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Abstract: Sum-frequency generation (SFG) enables the

coherent upconversion of electromagnetic signals and plays

a significant role in mid-infrared vibrational spectroscopy

for molecular analysis. Recent research indicates that plas-

monic nanocavities, which confine light to extremely small

volumes, can facilitate the detection of vibrational SFG

signals from individual molecules by leveraging surface-

enhanced Raman scattering combined with mid-infrared

laser excitation. In this article, we compute the degree of

second order coherence (g(2)(0)) of the upconverted mid-

infrared field under realistic parameters and accounting

for the anharmonic potential that characterizes vibrational

modes of individual molecules. On the one hand, we delin-

eate the regime in which the device should operate in

order to preserve the second-order coherence of the mid-

infrared source, as required in quantum applications. On
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the other hand, we show that an anharmonic molecular

potential can lead to antibunching of the upconverted pho-

tons under coherent, Poisson-distributed mid-infrared and

visible drives. Our results therefore open a path toward

bright and tunable source of indistinguishable single pho-

tons by leveraging “vibrational blockade” in a resonantly

and parametrically driven molecule, without the need for

strong light-matter coupling.

Keywords: photonics; nanocavities; single photon source;

photon blockade; cavity optomechanics; vibrational spec-

troscopy

1 Introduction

Single-photon sources are a key resource for quantum tech-

nologies [1] with pivotal applications in quantum computa-

tion [2], communications [3], and metrology [4]. The main

challenge in this area is to realize a high-rate solid-state pho-

ton source producing indistinguishable photons [5], which

demands that pure-dephasing makes a negligible contribu-

tion to the emission linewidth [6]. Probabilistic approaches

to single-photon emission typically leverage an optical non-

linearity in the material (spontaneous parametric down

conversion [7] or degenerate four-wave mixing [8]) to gen-

erate time-correlated photon pairs from bulk crystals [9]

or photonic integrated circuits [10]. The detection of one

photon in, e.g., the idler mode heralds a quantum state very

close to a single-photonFock state in the signalmode [1]. This

heralding works provided that the probability of photon

pair generation per mode is well below unity, a condition

that fundamentally limits the brightness of these type of

sources [11]. An alternative approach exploits the anhar-

monic character of quantum emitters to achieve deter-

ministic single-photon emission via photon blockade [12],

[13]. Such emitters include trapped atoms or ions [14], and

notably solid-state sources such as immobilized molecules

[15], quantum dots [16], nanotubes [17], color centers [18],

[19], and many other rising low-dimensional materials [11].
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In the last decades, molecules have emerged as a partic-

ularly promising platform for integrated quantum photonic

technologies [21], given their good degree of coherence [22],

frequency tunability [23], [24], versatile coupling to photonic

structures [25]–[28] and strong non-linearity at the single-

photon level [29] enabling effects such as the emission of

antibunched light [30], [31], four-wave mixing [32] and sum-

frequency generation [20], [33].

Here, we propose the implementation of a broadly

tunable source of single photons based on photon block-

ade in vibrational sum-frequency generation (VSFG) from

a single molecule embedded in a dual-resonant plasmonic

nanocavity in theweak-coupling regime [20], [33]. The setup

consists in measuring surface-enhanced Raman scattering

(SERS) at the single molecule level under simultaneous

mid-infrared (MIR) laser excitation, Figure 1a. In contrast

to a recent proposal for unconventional photon blockade

in a hybrid plasmonic-photonic molecular optomechanical

cavity [34], our scheme is operational for arbitrarily weak

molecule-cavity coupling strengths and irrespective of the

cavity modes quality factors. VSFG is a coherent upcon-

version process that occurs whenever a vibrational mode

that is both Raman- and infrared-active (which requires

a non-centrosymmetric molecule) is driven simultaneously

with a MIR laser tuned on resonance with the vibrational

frequency and a visible or near-infrared (VIS/NIR) laser,

typically tuned away from any electronic resonance to

avoid parasitic incoherent fluorescence [35]–[37]. Three-

wave mixing results in upconverted photons at frequencies

corresponding to the sum and difference of the incoming

laser frequencies; while the difference frequency signal is

polluted by spontaneous Raman scattering, VSFG is almost

free of incoherent background due to the very low thermal

occupancy of the vibration atMIR frequencies, even at room

temperature. We will show the feasibility of single-photon

generation using VSFG from a single molecule with a suffi-

cient anharmonicity in one of its vibrational modes, result-

ing in antibunching in the sum-frequency upconverted

photons.

Our proposal shares with resonance fluorescence some

similitudes regarding the coexistence of coherence (sub-

natural linewidth) and single-photon emission, recently

explored in several works [38]–[41]. Antibunching is

revealed at specific frequency windows through the zero-

delay second-order correlation function of the frequency-

filtered emission [42]–[44], which, when analyzed over the

parameter space, unveils a complex landscape of interfer-

ence phenomena between the coherent VSFG nonlinear

process and the incoherent anti-Stokes Raman background.

This interference is crucial for enabling single-photon emis-

sion, which is maximized when the MIR laser is resonant

with the vibrational mode and the coherent and incoherent

peaks overlap. These results establish our proposed molec-

ular scheme as a novel, privileged platform for studying the

role of interference in single-photon emission, closely tied

to the notions of conventional and unconventional photon

blockade [39].

The versatility of our scheme, togetherwith the picosec-

ond relaxation times of vibrational excitations, promises a

valuable tool for the production of indistinguishable sin-

gle photons at THz repetition rates, enabling a breadth of

applications such as the realisation of multi-photon entan-

glement in boson sampling [45] and cluster states [46]–[49].

