir la dinamica a tiempos largos con cadenas cortas.
En particular, incluso para estructuras fotonicas complejas, los parametros de
frecuencia y acoplamiento alcanzan valores limite en cadenas relativamente

cortas. Por tanto, la inclusién de decaimiento en sitios de la cadena lo suficien-



149 CHAPTER 6. CONCLUSIONS

temente alejados del sistema hace posible absorber estos paquetes de ondas y
suprimir los reflejos. Sin embargo, tinicamente funciones suaves que describan
estas pérdidas son capaces de reducir lo suficiente las interacciones espureas.
Cuando se optimiza la densidad espectral o la funciéon de correlaciéon, la lon-
gitud de la cadena puede disminuirse todavia méas. Sin embargo, ninguna de

estas cantidades puede reproducirse de manera precisa en la forma de cadena.

Reproducir de forma precisa la densidad espectral es de hecho necesario
para describir correctamente las interacciones entre luz y materia, de forma que
si dos modelos tienen la misma densidad espectral, las interacciones descritas
son completamente equivalentes desde el punto de vista del emisor. Extendien-
do las interacciones permitidas en la cadena a los segundos vecinos, el niimero
de parametros en la forma diagonal de la densidad espectral es el mismo que
los de la cadena “extendida” para el mismo nimero de modos. Por tanto, es
posible reproducir esta cantidad de forma fiel, y la dindmica de un emisor

cuantico puede reproducirse de forma exacta incluso a tiempos largos.

Multiples emisores

Finalmente, extendiendo los conceptos previos a multiples emisores (o en
general a multiples operadores de interaccion entre luz y materia) se puede
definir la densidad espectral generalizada. Ahora, esta cantidad describe la
interaccion de los emisores con el campo electromagnético y la interaccion en-
tre emisores mediada por fotones. De forma analoga a un dnico emisor, si la
densidad espectral generalizada puede reproducirse usando algin modelo, el
comportamiento de todo el sistema puede también reproducirse. En particu-
lar, en el capitulo 5 se deriva una extension del modelo de pocos modos que
interaccionan entre si. Este modelo consiste en describir la configuracién con

un Hamiltoniano donde un nimero pequeno de modos discretos que interac-
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cionan estan acoplados a los emisores, mientras que cada uno de estos modos
esté acoplado a un continuo markoviano (esto es, espectralmente plano). Es-
te modelo puede reproducir sistemas hibridos plasmoénicos y dieléctricos, de
forma que puede describir entornos foténicos complejos y en particular modos
hibridos. La densidad espectral generalizada consiste ahora en una matriz de
funciones de forma que se puede ajustar la densidad completa. En general, el
numero de modos foténicos es mayor al niimero de emisores, pero para aquellos
sistemas que pueden describirse usando el mismo ntamero de modos bosénicos
que de emisores embebidos en la estructura, se puede calcular el perfil de los
modos y la intensidad (en particular en la posicién de uno de los emisores la
intensidad de los modos discretos del modelo coincide con la intensidad dada
por los modos centrados en emisores). Para estructuras mas generales, una
vez el ajuste estd hecho, puede estudiarse la transferencia de poblacion entre
los emisores. Esto se ha hecho en particular para frecuencias que estan cerca
del modo hibrido de menor energia, y se concluye que cambiando ligeramente
las frecuencias de los emisores la transferencia de poblacién puede sintonizarse
para una Unica excitaciéon y cuando se estd més alla del subespacio de una
lnica excitacion. En la altima de estas situaciones, la transferencia de pobla-
cion puede acentuarse o suprimirse con la inclusiéon de un tercer emisor en su

estado fudamental o en su estado excitado.



Appendix A ‘ Free space

quantization

N free space, the EM field interactions are completely described

by Maxwell’s equations

V. E(r, 1) = 20D (A.1)
€0

V x E(r,t) = —B(r, 1), (A.2)

V.B(r,t) =0, (A.3)

V x B(r,t) = poJ(r,t) + pocoE(r, 1), (A.4)

where E and B are the electric and magnetic field, respectively, €q is the vac-
uum electric permittivity, pg is the vacuum magnetic permeability, p(r,t) is
the charge density, and J(r,t) is the current density. In Maxwell’s equations,
the conservation of charge is implicitly contained, as charge and current den-
sities fulfil the continuity relation V - J(r,t) + p(r,t) = 0, which states that
any change in the charge density in one region produces a current flow that

crosses its boundary.