Furthermore, our observation of the rich phenomenol-

ogy imprinted in the photon correlations by the nonlin-

ear molecular dynamics suggests promising prospects for

(a) (b) (c)

Figure 1: Overview of the proposed scheme. (a) VIS and MIR antennas mediate an efficient interaction between photonic and molecular vibrational

modes [20]. A spectrometer or HBT interferometer measures the intensity spectrum or the frequency-filtered second-order correlation of the

scattered photons, respectively. (b) Vibrational potential of the molecule considering either a Morse potential (red line) or its harmonic approximation

(grey line). (c) As a result of anharmonicity, a second peak (labelled 2) emerges in the thermally activated spontaneous anti-Stokes Raman spectrum,

corresponding to the Raman transition from the second to the first excited vibrational levels (see inset). The energy difference between transitions

1 and 2 is noted 𝜒𝜔b, whereby 𝜒 quantifies the strength of anharmonicity in units of the Raman shift𝜔b. The thermal occupancy is set here to

nth = 5 × 10−3.
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quantum Raman spectroscopy boosting analytical, mate-

rial, and biomedical applications [50]–[53]; quantum esti-

mation of molecular parameters and quantum states [54];

and quantum sensing [55].

In the following, we provide a numerical analysis of

VSFG based on the scenario presented in [20], [33] in the

single or few-molecule limit, focusing on a more rigorous

treatment of classical and quantum coherence in the upcon-

version process and introducing the anharmonicity of the

vibrational mode [56]. For the interaction of the molecular

vibration with visible light, we adopt an optomechanical

description of Raman scattering [57]–[59]. We first con-

firm that, in the harmonic approximation for the vibra-

tional potential, the first- and second-order coherence of

the infrared signal are preserved in the upconverted sig-

nal, as required for quantum frequency conversion [60],

[61] and MIR single-photon spectroscopy [62]–[72]. Second,

we demonstrate the feasibility of generating antibunched

photons under coherent MIR and VIS excitation of a single

molecule having a strong enoughanharmonicity in its vibra-

tional potential [73], while themolecule remains in theweak

coupling regime with both MIR and VIS cavity modes. We

conclude by exploring the effect of the number of involved

molecules on the degree of antibunching.

2 Results

2.1 Model

We consider a single vibrational mode of a single molecule

placed in a dual-resonant plasmonic cavity featuring two

resonances: one in the MIR at 𝜔IR ≃ 𝜔b, where 𝜔b is the

transition frequency between the ground and first vibra-

tional excited state, and one in the VIS/NIR domain at fre-

quency 𝜔c that is considered much higher than the vibra-

tional frequency and sufficiently lower than the first elec-

tronic transition of the molecule. The nanocavity is driven

by two continuous monochromatic laser beams: one at a

MIR frequency 𝜔d near-resonant with the cavity mode and

molecular vibration, 𝜔d ≃ 𝜔IR ≃ 𝜔b, and one at a VIS/NIR

frequency𝜔p ≃ 𝜔c, generating a VSFG signal at a frequency

𝜔p +𝜔d. The setup is depicted in Figure 1a.

The Hamiltonian of the molecule, restricted to the

ground electronic state and the few first vibrational states,

is expressed as:

Hmol = 𝜔bb
†b− 𝜒

2
𝜔bb

†b†bb. (1)

Here and in the following, we choose units where

the reduced Planck constant ℏ = 1 and we set 𝜔b as

the energy unit. The vibrational mode (phonon) of the

molecule at frequency 𝜔b has a corresponding annihila-

tion operator denoted as b. The parameter 𝜒 characterizes

the anharmonicity of the vibrational mode. The eigenstates

of Hmol are the Fock states b†b|n⟩ = n|n⟩, with energies

given by En = n𝜔b

[
1− 𝜒 (n− 1)∕2

]
. We will restrict our-

selves to small, realistic values 𝜒 ≤ 5 × 10−2 [73], for which

the anharmonicity is only a small correction to the eigenen-

ergies of the first few excited states. A recent theoretical

extension ofmolecular optomechanics discussedmore com-

prehensively how to treat the vibrational anharmonicity

[74].

A simple Hamiltonian can be formulated to describe

the full system, which takes into account the molecular

vibration, the two resonances of the nanocavity, the incident

lasers (ΩIR andΩc denote their respective drive strengths),

as well as the resonant dipolar coupling between the MIR

cavity mode and the molecular vibration, and its optome-

chanical (Raman) coupling with the VIS/NIR mode [20].

H = Hmol +𝜔IRa
†
IR
aIR +𝜔ca

†
c
ac

+ iΩIR

(
a†
IR
e−i𝜔dt − aIRe

i𝜔dt
)

+ iΩc

(
a†
c
e−i𝜔pt − ace

i𝜔pt
)

+ g̃IR

(
a†
IR
+ aIR

)
(b† + b)+ g̃ca

†
c
ac(b

† + b). (2)

We assume decay rates of 𝜅c, 𝜅IR, and 𝛾 for the opti-

cal, infrared, and phonon modes, respectively. Following

the approximations detailed in Appendix C, we obtain the

linearized Hamiltonian

H = Hmol + (𝜔c −𝜔p)𝛿a
†
c
𝛿ac

+ g̃c
(
𝛼c𝛿a

†
c
+ 𝛼⋆

c
𝛿ac

)
(b† + b)

+ g̃IR
(
𝛼⋆
IR
bei𝜔dt + 𝛼IRb

†e−i𝜔dt
)
, (3)

where 𝛼IR = ΩIR

iΔIR+
𝜅IR
2

and 𝛼c = Ωc

iΔc+
𝜅c
2

are the intracavity

field amplitudes, with ΔIR = 𝜔IR −𝜔d and Δc = 𝜔c −𝜔p

the cavity-laser detunings. The annihilation operator 𝛿ac
denotes fluctuations in the VIS/NIR mode, while the MIR

mode operator is eliminated and only the coherent ampli-

tude 𝛼IR is retained. The decay rates 𝜅c and 𝛾 apply to 𝛿ac
and b, respectively.

In case of zero detuning of the lasers from the cavity

resonances (such that 𝛼IR and 𝛼c are real), the Hamiltonian

simplifies to

H = 𝜔bb
†b− 𝜒

2
𝜔bb

†b†bb+ gc
(
𝛿a†

c
+ 𝛿ac

)
(b† + b)

+ gIR
(
bei𝜔dt + b†e−i𝜔dt

)
, (4)

where we have defined the effective (laser-driven) coupling

rates gIR = g̃IR𝛼IR and gc = g̃c𝛼c.
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The Lindblad master equation corresponding to the

Hamiltonian in Eq. (4) with the Lindblad dissipation terms

due to the decay rates mentioned above is solved using

QuTiP [75], [76]. The parameters are fixed in dimensionless

units by normalizing all energies to the vibrational fre-

quency 𝜔b, which typically takes values of tens of THz in

localized molecular vibrations. The values set throughout

the article are presented in Table 1, unless stated other-

wise. The values of the damping rates for plasmonic and

vibrational excitations match a recent experimental real-

ization of nanocavity-enhanced SFG [33] (see Table 2), with

the main difference that we choose a lower quality fac-

tor of the VIS/NIR plasmonic mode. The effective coupling

rates gIR and gc are kept significantly smaller than the

inferred single-molecule experimental values from Ref. [33]

(see Table 2) because of computational limitations in the size

of the total Hilbert space. We discuss further in Appendix D

what are the experimentally achievable values of gIR and gc
and the expected upconverted photon rates.

The dimensionless thermal occupancy is set as nth =(
e

𝜔b
kBT − 1

)−1
, where kB is the Boltzmann constant and T

is the temperature. Numerical resolution of the Lindblad

equation requires to truncate the Hilbert sub-spaces of each

bosonicmode; convergencewas achieved for a large enough

range of driving strengths with the following dimensions:

qc = 4 for the VIS/NIR cavity, qb = 5 for vibrational mode.

Since the Hamiltonian is time-dependent but periodic, we

obtain a Floquet expansion of the steady state, 𝜌s(t) =

Table 1: Default parameters used in the article, unless stated otherwise.

𝝎b 𝝎d 𝜸 𝜿c 𝜿IR 𝚫c nth gIR gc

1 1 10– 4 0.3 0 10– 10– 10–

∑nb
n=−nb

𝜌ne
in𝜔dt, truncated at nb = 4 terms.When computing

the spectrally resolved VSFG intensity, the linewidth of the

two-level system acting as a filter is set to Γf = 10−5 and its

coupling strength to 𝜖 = 10−6. These parameters are modi-

fied to Γf = 10−2 and 𝜖 = 10−5 when computing spectrally-

resolved g(2)(0).

2.2 Harmonic vibration

We begin with results obtained under the harmonic poten-

tial approximation for the vibrational mode, i.e., 𝜒 = 0.

Vibrational Raman (anti-Stokes side of the VIS/NIR laser)

and VSFG spectra are shown in Figure 2a for various MIR

laser frequencies. Each spectrum features a broad and

MIR-laser-independent peak corresponding to thermally-

activated spontaneous Raman scattering. For increasing

VIS/NIR laser power, this peak can grow in intensity through

vibrational pumping [77], [78], which is a consequence of

quantum back-action in the formalism of molecular cavity

optomechanics used here [79]. In our study, we keep the

VIS/NIR laser power low enough that this effect is negligible.

On top of the broad anti-Stokes Raman peak, the coher-

ently upconverted VSFG signal at a frequency 𝜔p +𝜔d can

be seen. Since the driving lasers in our simulation have

perfectly defined frequencies, the linewidth of this signal

is set only by the linewidth of the filter (see Appendix B),

while its frequency is set by energy conservation to the sum

of the MIR and VIS/NIR laser frequencies. This behavior

was experimentally evidenced in Ref. [33]. In practice, the

lineshape of the VSFG signal is expected to be a convolution

of those of the two driving lasers.

In order to quantify the photon or phonon statistics and

second-order coherence properties of the fields we compute

the second-order correlation function at zero time delay,

defined for a particular mode j as:

1.0
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Figure 2: VSFG under harmonic vibrational potential. (a) Anti-Stokes spectra at various mid-infrared laser frequencies. The sharp peak, with its

frequency shifting in accordance with the MIR laser frequency, exhibits a linewidth that corresponds to the filter’s characteristics. (b) Second-order

correlation function of anti-Stokes photons, g(2)
𝜔aS ,Γf

(0), and molecular vibrations, g(2)
b
(0), computed both numerically and analytically, plotted versus

the ratio of coherent population over thermal population. The coherent population is defined in Eq. (11) and relates to MIR drive strength quadratic-

ally. No anharmonicity is assumed (𝜒 = 0). Dashed area shows the interval where the truncated Hilbert space fails to correctly approximate the infinite

number of levels of a harmonic oscillator.
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g(2)
j
(𝜏 = 0) = ⟨j †j † j j⟩

⟨j † j⟩2 . (5)

Throughout this paper, whenever we refer to the g(2)(0)

of molecular vibrations (phonons), we apply the formula

given above. Eq. (5) disregards the frequency content of the

mode and the resulting correlation function is frequency-

blind. It is problematic when studying the statistics of the

cavity field fluctuations since they contain both Stokes and

anti-Stokes scattering contributions, only the latter being of

interest here. In order to obtain frequency-resolved pho-

ton statistics of the emission of the system, we employ

the method proposed in Ref. [42], consisting of including

explicit detectors with Lorentzian frequency responses in

the simulation.