The fields, which are coupled in the previous set of equations, can be writ-
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ten in terms of the scalar and vector potential, ¢(r,t) and A(r,t) respectively:

E(r,t) = —A(r,t) - V¢, (A.5)
B(r,t) =V x A(r,t). (A.6)
The latter equation arises from Eq. (A.3), while the former is obtained from

Eq. (A.2). Then, the other two equations can also be written in terms of the

potentials,

V2p(r,t) + V- A(r,t) = _p(:(; t>, (A.7)

thAmwywﬂan+éAmw+évanw—Wunm (A.8)

where ¢ = 1/,/éjig is the vacuum speed of light. The definitions of the
potentials given above are not unique as some transformations can change
them while conserving the fields. In particular the gauge transformations
Al(r,t) — A(r,t) + VA(r,t) and ¢/(r,t) — ¢(r,t) — A(r,t), where A(r,?)
is an arbitrary scalar function, do not alter Maxwell’s equations. Therefore,
it is possible to choose a gauge that simplifies the description of the fields.
The Coulomb gauge, where V - A(r,t) = 0, is typically chosen in quantum
optics. Moreover, according to the Helmholtz theorem, any vector field can be
written as a sum of a component with zero divergence (transverse) and a com-
ponent with zero curl (longitudinal). The electric field can be written then as
E=E+E ', where E|| corresponds to the longitudinal component and E; to
the transverse component. In the Coulomb gauge, Ej = —V¢ and E| = —A,
while the magnetic field is entirely transverse, as is the vector potential. When
making this decomposition to the current density, equations (A.7), (A.8) can

be written as
1 .
— VA + A=l (A9)

1 .
5Vo = pod. (A.10)

Here and in the following, the position and time dependence (r,t) are dropped to

simplify the notation.
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Therefore, in the Coulomb gauge, the equations for A and ¢ decouple and
Maxwell’s equations are separated into transverse and longitudinal sets. The
former describes the EM waves and is associated with the vector potential,
while the latter is associated with the scalar potential and describes the electric

field that arises from the charge density.

Within free space, in the absence of charges and currents, equations (A.1)
and (A.4) simplify and Eq. (A.9) is equal to 0. Moreover we can define the
local classical lagrangian of the EM field

c=3 [ermreer] = [er[@) -2 @xar]. @
in which the right-hand side has been written in terms of the vector poten-
tial. Here, the lagrangian depends on just one variable, the vector potential.
Therefore, it is taken as the generalized coordinate. Defining the canonically
conjugate momentum of A, which is, IT = (SL/(SA = egA = —¢E, the Hamil-
tonian of the EM field can be written:

1 1
H=- / dt / d3r leoEQ + —321 . (A.12)
2 o

Moreover, Eq. (A.9) is equal to 0 and its solution can be found by sep-
aration of variables. Doing a mode decomposition, the solution to Eq. (A.9)
corresponds to plane waves, while the temporal dependence is given by a har-
monic oscillator. Finally, the decomposition of the vector potential can be

written as

d*k i(k-r—wt)
= Z @) Y e\(k) |ay(k)e + c.c.] , (A.13)

where A = {e,m} accounts for two orthogonal polarizations of the unitary
vectors ey (k), whose magnitude is given by k = w/c, and a) (k) is a complex
amplitude related to the vector potential and its canonical momentum as

ay(k) = Q%OM lWAA(k) —HA(k)] : (A.14)
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where A (k) and IT) (k) are the Fourier transform of the variables.

Now, quantization can be performed by replacing the classical ampli-
tudes ay(k) with operators a,(k), which correspond to the ladder opera-
tors of the harmonic oscillator and fulfil the bosonic commutation relation
[d)\(k),d;(k)] = 0y n0(k — k). The vector potential can be thus also re-

placed by an operator which, written in terms of the ladder operators, is

Z & e {d (k)e'kT=wt) 4 ¢ C} (A.15)
27r 372 260&] A A .C.| . .

Finally, discretizing the integral in k, the quantized Hamiltonian can be written

i =3 he (] (9ax0 + 5) (A16)
kA

so that the field is finally represented by a set of uncoupled harmonic oscillators.

Interaction with atoms

Microscopic particles, like atoms or molecules, can act as external sources.
They can be included in Maxwell’s equations via the charge density, which can
be written as a collection of point charges p = ZZ ¢i0 [r — r;], and the current
density, J = > . qiOyr;0 [r — r;(t)], as shown in egs. (A.1) to (A.4). In order to
quantize the EM field again, but now taking into account the external sources,
Newton’s equation of motion must be added to the system of equations given
by Maxwell’s equations m;¥; = g; [E(r;,t) + t; X B(r;,t)]. In the Coulomb
gauge, the scalar potential ¢ obeys Poisson’s equation, and its solution is the

electrostatic Coulomb potential. The classical Hamiltonian is then

1 1 1 qiq;
H=5 [ d|eE”+ =B +) +§ —
2 / " lEO 140 — 2m [p aiA(r:)] 87T€0 lr; — rj|
1

(A.17)
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where p; = m;r; + ¢;A;(r;) is the particle momentum. This Hamiltonian is
referred to as the minimal-coupling Hamiltonian because it includes the micro-
scopic description of the charged particles. The quantization of this Hamilto-
nian is done again replacing the c-functions with operators. Now, the quantum
character of the particles is contained in their position and momentum opera-

tors, which fulfil the commutation relation [t;, pj] = ihd; ;1.

Therefore, the quantum operators derived for the fields in the previous

section are valid, and the quantum minimal coupling Hamiltonian is

qiq;
A.18
rl + Z ey B — 1) ;| ( )

where Hpgy is the “bare” EM Hamiltonian, given by Eq. (A.16). This Hamil-
tonian gives the microscopic description of the interaction between the EM
field and charged particles. However, in many cases a description of all the
individual charges is not needed and an approach in terms of global variables

is more practical.

In free space the multipolar Hamiltonian can also be obtained by ap-
plying the Power-Zienau-Woolley transformation. Again, the transformed
Hamiltonian uses the global variables E and B instead of their longitudinal

and perpendicular components. The Power-Zienau-Woolley transformation is
O = UOUT, where

U = exp %/dBTZPZ(r)A(r) , (A.19)

. . . - 2 1 2~ .
is a unitary transformation, P;(r) = Zjei q;Tj fo dod (r —r; — arj) is the
polarization operator for the emitter i and r; = £; — F; is the relative position

of the charge j belonging to emitter i. Expressing the Hamiltonian in terms
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of the transformed variables (shown with primes) it becomes
N 1 ~ ~
H =Y hw (a§<k)a;(k) + 5) - Z/d3rPi CE/(f)
k) i

/2

Pj 1 3.2

24 = | @3rP?
DI YT

i Ljei

(A.20)

)

where the transformed electric field operator E/ (r) can be expressed in terms

of the ladder operators through its relation with the vector potential.



Appendix B ‘ Emitter-centered

modes

S emitter-centered modes can be used to derive the model pre-
sented in chapter 5, this section provides an outline of their
derivation and some useful expressions. A more complete re-

view of these modes can be found in [228].

Starting with the macroscopic QED Hamiltonian given in Eq. (2.30), a
linear transformation of the medium-supported EM modes f \(r,w) can be done
so that a minimal number of EM modes couple to each emitter. For simplicity,
it is considered that the long-wavelength approximation can be made in the
multipolar Hamiltonian, i.e., ir can be written as Eq. (2.30). The definition of

the emitter-centered (or bright) modes is
Biw) = 3 [ @epistr) o) (B.1)
A

where 3; \(r,w) = n; - G)(r;, r,w)/Gi(w), and Gj(w) is a normalization factor,

which takes the form

2
Gi(w) = \/ fiw n; - ImG(r;, r;,w) - n;, (B.2)

™ 6062
where G(r;,r;,w) is the dyadic Green’s function. The expression of the nor-

malization constant can be derived via de bosonic commutation relations for
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N

BT(w')} = Sij(w)d(w — w'), where

the new operators, which is [l%l (w), B;

hw? n; - ImG(r;,rj,w) - n;j
2

5 = 32 [ e Biale) = GRS
’ (B.3)
is the overlap matrix. Moreover, G;(w) is the coupling strength between the
emitter-centered modes and the emitter, as seen in Eq. (B.2). Therefore, it

can be related to the spectral density, i.e., Ji(w) = (uGi(w)/h)>.

An explicit orthogonalization of the bright modes can be made in order
to rewrite the Hamiltonian in a more familiar way. The orthogonal modes are

called C; (w) and they are linear superpositions of the non-orthogonal modes

~

Bi (u))
Ciw) = Y Vij(w) Bj(w), (B.4)

XZ-?)\(I',M) = Z %j("U)Bi)\(r?w)? (B5)

where Vjj(w) are the elements of the transformation matrix, chosen so that
[C’i(w),éj.(w’ )] = 0;j0(w — '), and can be elected in different ways. As
the operators Cj(w) are linear superpositions of B;(w), they are also linear
superpositions of the “original” modes f \(r,w), and these last operators can be
expanded in terms of the orthogonal emitter-centered modes and an infinite
number of “dark” modes, which are not coupled to the emitters and therefore
do not affect to the dynamics and can be dropped from the Hamiltonian, which

in the end is given by
i = / dw [Z hwCl(w)Ciw) =) jii (gj(w)Cj(w) + He) |, (B.6)
0 . -
7 )

where the coupling strength between the orthogonal bright modes and the

emitters is now given by g;j(w) = Gyj (w)VZ;l(w)
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Furthermore, the expression of the field modes in terms of the emitter-

centered modes can also be derived. In particular
EM)(r) = Z/dw E;(r,w)Ci(w), (B.7)
i
Ei(r,w) =) Viwe(r,w), (B.8)
J

hw? ImG(r,r;,w) - n;

71'6()02 Gj (w) ’ (B.Q)

€j(r,w) =

so that the field associated with each emitter-centered mode can be known.
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