More explicitly, to compute the cross-correlation

between the frequency components𝜔1 and𝜔2 of the cavity

mode fluctuations 𝛿ac, the following Hamiltonians are

added to the system’s Hamiltonian in Eq. (4):

HSens = 𝜔1𝜁
†
1
𝜁1 +𝜔2𝜁

†
2
𝜁2,

HCoupl = 𝜖
(
𝛿ac𝜁

†
1
+ 𝛿a†

c
𝜁1

)
+ 𝜖

(
𝛿ac𝜁

†
2
+ 𝛿a†

c
𝜁2

)
,

(6)

where 𝜁 1 and 𝜁 2 are bosonic annihilation operators of the

two level systems, having decay rates of Γf1 and Γf2 respec-

tively which define the filters linewidth in our model. To

maintain the system’s solution unperturbed, 𝜖 must be suf-

ficiently small, satisfying the condition 𝜖 ≪
√

𝛾 ⋅min{Γf1,Γf2}
2

.

Subsequently, g(2)
𝛿ac,Γf1,Γf2

(𝜔1, 𝜔2, 𝜏 = 0) is calculated as fol-

lows:

g(2)
𝛿ac,Γf1,Γf2

(𝜔1, 𝜔2, 𝜏 = 0) = ⟨𝜁†
1
𝜁1𝜁

†
2
𝜁2⟩

⟨𝜁†
1
𝜁1⟩⟨𝜁†2 𝜁2⟩ . (7)

For simplicity, we will later omit the subscript 𝛿ac, as it

is the only mode to which the frequency-resolved method

is applied. Additionally, since we only compute the auto-

correlation at the anti-Stokes frequency 𝜔aS we introduce

the following notation:

g(2)
𝜔aS,Γf

(0) ≡ g(2)
𝛿ac,Γf,Γf

(𝜔aS, 𝜔aS, 𝜏 = 0). (8)

Figure 2b shows that as the MIR drive strength

increases, both the vibrational mode and the VSFG field

exhibit a transition from a thermal state to a coherent

state. In this figure, the x-axis represents a dimensionless

quantity, defined later by Eq. (10) and Eq. (11), which scales

linearly with the MIR laser power. The x-axis values are

derived by sweeping over the MIR drive strength while

keeping other parameters fixed. At low enough MIR drive,

the vibrational mode is in thermal equilibrium and the

anti-Stokes signal is dominated by spontaneous Raman scat-

tering that inherits the same thermal statistics correspond-

ing to g(2)(0) = 2 [80]. As the MIR drive increases, the coher-

ent contribution of VSFG to the displaced thermal state

increases and g(2)(0) asymptotically reaches 1.

One can gain more insight into this behavior by con-

sidering the Hamiltonian of the vibrational mode in the

rotating frame.

Hb = (𝜔b −𝜔d)b
†b+ gIR(b+ b†). (9)

The second term corresponds to a coherent displace-

ment of the initial thermal state. In the special case of zero

temperature (nth = 0), the solution for the vibrational mode

is a coherent state |𝛽⟩ of amplitude.
𝛽 = gIR

−(𝜔b −𝜔d)+ i
𝛾

2

. (10)

It is convenient to define a coherent population ncoh as

ncoh ≡ |𝛽|2, (11)

which corresponds to the average number of excitations in

the vibrational mode when gc = 0 and nth = 0.

In the general case of arbitrary nth, the mean vibra-

tional population is given by

nb = Tr
{
𝜌th (b

† + 𝛽⋆)(b+ 𝛽)
}
= nth + |𝛽|2, (12)

with

𝜌th =
∞∑
n=0

Pn|n⟩⟨n| with Pn =
nn
th

(1+ nth)
n+1 .

The non-normalized second-order correlation is given

by:

Tr
{
𝜌th (b

† + 𝛽⋆)2(b+ 𝛽)2
}
= 2n2

th
+ 4nth|𝛽|2 + |𝛽|4

and after normalization

g(2)
b
(0) = 2− |𝛽|4(

nth + |𝛽|2)2 = 2− 1(
1+ nth

ncoh

)2 , (13)

which is the analytical expression plotted as a dashed red

curve in Figure 2b. The hashed area at high ncoh shows the

domain where the Hilbert space truncation causes inaccu-

racies in the numerical solution. We therefore limit future

calculations to MIR powers below this value.

2.3 Anharmonicity in the vibration

In reality, vibrational modes of small molecules have

non-negligible anharmonicities [81], responsible for

temperature-dependent Raman shifts and lineshapes [82]
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and for the observation of so called ‘hot bands’ in Raman

scattering when the anharmonicity is larger than the peak

linewidth [73].

The main insight of this work is that the presence of

this anharmonicity introduces rich features in the spectral

properties of the emission, particularly in its statistics. This

is shown in Figure 3, where we plot both the spectrum and

the frequency-resolved second-order correlation, g(2)
𝜔aS,Γf

(0),

as a function of the driving frequency 𝜔d. Here, the anhar-

monicity parameter is set to 𝜒 = 0.02, which is typical of

vibrational modes in small organic molecules used in SERS

(see Appendix E), and the filter linewidth is kept equal to

Γf = 10−3 in both panels for direct comparison. The dot-

dashed grey lines indicate the frequency of the VSFG signal,

confirming that it remains the most important contribution

to the emission. Nevertheless, the anharmonicity enables

multiphoton excitation processes that imprint new features

on the spectrum. In particular, when two-photon absorp-

tion to the second excited state is resonant, at 𝜔d = 0.99,

additional double-peaked emission appears at the transition

frequencies between levels 1→ 0 (𝜔aS −𝜔p = 1) and 2→ 1

(𝜔aS −𝜔p = 0.98).

Regarding photon statistics, the VSFG signal is observed

to be antibunched provided that it overlaps with the

Figure 3: VSFG under anharmonic vibrational potential. Maps of the

(a) emission intensity and (b) second-order correlation function of the

filtered anti-Stokes field as a function of the MIR driving frequency𝜔d

and VIS/NIR emission Raman shift𝜔aS−𝜔p, under strong MIR driving

(gIR = 10−4 or equivalently ncoh = 0.04 for𝜔d = 1). The dot-dashed grey

lines indicate𝜔d = 𝜔aS −𝜔p.

incoherent anti-Stokes background, i.e., that the driving

frequency is close to the vibrational transition, 𝜔d ≈ 𝜔b.

This establishes that the incoherent background due to

the anti-Stokes process must be present to obtain strong

antibunching, in accordance with the recent understand-

ing of antibunching in resonance fluorescence as a conse-

quence of interference between coherent and incoherent

terms [38]–[41]. A second prominent antibunching feature

is observed under driving at the two-photon resonance

𝜔d = 0.99, which leads to antibunched emission at the two

frequencies𝜔aS −𝜔p = {0.98, 1}. Moreover, the frequency-
resolved cross-correlation measured at these two frequen-

cies (not shown) reveals a large bunching, g(2)(𝜔aS,1 −𝜔p =
1, 𝜔aS,2 −𝜔p = 0.98) ≈ 8, indicating that these photons are

produced in pairs through cascaded emission. This could be

exploited for the generation of entangled photon pairs in

the VIS or NIR range, which could be potentially useful for

quantum communication protocols.

Further understanding of this phenomena and its

dependence on the anharmonicity 𝜒 can be obtained by

analyzing the fluctuations of the vibrational degree of free-

dom. Under the assumption of gIR ≪ 𝛾 , gc = 0 and nth = 0,

the second-order coherence of the resonantly driven vibra-

tional mode has an analytical expression (see, for example,

Ref. [39]):

g(2)
b
(0) = 𝛾2 + 4(𝜔b −𝜔d)

2

𝛾2 +
[
2(𝜔b −𝜔d)− 𝜒𝜔b

]2 . (14)

This expression is shown as a dashed red curve in

Figure 4a, against the dimensionless parameter 𝜒𝜔b∕𝛾 ,
showing excellent agreement with the numerical computa-

tion of g(2)
b
(0) using the full Lindblad equation (solid black

line). The figure also shows that the second-order corre-

lation of the anti-Stokes field filtered around the VSFG

frequency under high MIR power (dashed grey line) very

closely follows g(2)
b
(0). This is expected, given the ‘beam-

splitter’ form of the optomechanical Hamiltonian for the

anti-Stokes sideband (see Appendix A).

Most importantly, all calculations confirm that when

the anharmonicity is larger than the vibrational linewidth,

𝜒𝜔b > 𝛾 , the filtered anti-Stokes signal becomes strongly

antibunched. This condition can also be written 𝜒 > 1∕Qm

where Qm is the quality factor of the vibration. However, it

should be noted that, even though the main emission line

is coherent and narrow (limited by the filter linewidth),

antibunching is only observed if the emission from a suf-

ficiently broad frequency interval is included (see Figure 7

in Appendix B), i.e., if the filter is not too narrow and the

incoherent background is included. Therefore, joint narrow
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(a)

(b)

(c)

Figure 4: Regimes of statistics of VSFG (a) evolution of frequency-blind

second-order correlation function of the vibrational mode, g(2)
b
(0),

and of the frequency-filtered second-order correlation function

of the anti-Stokes field, g(2)
𝜔aS ,Γf

(0), plotted against the relative strength

of anharmonicity, both in the absence (gIR = 0) and in the presence

(gIR = 10−4 or equivalently ncoh = 0.04) of MIR drive. The analytical curve

is from Eq. (14). (b,c) Second-order correlation function of vibrations,

g(2)
b
(0), in (b) and filtered anti-Stokes field, g(2)

𝜔aS ,Γf
(0), in (c) plotted versus

the dimensionless strengths of MIR drive and anharmonicity. Capital

letters identify four regions of parameters discussed in the text.

linewidths and single-photon emission cannot be straight-

forwardly obtained, as has been recently illustrated in res-

onance fluorescence in driven two-level systems [38]–[41].

This result should be compared with the curves

obtained without MIR drive plotted with solid red and dot-

dashed black lines in Figure 4a, corresponding to the case

of spontaneous Raman scattering from a single molecule.

In this case, while the vibrational mode remains in ther-

mal equilibrium, it is also possible to observe photon anti-

bunching in the spectrally filtered anti-Stokes field, but

only under the intuitive condition that the anharmonicity

exceeds the filter linewidth Γf . There are two other major

drawbacks with this undriven approach: First, the spon-

taneous anti-Stokes photon flux can only be increased by

increasing the VIS/NIR pump power, which more readily

induces damage to the nanocavity [83]. Second, the first-

order coherence property of the anti-Stokes field is dictated

by that of the molecular vibration, for which the linewidth

𝛾 can have non-negligible contributions from pure dephas-

ing, thereby degrading the indistinguishability of the anti-

bunched photons.

In order to capture the different regimes of photon

statistics for the upconverted signal, we plot in Figs. 4b and

c the second-order correlation function for the vibration

and the filtered anti-Stokes field as functions of ncoh
nth

and
𝜒𝜔b

𝛾
. Overall, these color maps show that antibunching of

the filtered anti-Stokes field is achieved by having strong

enough MIR drive and large enough anharmonicity (region

C in both plots). For weak anharmonicity (regions A and B),

an increase in MIR drive causes a transition from a thermal

to a coherent state for both the vibration and the anti-Stokes

field, as already discussed in Figure 2b. Finally, in region D,

where the anharmonicity is large but theMIR drive is weak,

the vibrational mode remains in thermal equilibrium but

the filtered anti-Stokes photons may become antibunched

as a result of rejecting all photons originating from Raman

transitions beyond the ground to first excited vibrational

state. The benefit of the MIR drive in our scheme is evi-

denced in Figure 4c by the higher degree of antibunching in

region C with less stringent requirements on the magnitude

of anharmonicity, compared to region D.

2.4 Fewmolecules

Achieving single molecule Raman spectroscopy remains a

nontrivial experimental task despite multiple demonstra-

tions since its first observation in 1997 [84]. We therefore

investigate whether antibunching persists in the presence

of several molecules that contribute to VSFG. In the limit of

a large number of molecules, collective vibrational excita-

tions are expected to become perfectly harmonic, which is a

general result for an ensemble of two-level systems [85]. But

in our system the increase in the number of molecules leads

to an increase in the collective resonant (MIR) and optome-

chanical (VIS/NIR) coupling strengths, potentially resulting

in the excitation of higher excited vibrational states thereby

recovering the anharmonicity. To clarify the expected trend,

we perform complete numerical evaluation of the model

with N = 1, 2 and 3 molecules. For simplicity, we consider

that all molecules are identical and have the same coupling

rates to the common nanocavity modes:
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Figure 5: Frequency-filtered second-order correlation function of the

anti-Stokes field, g(2)
𝜔aS ,Γf

(0), plotted versus anharmonicity for different

number of molecules.

HN = (𝜔c −𝜔p)𝛿a
†
c
𝛿ac +

N∑
i=1

𝜔bb
†
i
bi −

𝜒

2
𝜔bb

†
i
b†
i
bibi

+
N∑
i=1

gc
(
𝛿a†

c
+ 𝛿ac

)
(b†

i
+ bi)

+
N∑
i=1

gIR

(
bie

i𝜔dt + b†
i
e−i𝜔dt

)
. (15)

The second-order correlation g(2)(0) for the filtered

anti-Stokes field obtained from the solution to the corre-

sponding Lindblad master equation is plotted in Figure 5

for N = 1, 2, 3, with (solid lines) and without (dashed lines)

an MIR drive. The results confirm the intuition from the

largeN limit: the degree of achievable antibunching quickly

decreases as the number of molecules participating in

Raman scattering and VSFG increases. Interestingly, we find

that this decrease cannot be compensated by arbitrarily

increasing the anharmonicity of each molecule as charac-

terized by the parameter 𝜒 . This can be attributed to the

fact that for large enough anharmonicity, each vibration

acts as a two-level system, and the collective behavior of

the ensemble is dominated by the harmonic limitmentioned

above.

3 Conclusions

We proposed a new scheme to produce antibunched pho-

tons by performing vibrational sum-frequency generation

on a single molecule. Our method leverages the anhar-

monicity naturally present in the potential of vibrational

modes that are localized on few molecular bonds to realize

a form of conventional photon blockade without the need

for strong light-matter coupling. Our calculations show that

under sufficiently strong MIR drive, characterized by the

ratio of coherent to thermal vibrational population ncoh
nth

≥

10, almost complete antibunching is achieved whenever the

anharmonicity satisfies 𝜒𝜔b ≥ 𝛾 , i.e., the energy difference

between thefirst and secondvibrational transitions is larger

than the level linewidth. This condition is expected to be

realized for small molecules typically used in SERS exper-

iments [86] (see Appendix E).

Our proposal is feasible with current experimental

capabilities. The main requirement is to be able to measure

Raman scattering from a single molecule, which can be

achieved in various plasmonic nanoantennas and scanning

tip systems [87]. Efficient coupling of MIR light into the sys-

tem can be achieved using dual-resonant plasmonic anten-

nas [33], [88] or the broadband nanofocusing capabilities of

metallic tips [89], [90]. Themain foreseen difficultywill be to

spectrally and temporally isolate the antibunching dip in the

anti-Stokes photon flux: First, the broadband non-resonant

SFG coming from the metallic surface and the molecule’s

electronic response [91]must be kept smaller than the vibra-

tional contribution to SFG. Second, the experiment should

be conducted under picosecond pulsed excitation to resolve

the antibunching in time by outcompeting the relaxation of

molecular vibrations on a substrate [92].

Under pulsed excitation, it is also possible to make the

photon generation scheme deterministic by adjusting the

VIS/NIR pulse intensity to reach unity vibration-to-photon

conversion efficiency [93]; but it requires that the optome-

chanical nanocavity is deep in the resolved-sideband regime

so as to suppress spontaneous Stokes scattering. Prospec-

tive single-photon rates achievable in this regime with our

proposed scheme are discussed in Appendix D. The rich-

ness and versatility of the proposed scheme may also open

perspectives for the generation of entangled photons and

quantum metrology applications based on the detection of

photon correlations, while offering a spectroscopic method

for the characterisation of vibrational anharmonicity at the

single-molecule level.
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Appendix A: Beam splitter

interaction

Assuming that the optomechanical coupling is small com-

pared to the infrared coupling in Eq. (4), gIR ≫ gc, one can

neglect quantumbackaction of the cavitymode on the vibra-

tion, whose state is then mostly governed by the coupling

to the MIR field and to the environment. To estimate the

state of optical mode at the anti-Stokes sum-frequency side-

band of the VIS/NIR laser, we need to treat the optomechan-

ical coupling term, gc

(
𝛿a†c + 𝛿ac

)
(b† + b), which reduces

to gc

(
𝛿a†cb+ 𝛿acb

†
)
in the rotating wave approximation.

It is a bilinear interaction between the two modes and,

after changing the notation 𝛿ac → a, the associated unitary

operator takes the form

UBS = eg(e
i𝜃a†b−e−i𝜃ab†),

where g =∥ gc ∥ and 𝜃 = arg (gc). It is a general beam

splitter interaction as depicted in Figure 6 with the relation

between input and output operators given by

aout = U†
BS
ain UBS = cos(g)ain + sin(g)ei𝜃bin,

bout = U†
BS
bin UBS = cos(g)bin − sin(g)e−i𝜃ain,

(A1)

where g characterizes the beam splitter transmission ratio

through t = cos g and r = sin g, see Figure 6.

Figure 6: Beam splitter with transmission and reflection coefficients of t

and r and two input arms and two output arms.

In our context, the input modes of the beam splitter are

populated by vacuum fluctuations for the anti-Stokes field

ain and by the thermal and MIR-driven vibrational state for

bin; the output mode aout corresponds to the emitted anti-

Stokes field onwhich the g(2)(0) measurement is performed,

while bout reflects the state of the vibration modified by the

anti-Stokes part of the optomechanical interaction, but it is

a weak perturbation since we neglect quantum backaction.

Finally, a known result is that, when one of the inputmode is

in a vacuum state, the g(2)(0)’s of both outgoing fields from

a beam splitter are equal to that of the non-vacuum input

port, in particular here g(2)aout (0) = g(2)
bin
(0) (see e.g. Sec. IV.D

in Ref. [94]). In other word, the vibrational mode excitation

number statistics ismapped onto the anti-Stokes field gener-

ated through the optomechanical (Raman) interaction. The

(usually dominant) vacuum noise entering in the process

has no impact on photon number detection, as long as dark

counts can be neglected [95].

Appendix B: Impact of filter

linewidth on themeasured g(2)
𝝎aS,𝚪f

(0)

As investigated in Ref. [96], too narrow spectral filtering

may alter the intrinsic photon statistics of a single photon

source into that of a thermal state. In our study, under strong

MIR-drive, the intensity of the anti-Stokes field is dominated

by VSFG over spontaneous Raman scattering, there is no

need to aggressively filter the signal; the role of filtering is

here to suppress the contribution to g(2) from spontaneous

Stokes scattering and VDFG (difference frequency) on the

other side of the VIS/NIR laser. We show in Figure 7 that,

10-2 10-1
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Γf=10-4
Γf=10-3

Γf=3×10-2
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Figure 7: Variation of the second-order correlation function of the

filtered anti-Stokes field g(2)
𝜔aS ,Γf

(0) versus the strength of anharmonicity

in the high MIR drive strength regime (gIR = 10−4 or ncoh = 0.04),

considering different filter linewidths Γf . We recall that 𝛾 = 10−3.

https://doi.org/10.5281/zenodo.14594517
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Figure 8: Variation of the second-order correlation function of the

filtered anti-Stokes field g(2)
𝜔aS ,Γf

(0) versus the strength of anharmonicity

in the absence of MIR drive (gIR = 0), considering different filter

linewidths Γf . We recall that 𝛾 = 10−3.

as found in Ref. [96], a decrease in filter linewidth destroys

antibunching in the filtered field. That’s why we chose Γf =
10𝛾 = 10−2 for all figures in the main text under MIR drive.

In the absence of MIR drive, photon antibunching is

only obtained by rejecting anti-Stokes photons coming from

the second (and higher) vibrational transition, which is

detuned by 𝜒𝜔b from the first one, imposing an upper

limit on filter linewidth Γf ≤ 𝜒𝜔b. Besides, the constraint

𝜒𝜔b ≥ 𝛾 remains, as for any conventional photon blockade

scheme, leading to 𝛾,Γf ≤ 𝜒𝜔b. Finally, as reminded above,

filtering below the natural linewidth of the anti-Stokes pho-

tons 𝛾 degrades antibunching by ‘thermalizing’ the photon

statistics, imposing Γf ≥ 𝛾 . Altogether we obtain the strin-

gent constraints 𝛾 ≤ Γf ≤ 𝜒𝜔b, which leaves little room for

the choice of Γf since in practice the anharmonicity is not

much greater than 𝛾 . This parameter space is explored in

Figure 8. Overall, for a fixed filter linewidth, the transition

to an antibunched state occurs when 𝜒 ≈ Γf

2
. But as the

filter linewidth is decreased below 𝛾 , g(2)(0) approaches 2

even where antibunching is expected, consistent with the

findings of Ref. [96].

Appendix C: Approximations

To derive Eq. (3), several approximations are employed.

First, the rotating wave approximation is applied to theMIR

coupling term. Second, both the MIR and VIS/NIR modes

are linearized since their coupling rates to the vibration are

both assumed to be small compared to all other energies in

the Hamiltonian. Consequently, ac is expressed as 𝛼c + 𝛿ac,

where 𝛼c is the solution in the absence of the optomechan-

ical coupling term, representing a coherent state, and 𝛿ac

represents the fluctuations induced by the optomechanical

coupling term. Additionally, aIR is replaced by 𝛼IR, with 𝛼IR
representing the coherent state in the absence of the MIR

coupling term. The fluctuations in this case are neglected

for simplicity, as the primary interest lies in the VSFG field

properties contained in 𝛿ac.

Next, since the simplified Hamiltonian, Eq. (4), is peri-

odically time-dependent, a Floquet solution of the follow-

ing form has been considered for the Lindbladian master

equation:

𝜌(t) =
nb∑

n=−nb
𝜌ne

in𝜔dt, (C1)

where in principle the bounds of the summust go to infinity.

Nevertheless, we truncate at nb = 4 and it is verified that

considering more terms does not change the results.

Appendix D: Achievable single

photon rates

As explained in the main text, computational costs quickly

become prohibitive as the size of the Hilbert space

increases. Consequently, when using the single-molecule

coupling rates inferred from the experiment of Ref. [33]

and summarized here in Table 2, very low laser powers of

PIR = 20 nW and Pc = 0.2 nW must be assumed in order to

yield the effective coupling rates mentioned in Table 1. We

note that these values correspond to the powers effectively

coupled to the nanocavity, factoring out the in-coupling

efficiency [98]. For such values, the outgoing rate of single

photons is computed to be on the order of 100 Hz (again, not

accounting for out-coupling efficiency). We now discuss the

experimental prospects for higher photon rates.

When increasing the in-coupled MIR power to 300 nW,

and for a sufficiently large anharmonicity so that we can

Table 2: Experimental parameters inferred from Ref. [33] for the case

where the nanocavity would contain a single molecule. All values are

expressed in Hz instead of rad∕s, so that factors 2𝜋 are implicit. Note

that the value of 𝛾 is that measured for the ensemble and includes

inhomogeneous broadening; it will likely be smaller for a single

molecule, for which coherence times beyond 10 ps have been reported

[97].

𝝎b 𝜸 g̃IR g̃c nth 𝝎d 𝝎p

30 THz 0.3 THz 6 GHz 60 GHz 10– 4 30 THz 300 THz

𝝎IR 𝝎c 𝜿IR 𝜿c

30 THz 300 THz 10 THz 30 THz
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use a two-level-system approximation, we compute that the

Rabi frequency for the transition between the lowest two

vibrational levels is comparable to the vibrational decay

rate, indicating the regime of saturation. In this regime, the

outgoing single-photon rate is mainly determined by the

vibration-to-VIS/NIR photon conversion efficiency through

the optomechanical interaction. This conversion efficiency

has an analytical formula in the resolved-sideband regime

[99] in terms of the optomechanical cooperativity om = 4g2
c

𝜅c𝛾

[98]. Currently, the largest values of single-molecule optome-

chanical cooperativities have been obtained in picocavities;

in particular, Ref. [100] claimed the observation of the opti-

cal spring effect on a single molecule, implying that om can

be of order unity in a picocavity. The resulting conversion

efficiency would therefore be of order unity as well, limited

mainly by the input and output coupling efficiencies [98].

Altogether, the above considerations suggest that the

single-photon source proposed here could be made to oper-

ate quasi-deterministically under pulsed excitation at mod-

erate laser powers – provided that the optomechanical

interaction takes place in thewell resolved sideband regime,

i.e., 𝜅 < 𝜔b. If not, spurious noise from Stokes scatter-

ing causing vibrational pumping (quantum backaction) is

expected to degrade antibunching for too large optome-

chanical driving strengths. Finally, we refer to a recent

experiment where incoherent MIR to VIS conversion from

a nanocavity-embedded single molecule was reported with

an efficiency of 0.1 [101] for moderate pump powers. This

experiment benefited from the VIS electronic resonance

to obtain high anti-Stokes fluorescence rate, at the cost of

losing the coherence of the process – which is critical in our

proposal. Nevertheless, Ref. [101] suggests that high conver-

sion efficiencies are possible also in the coherent upconver-

sion regime with optimized dual-resonant nanocavities or

scanning tip geometries [102], [103] and tailored molecules

with high Raman cross-sections [104]–[106].

Appendix E: Magnitude

of the anharmonicity for relevant

molecules

In this Section, we show that typical organic molecules used

in SERS and VSFG experiments feature sufficiently large

anharmonicities to fall in the regime of photon antibunch-

ing uncovered in the main text. We take thiophenol (TP)

as a representative example: it is a small organic molecule

(see Figure 9) amenable to precise calculations; moreover,

TP self-assembled monolayer (SAM) on gold were experi-

mentally characterized by VSFG, revealing several active

Figure 9: Value of the anharmonicity parameter 𝜒 computed by DFT for

thiophenol (TP, blue triangle) and gold-bound thiophenol (GTP, orange

triangle) plotted against the normal mode frequency.

vibrationalmodes in the 1,000–1,100 cm−1 window [107].We

perform density functional theory (DFT) calculations on TP

and Au-bound thiophenol (GTP) molecules using the Gaus-

sian16 [108] quantum chemistry code. We employ the B3LYP

functionalwith empirical dispersion correction (GD3BJ) due

to its accurate performance in anharmonicity calculations

documented in Ref. [109], combined with the Def2TZVPPD

basis set. Geometry optimization was performed with tight

convergence criteria (i.e., 10−5 Hartree/Bohr and 4 × 10−5

Bohr on RMS forces and displacements, respectively, with

thresholds for the maximum values being 1.5 times larger),

and the ground state minima were confirmed by Hes-

sian evaluations. Harmonic energies were obtained using

analytic second derivatives of the energy, and third and

fourth order numerical derivatives. Anharmonic simula-

tions were performed using the GVPT2 model implemented

in Gaussian16.

To follow the conventional notation in physical chem-

istry, we write the energy of the vibrational level n of an

anharmonic oscillator as:

En =
(
n+ 1

2

)
𝜔̃b −

(
n+ 1

2

)2
𝜔̃b𝜒̃ + (n3), (E1)

where 𝜔̃b is the harmonic energy of the vibrational quanta

and 𝜒̃ is the anharmonic constant. To find the connection

between 𝜒̃ and the value of𝜒 as defined in themain text, we

express the frequencies of the 0→ 1 and 1→ 2 transitions in

the two formalisms:

𝜔0→1 = 𝜔̃b(1− 2𝜒̃ ) = 𝜔b, (E2)

𝜔1→2 = 𝜔̃b(1− 4𝜒̃ ) = 𝜔b(1− 𝜒 ). (E3)
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From this system of equations we can express

𝜒 = 2𝜒̃

1− 2𝜒̃
. (E4)

Formost of themodes, the anharmonic parameter𝜒 (as

defined in themain text) is between 1 and 5 % (see Figure 9),

with the C–H stretching modes characterized by higher

anharmonicity, as experimentally observed on methyloxi-

irane, for example [110]. These values are also compatible

with recent experimental findings in SERS [86].
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